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We study how the strength of public intellectual property rights (IPR) protection against
software piracy (copyright protection) affects private IPR protection (that software devel-
opers may themselves undertake to protect their IPR). There are two software developers
that offer a product variety of differing (exogenously given) quality and compete in prices
for heterogeneous users, who make a choice whether to buy a legal version, use an illegal
copy (if they can), or not use a product at all. Using an illegal version violates IPR and is
thus punishable when disclosed. If a developer considers the level of piracy as high, he can
introduce a form of physical protection for his software or digital product. The main aim
of our analysis is to study how the level and the change of public IPR protection affect the
pricing and IPR protection strategies of software developers. In particular, we are interested
in establishing when the two forms of IPR protection (public and private) are complements
to each other, when are they substitutes and when a change in public IPR has no impact on
private IPR protection.
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Abstrakt

Zkoumdame, jak udroven vefejné ochrany prav dusevniho vlastnictvi (IPR) proti soft-
warovému pirdtstvi, zndma téz jako ochrana autorskych prév, ovliviiuje droveni firemni
ochrany téchto prav. Firemni ochranou IPR médme na mysli ty kroky, které mohou vyvojari
softwaru sami podniknout, aby ochranili svd préava. Uvazujeme model se dvéma softwarovymi
spolecnostmi nabizejicimi rozdilné produkty, jenz se lisi exogenné danou kvalitou. Tyto
spole¢nosti mezi sebou soutézi cenou o heterogenni uzivatele. Uzivatelé se rozhoduji, zda
zakoupf legdlni verzi, zda pouziji nelegédlni kopii, je-li to mozné, anebo zda si produkt viibec
nepoiidi. Pokud uzivatel pouzije nelegdlni verzi, porusuje tim IPR, coz s sebou piinasf riziko
odhaleni a n&sledného trestu. Kromé toho, softwarova spoleénost navic mize sama zavést
vlastni formu ochrany proti kopirovani pro svij software nebo digitalni produkt. Hlavnim
cilem nasi analyzy je studovat, jak troven vefejné ochrany IPR a jeji zména ovliviiuje cen-
ovou strategii firem a jejich strategii ohledné ochrany softwaru proti kopirovéni. Zajiméme se
zejména o schopnost urcit, kdy jsou uvazované dvé formy ochrany IPR (vefejnd a soukroms4)
komplementarni, a kdy se vzdjemné substituuji a dédle kdy zména ve vefejné ochrané IPR
nemd zadny vliv na uroven firemnf ochrany IPR.



1 Introduction

A typical characteristic of software and other information products (such as movies, music
and e-books) is that it is rather hard to exclude others, especially non-payers, from using
these products. The reason for that lies in the low costs and low technical requirements to
acquire these products. So, it is no wonder that these "information" products (also known as
digital content products) are the easiest target for illegal imitations nowadays. Imitations of
these products are often fully identical to the original and the direct costs of copying might
be negligible. The Business Software Alliance reported that the share of pirated software
as a percentage of total software installed in 2008 mounted to 41%, resulting in a global loss
in excess of $50 billion. Top of the list are countries like Georgia, Pakistan, Indonesia, and
China where 80% and more of installed software is illegal. Even in the US, roughly 20% of
software is installed illegally. The corresponding figure for Western Europe is around one
third.

The fast spread of broadband internet along with the expansion of DVD burners, has
tremendously increased the opportunity for illegal copying and is also eliminating mass illegal
producers from the market. Thus these days, illegal copies are typically made by the end
users themselves who make them only for themselves,! and so this feature dramatically
changes the essentials of the fight against piracy and against intellectual property rights
(IPR) violation. Contrary to the situation in, for instance, pharmaceuticals, luxury goods,
or electronics markets (where end users are often perceived as victims of counterfeiting and
fraud), in "information" markets, they are the ones that actually carry out IPR violation.
Thus, the fight against IPR violation in digital content markets these days is targeted mainly
against end users (both retail and corporate).

Our focus is on such a digital content market (like the software market) where only end
users violate IPR. More specifically, we analyze strategic interactions among software devel-

opers who compete in prices but may also undertake private IPR product protection against

'In this paper, we do not consider commercial piracy where, say, bootleggers sell pirated DVDs/CDs or
software. These kinds of piracy experienced a boom more than a decade ago and are now declining rapidly,
especially in developed countries. For a survey of models with commercial piracy, see Belleflamme and Peitz
(2012).



end users’ piracy. On the other hand, public IPR protection (in the form of copyrights) also
exists. So the core of our analysis is to study how public (copyright) protection affects pric-
ing and the private IPR protection strategies of software developers. For that purpose, we
developed a dynamic two-stage duopoly game. In the last stage of the game, two developers
compete in prices for users with different price sensitivity on the same market. That is, we
rely on a quality competition model (see, for instance, Shaked and Sutton, 1982, Sutton,
1991 and Tirole, 1988). In the last (second) stage of the game, each developer has an option
to choose a level of its private IPR protection. Like most of the literature, we assume that
the government’s punishment (copyright protection) is broad-based in a sense that it raises
the piracy costs for all consumers?.

As for the developers’ private protection, we assume that it comes in the form of costly
physical product protection. That is, a developer, for instance, protects his software by
means of special CDs (or encryption against cracking) like in games, where copies created on
a standard DVD burner do not work anymore. Such kind of protection is always imperfect
since there is always a fraction of skillful consumers who are capable of overcoming this
protection and enjoying the copied software to its full value, much like the legal users. The
developers, however, could incur larger effort and costs to reduce this fraction of skillful
consumers but cannot fully eliminate it. These kinds of private protection measures are
known in the literature as "technical protection measures" (see Scotchmer, 2004, for a
survey on this topic) and are also closely related to the so called DRM (Digital Rights
Management) system 3.

To capture the regulator’s role in a simple manner, we assume that imposing a penalty
on the IPR violators is the only instrument for reducing or eliminating the illegal use of the

product that is under copyright protection. So the height of the (expected) penalty serves

2However, there is also an alternative approach in which public protection mostly targets institutional
and corporate users rather than individual users, see Harbaugh and Khemka, 2010 and the relevant literature
cited there on such an approach.

3DRM is an umbrella term for various technologies that limit the usage of digital content in an unintended
way by the developer. Most major content providers such as Microsoft, Sony, Amazon, or Apple used to
exploit DRM. Nowadays most content providers experiment with DRM-free alternatives, mainly in music
(see more on DRM in Belleflamme and Peitz, 2010 and also Scotchmer, 2004).



as the measure of the strength of copyright protection.

As for the related literature and relation of our paper to it, it is important to stress that
our approach is somewhat different from the current literature on software piracy. According
to Belleflamme and Peitz’s comprehensive surveys (2012 and 2014), the vast majority of
papers that analyze the economic issues of digital piracy make the simplifying assumption
that software is supplied by a single developer. The reason for this is that consumers perceive
software products as highly differentiated so a change of one product’s price hardly affects
the demand of the other products (see Belleflamme and Peitz, 2014). While this may roughly
be true in some cases, we claim that a more realistic analysis of the software market should
rely on competition among software developers. More specifically, the concept of vertical
product differentiation looks appropriate here because typically there is a software product
that is perceived to have superior quality than the product of its competitor and so it is
priced much more than its closest substitute. Thus, if both softwares are offered at the same
price, most (or even all) consumers would choose the product that would be considered of
higher quality. For instance, in a market for vector graphic editing software, there are two
relevant products: Adobe Illustrator and CorelDRAW. The first one (Adobe) has a higher
consumer rating and its price is 2.5 times higher than the Corel software indicating that
products might be perceived as vertically differentiated.

To put our approach further into perspective, we use the Belleflamme and Peitz (2012)
classification, according to which our paper belongs, to i) end-user piracy models that ii)
includes the competitive effects, meaning that there are two producers of substitutable and
piratable digital products that directly compete with each other. As Bellelamme and Peitz
(2012) noted, there are only a few articles dealing with digital piracy while explicitly tack-
ling direct competition among firms. Moreover, these papers mostly rely on the notion of
horizontal product differentiation. The article that is somewhat related to our analysis is our
companion paper, Zigi¢ et al. (2013), that deals with the interaction of private and public
IPR protection. The form of private IPR protection, however, is radically different there
and it comes in the form of a simple and costless service restriction like denying various

services related to the efficient use of software, restricting access to users’” manuals, etc.)



Moreover, the focus of Zigi¢ et al. (2013) is on normative analysis, that is, on optimal public
IPR protection and its interaction with private protection rather than on developers’ IPR
protection and pricing strategies like in this paper. Other related paper are the works of
Belleflamme and Picard (2007) and Choi, Bae, and Jun (2010). Unlike these papers, we
focus on direct strategic interaction between the developers where the two firms compete in
prices in a vertically differentiated market, whereas the strategic interactions in Bellelamme
and Picard (2007) and Choi, Bae, and Jun (2010) are indirect ones stemming from different
copying technologies. Secondly, in addition to the different focus (direct versus indirect com-
petition), the other key difference between our set-up and that of Belleflamme and Picard
(2007) and Choi, Bae, and Jun (2010) is that in their settings the original products have
the same quality, while in our set-up, the original products are vertically differentiated and
thus have distinct qualities to begin with. Thirdly, since we focus on the software market,
we do not allow for a different copying technology as it is typically the case with multiple,
initially independent digital products. Thus, the cost of consuming illegal copies is constant
in our setting, while it may be decreasing with the number of different originals copied in
the settings of Belleflamme and Picard (2007) and Choi, Bae, and Jun (2010).

Perhaps the very first article on this subject that introduced the competitive effect is
one by Shy and Thisse (1999), who analyze piracy in the Hotelling-type duopoly competi-
tion where users have exogenous preferences for a particular developer?. They show that a
developer’s decision to introduce protection against illegal copying depends mainly on the
network effects (NEs), and that under strong NEs, each developer decides not to implement
protection in order to make his software more attractive and to raise the users base. Jain
(2008) builds upon the model of Shy and Thisse (1999) and assumes that firms can choose a
level of IPR protection so that only a proportion of consumers with low product valuations
(who are, by assumption, the only consumers interested in copying) can copy its product.
In the absence of NE, Jain shows that, in such a set-up, piracy can change the structure
of the market and, thereby, reduce price competition between firms. The reason is that

copying by low, more price-sensitive types enables firms to credibly charge higher prices to

4There is, however, a mistake in the article; see Peitz, (2004) for the correction of the mistake.



the segment of consumers that do not copy. Furthermore, this positive effect of piracy on
firms’ profits can sometimes outweigh the negative impact due to lost sales. So, even in the
absence of network effects, firms may prefer weak copyright protection in equilibrium. Fi-
nally, there is a recent paper by Minnitti and Vergari (2010), who also rely on the Hotelling
differentiated-product duopoly framework. They, however, deal with a rather specific form
of piracy similar to a private file sharing community and study how its presence affects the
pricing behavior and profitability of producers of digital products.

Finally, there are by now numerous scholarly articles that deal with the issue of digital
piracy in a monopoly set-up or a dominant firm set-up (constrained by competitive fringe
like Harbaugh and Khemka, 2010). As for the paper that exploits a monopoly set-up, see, for
instance, Yoon, 2002, Banerjee, 2003; King and Lampe, 2003; Kiinin, 2004; Bae and Choi,
2006, Banerjee, et al., 2008. Takeyama, 2009, Ahn, and Shin, 2010. Thus, for instance,
King and Lampe (2003) show that a monopoly allows illegal users in cases where a network
effect is present, while Takeyama (2009) shows that under asymmetric information about
product quality, the copyright has to be imperfect in order to avoid adverse selection. Kinin
(2004) provides an explanation as to why a software manufacturer may tolerate widespread
copyright infringement in developing countries and often even offer local versions of their
software. He showed that if NEs are present and there is an expected improvement in
copyright, then software manufacturers enter the market even if they incur losses in the
beginning when copyright enforcement is weak. For a deeper and systematic review of the
literature on the piracy of digital products, the interested reader is advised to look at the
excellent and comprehensive surveys in Peitz and Waelbroeck (2006) and Belleflamme and
Peitz (2012) and (2014).

The structure of the article is the following: In the second section, we put forward our
set-up and we conclude this section with a brief analysis of the monopoly market structure.
The third section contains a key analysis of duopoly competition in prices and the impact
of copyright strength on the IPR and pricing strategies of software developers. Finally, we

make some concluding remarks in the fourth and final section.



2 The Model

2.1 Industry set-up

Consider two developers A and B that compete in prices on a particular market and offer
product varieties of different quality. Developer A releases a product of quality ¢4, while
the quality of developer B is qp and we assume, without loss of generality, in the rest of
the article that developer A offers higher quality (¢4 > ¢g). Product qualities ¢4, ¢p, in the
whole article are assumed to be exogenous and cannot be changed by the developers®. The
unit variable costs are assumed to be constant and normalized to zero. One may think about
developer A as an already established and known software producer that already operates
on other markets. This fact is, in turn, reflected in the preferences of the consumers, who
strictly prefer software A over software B if offered at the same price. Similarly, developer
B can be thought of as a local developer offering lower quality. In other words, we assume
that both developers already existed before meeting and competing on the market under
consideration. Consequently, both developers are assumed to have already incurred set-
up fixed costs and fixed costs associated with software development (R&D costs). These
fixed costs are, from our perspective, general and not related to the developer’s presence on
the particular market under consideration, and therefore, we leave them out of the profit
function. We, however, may allow for the fixed costs of entry to the particular market under
consideration, so we denote as 4 and Fp these entry or set-up costs respectively (sinking
these costs can be considered to take place at the first stage of the game). We will, however,
omit these fixed costs from the profit functions for the purpose of transparency and assume
that the developers’ profits are positive net of these costs.

To summarize, we simply assume that:

1. Initially, both developers A and B already exist with established quality levels of their

respective varieties.

°In the more elaborated versions of this kind of models, there is also a choice of quality preceding the
pricing decision. In this case, it is standard to assume that the bulk of the costs of generating quality falls
on fixed costs so that quality or R&D costs are in fact endogenously determined (see, for instance, Shaked
and Sutton, 1982 and 1983; Kunin and Zigi¢, 2006). For each case that we analyze, it should be clear how
to relax the model and allow the developers to choose and compete in qualities too.

8



2. The focus is on a particular software market, which is not interrelated with the other

markets on which developers may operate ( "segmented market hypothesis").

Perhaps it might be convenient to think that developers compete (or may compete)
on some third market (that is, a market that is not their home market). An important
implication of these two assumptions is that in our set-up one or even both developers may
not be active on the market under consideration. The reason for this is that due to the
absence of the developers’ own IPR protection and the possible lack of IPR protection by
the side of the regulator, it may not be profitable for the developer(s) to operate on the
market under consideration. We, however, assume that even if a developer does not enter
the market, the users are still able to obtain an illegal version via copying. This, in turn,
makes entry deterrence not viable. We use a sub-game perfect equilibrium as a solution

concept throughout this paper in all multi-period games under consideration.

2.2 Private protection against copying—physical protection

As we already mentioned, we aim to study here the economic impact of so called "physical
protection". By physical protection we understand that installing an illegal version of the
software is more difficult either because of low availability of the illegal version or because
of a high requirement of user skill to install (or use) the illegal version. An example of
such protection is a DVD with games where a version coming from standard copying with
a DVD burner cannot be installed on a PC any longer®. Another example is requiring users
to authenticate their copy on the developer’s web pages during installation, which could be
technically complicated to avoid (e.g., only by installing a “crack” to a particular directory
and a set of steps to complete the installation). All such tools create obstacles in installing an
illegal version, and thus limit its availability to common users. After installation, however, a

user often may not distinguish an illegal version from the legal one. As already mentioned in

6The illegal copy does not work since the original DVD is intentionally produced with certain kinds of
mistakes, and during copying, these mistakes are always corrected by the “burning” software. At the same
moment, during the installation process, those mistakes are mandatory for the successful completion of the
installation.



the introduction, some forms of DRM can also serve as examples of such protection. Thus,

a user’s perception of software quality is often intact.

2.3 The regulator’s role

We introduce a very simple regulator whose role is limited to monitoring software usage
and to the penalization of those users, who use products illegally and are disclosed. The
probability of being caught using an illegal version is the same for all users, and the level of the
penalty is fixed. The penalty and the probability of being caught is known and independent
on used product and product prices, thus all users and both developers could calculate the
expected penalty for using an illegal version, that we denote as X. Moreover, while we
implicitly assume that the regulator choice of the optimal IPR is governed by an underlying
objective function like the maximization of social welfare, we do not explicitly study the
optimal choice of expected penalty since we focus on the forms of the developers’ pricing
and IPR protection strategies and their economic implications’. Thus, the whole regulator’s
framework is very simple in our model and translates into one parameter: expected penalty
X for illegal users that also captures the strength of copyright protection (see Varian’s, 2005

survey on the economics of copyrights).

2.4 Developers’ problem

We assume that both developers have access to technology that allows product protection

against copying and illegal use 8. The developers’ decisions are dependent only on the
profitability of such a step. The protection against copying is imperfect, which means that a
fraction of the users still have access to the illegal version®. This fraction of users is uniformly

distributed over the whole interval (0, ). We say that a developer implements protection at

"For instance, if the government maximizes social welfare, we would need to know which of the developers
is the domestic one and which is not in order to write down the objective functions. While these considerations
are interesting per se, they are not the focus of the essay. For the analysis of the optimal IPR from the side
of the regulator in a similar set-up, see for instance Zigi¢ et al. (2013).

8Neither legal nor licence restrictions are assumed for the developer in the case of implementing protection
against copying.

9By eliminating public availability we mean neither access to an illegal version nor access to an illegal
version accompanied by the limited user’s skill to install/use the illegal version.

10



level ¢, if for each 6 € (0,0) the fraction of users with the ability to use the illegal version is
(1 — ¢), and the remaining fraction of users (c¢) could only use the legal version. Protection
¢ is from interval (0, 1), and if ¢ tends to 1 we say that protection becomes perfect, while ¢
tending to 0 represents full public availability of an illegal version'®. We further assume that
both developers could implement this kind of protection, and that they could differ from
each other in the protection level c. Formally, there is a two-stage game in which one or both
developers choose the level of private protection in the first stage, and then they compete in
prices in the second stage.

Implementing physical protection is costly, and these costs rise more than proportion-
ally as ¢ increases tending to infinity as ¢ approaches 1. Thus, the costs of implementing

protection ¢, labelled as C' = h(c), possess the following properties:

1. h(0) =0, lim,_; h(c) = +o0;

4. II* = 7} (¢;) — h(c;) is a concave function reaching its maximum at ¢ € (0,1). (We use
the symbol II for net profit, when protection costs are accounted for, while 7 stands

for the price-competition stage profit.), and

92 wr
dc;0c;

o2rr
O0c;Oc;

. This standard assumption guarantees the uniqueness of the equilib-

rium values of ¢’y and c}; as well as "stability" (see Vives, 2000).

2.5 The consumer problem

We assume that only some users have access to both a legal and an illegal version, while

some users have access only to a legal version. The users with access to both versions prefer

10The availability of an illegal version and the ability to break it differs significantly among users and is
more dependent on technical skill than on the sensitivity to price §. Uniform distribution is an analytical
simplification not harming the nature of the paper

11



the legal version only if the utility from it is higher and their proportion is 1 — ¢. The utility

function of user 6 is the following:

0q; — p; ... if he buys the legal version of the software.
Up(#) =< 0q — X ... if he uses the software illegally. (1)
0 ... if he does not use the software at all.

We also assume that if the price of the legal version of a product exactly equals the expected
punishment for using the illegal one, p; = X, then the consumers strictly prefer the legal
version—in other words, second-order stochastic dominance applies.

Users without access to the illegal version could compare only the expected utility from
purchasing the legal version and not using it at all. Their proportion is ¢, and the utility

function of user 6 is:

U(6) = 0q; — p; ... if he buys the legal version of the software.
10 ... if he does not use the software at all.

2.6 The market environment

As we already noted, both developers could implement physical protection for their product,

and so three basic combinations of product protection could occur on the market :

1. None of the developers implement protection. This situation arises when X does not
bind in the maximization problems of either A or B so that in the equilibrium, we

have pj; < pj < X.

2. Developer A implements protection while developer B does not. This situation oc-
curs when pure Bertrand equilibrium is not possible because X would be binding for

developer A since pj; < X < p¥.

3. Both developers implement protections.!! Finally for low X, both developers would

have to introduce protection since pure Bertrand equilibrium would result in X <

Py < Ph-

INote that the case in which only developer B implements protection never occurs. If B has to implement
protection due to the low expected penalty X, then developer A must also implement physical protection
because his product would be the primary target of illegal usage.

12



Before analyzing the above cases in more detail, we start with the monopoly case that

helps us to illustrate the flavor of the model.

2.7 Monopoly

A monopoly case helps us to illustrate the flavor of the model. Consider now developer
A who introduces a level of protection at ¢ for his product ¢4 and sets the price py,. In
analyzing monopolist behavior, we could focus only on the case when the expected penalty
is such that X < py, since the case where X > p;; no user has the incentive to use an illegal
qa

version. Users’ demand for the legal product of monopoly developer A is D4 = ¢ (6’_ — ”—M)

and it leads to the following market coverage:

¢ ... noproduct ¢ ... A
no product l-c ... Illegal A 1-¢c ... Illegal A
fomm - : : :
_ X _ n
0 Oop = " Ooa = z—j 0

Figure 1: Monopoly market with product protection ¢

Monopoly equilibrium could be easily derived to yield:
Pir = %(%A; Th = 6;152%- (3)
Note that under the assumptions regarding h(c), II}, = 74, —h(c) has a unique maximum,
chy € (0,1). A monopoly developer A always has an option to decrease the price to X instead
of implementing protection c. By comparing developer A’s profit in the case of lowering the
price to X with his profit after implementing protection, we find out that developer A prefers
physical protection as long as the expected penalty, X, is below a certain critical level. More
specifically, even with protection costs h(c) = 0, it is more profitable to lower the price to X

1—4/1-c},

instead of implementing protection if X > 0g4— 5

3 Optimal pricing and private IPR protection in a Duopoly

Our core analysis focuses on the optimal pricing and private IPR protection in a duopoly as

a function of the strength of copyright protection captured by the size of X. We omit the

13



case when the expected penalty X is high enough (p% < p% < X), and developers have no
incentives to introduce physical protection against copying'?. Thus, we first focus on the
case where only developer A has the incentive to introduce protection pj < X < p% and
then, finally, on the case where both developers have such incentives, that is, X < pj < p%.
Note that in our set-up, prices are as typically strategic complements (see Tirole, 1989,
and Bulow et al., 1985), that is, &)a;_g;m > 0. The first case (p; < X < p¥ ) seems
to be relevant for middle and, perhaps, some high per capita income countries, while the

situation associated with zero or very low effective strength of copyright protection is typical

in developing countries (see Fig. 1 in Varian 2005).

3.1 Only developer A implements protection c

We start with solving the model backward. Thus in the last (second) stage we analyze
optimal pricing as a function of the strength of copyright protection. In the case, where
Py < X < p%, only developer A has the incentive to implement physical protection since the
product of developer B would only be used legally. As we already mentioned in our model
set-up, the illegal version of product A is available only to the fraction 1 — ¢ of the user base.
Product A is used illegally only by users with q% < 0, while users with 0 < q% prefer not to
use the product at all. The demand for product B consists of users with low sensitivity 6
to purchasing product A, who, at the same time, have no access to an illegal version of A,
but their # is high enough to buy product B. These users have 6 € (’;—;”, ’ﬁ), and their
fraction is ¢. As for the users with access to an illegal version of product A, there are two

sub-cases that could occur in equilibrium depending on the size of the expected penalty:

1. The first sub-case occurs when there are some users who have illegal access to product A
but still want to buy product B, or more formally, the measure of these users is strictly
positive with 0 € (’3—3, @) , and so, 2=P& > P& These users would like to purchase

dB " 4A—9B dA—4B qB

product B if X is "large enough" (in the sense that X > pBZ—g). Looking at it from

the developers’ point of view, developer B competes for the consumers that have illegal

2The prices in the pure Bertrand equilibrium are given as follows: p% = 20q A%, p% = 0q B%.

14



access to software (so called "non-controlled" consumers) by aggressively charging a

low price so that pj < g—fX .The market coverage is given in Figure 2 .

. The second sub-case occurs when illegal users always prefer an illegal version of A to
the legal version of B, that is, when g4 — X > 6qp — pp for all # since illegal usage
is then more profitable even for the consumer with the lowest valuation. So, X has to
be "low" enough, that is, ﬁ < ]Z_g (or equivalently X < pBg—g) given that pj, < X
still holds. From the perspective of the developers, developer B’s price is "too high"

to attract the non-controlled consumers and in this situation his profit fully depends

on the protection of developer A. The market coverage of this case is presented in

Figure 3 .
c...B c...A
no product B 1-c...illegal A 1-c...illegal A
- - | : : :
0 b =05 e =0 fma= T J

Figure 2: BC, when developer A introduces protection ¢ (Case 1).

c...B c...A
no product illegal A 1-c...illegal A 1-c...illegal A
oo | : : :
_ X — PB — ba—p 0
0 Oop = aa Oop = q§ Opa = qz—qg 0

Figure 3: BC, when developer A introduces protection ¢ (Case 2).

As for sub-case 1, we obtain demand for legal versions of both products by putting all

fractions of users together:

DA_C(a_Bizﬁﬁ), (4)

da — 4B
_ X
DB:C(p—A pB—p—B)Jr(l—c)< pBJE):
dAa — 4B 4B da — 4B qB
:cpA—l—(l—c)X—pB_@
44 — qB a8
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In sub-case 2, only the users without access to an illegal version of A buy product B so

the demand functions are now:

DA:C@JM)

qa — 4B
DB—c<pA_pB—@).
qa — 4B qB

Note that sub-case 2 is practically identical to the pure Bertrand case yielding the same
equilibrium prices, and yielding the same market coverage as well as the equilibrium profits
that are only sized down by factor c. Interestingly enough, the change in the strength of
copyright protection does not affect (at the margin) either developers’ pricing or the IPR
protection strategy of developer A. The reason is that for the particular values of the
strength of copyright protection, developer B does not find it optimal to compete for the
illegal ("non-controlled") users of product A but instead focuses (or free rides) on the (lower
segment of ) users whom developer A prevents from using the software illegally by means of
physical protection. So the only target of both firms is the so called "controlled" consumers
who legally buy the products and whose fraction is ¢ in both segments of the market. Thus,
the equilibrium prices are, as we saw, identical to those of the pure Bertrand set-up with X
having no impact on either the prices or the equilibrium IPR strategy.

So we focus on the more interesting sub-case 1. We start with determining the range
of the expected penalty values X such that this sub-case is the Nash equilibrium in prices.
Namely, sub-case 1 is not an equilibrium if (i) at least one developer’s profit, given the
other developer’s price choice, does not have a local maximum in the relevant price range.
Moreover, it is also not an equilibrium if (ii) there is a local maximum in the relevant range,
but at least one developer is better off deviating to a price outside the range (e.g. developer
A can be better off deviating to p4 = X). Intuitively, for developer A to charge a high price
pa > X, the value of X should be small enough so that developer A prefers introducing
protection to simply lowering the price to X. As for developer B charging a low price
pp < X Z—i, X should be large enough so that developer B prefers charging a low price to
both charging an intermediate price X Z—i < pp < X or charging a high price pp > X and

introducing protection.
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For (i) not to hold, we show that a necessary condition on X is X, < X < X, where
Xy = M%’ and X, = 2§qAﬁ; (see Appendix 2.3.4). Note that the upper
bound X, intuitively, coincides with p9 that is the equilibrium price in the case of the pure

Bertrand equilibrium. Then both developers’ profits reach the internal local maxima in the

price ranges corresponding to our sub-case 1, with the prices equal to

*_X(l—c)q3+2§qA(qA—qB) . 2X (1 —¢)+0c(qa — qB)
4qa — cqp 4qa — cqp

For (ii) not to hold, we have to verify that neither developer has an incentive to unilat-
erally deviate given that the other developer sets the equilibrium price, p;. For developer A,
it can be profitable to deviate to py = X (given that developer B sets p%;) if the decrease in
price from p% to X is more than compensated for by an increase in the number of consumers
that is no longer confined to fraction ¢, and for X large enough, such a deviation would yield
a higher profit than choosing protection, even without protection costs (that is, h(c) = 0).
As for developer B, if p}; is close enough to X g—i, then it may pay off to jump to a higher price
pp € (X ‘é—i, X) given that developer A sets p% as in this case, the effect of such a price in-
crease would more than offset the loss of the consumer base. The analysis in Appendix 2.3.4
shows that for an interior equilibrium to exist, X should not be "too large" for developer A,
so that X < X < X, nor should it be "too small" for developer B, so that X > X > X,,.
While values X, and X, always define a non-empty range, the condition X < X < X[
defines a non-empty set only if ¢ > ¢® = @ ~ 0.618034'3. If X € (X, X."), then none of
the developers have an incentive to deviate, and the prices above constitute an equilibrium.
We coin this equilibrium as the piracy, no "full dependence" equilibrium since developer B
does not fully depend on A’s protection but also competes for the non-controlled consumers.
The comparative statics analysis with respect to ¢ is straightforward in this equilibrium:
equilibrium prices p%(c), pi(c) and the profit 7} (¢) increase as the level of physical protec-
tion ¢ increases, so developer A acts strategically and softens the price competition and (in

jargon) displays pacifistic "fat cat" behavior (see Fudenberg and Tirole, 1984).

I3If the quality ratio is not too high, then the lower bound on ¢ can be improved to ¢ > ¢ ~ 0.704402.
Here “not too high” means that qp/ga is below the threshold value, which is itself above 0.9, so we can be
almost sure that this is the case and consider it as the general situation.
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Now we can briefly move to the first stage of the game in which developer A chooses the
optimal private protection, ¢*, by maximizing his profit function: IT*% = 7% [p%(c), ph(c), c] —
h(c).This, in turn, enables us to move on our key issue of how private and public protection
interact. More specifically, we study the effect of the expected penalty X on the optimal
developer A/s protection strategy, c*.

Recall that we are primarily interested in the interaction of the expected penalty X with
the developer’s protection c¢* rather than in the very value of optimal private protection,
c*. That is, we wish to study how the regulator’s change in the level of public protection
affects the optimal private IPR protection strategies (and, consequently, equilibrium prices,
profits, and market coverage). In order to address this key issue, we first have to identify
relevant features (like, say, the very need for private protection, character of competition
for the consumers, etc.) that could appear in the above set-up and that affect possible
equilibrium candidates and structures. For instance, as already mentioned, it may be optimal
for developer A not to use private protection at all but set p4 = X instead, when public
protection is large enough. On the other hand, for X "low enough", it may be the case that
developer B does not compete for the non-controlled consumers but sets pp > g—iX )

More generally, there are three features that affect the possible equilibrium structure in
the above setting: a) the need for private protection to be exercised in equilibrium b) the
status of product B for non-controlled consumers, that is, whether developer B competes
for them or fully depends on the developer’s A IPR protection, and c) the character of the
optimal solution, that is, whether the profits attained their maxima at corner or at the
interior solution. Given these features, there are five possible equilibrium outcomes that
may occur in the set up under considerations (see Appendix 2.3.7 for the brief descriptions
of these five possible equilibrium outcomes).

Having all this in mind, we could now start to analyze the effect of public IPR protection
X on the optimal IPR strategy ¢*. First, recall that X affects ¢* only if it affects its marginal
profitability ag—f‘. More technically, the effect of the change in X on the choice of ¢* is non-

0211,
0c0X

zero only when # 0. In other words, this cross-derivative is non-zero only if the gross

equilibrium profit depends on both ¢ and X, which only holds for the two (out of the five)
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possible equilibrium outcomes: 1) the piracy no "full dependence" equilibrium and, 2) so
called the corner "full dependence" equilibrium, that is, the equilibrium where p% > X,
while pj; = X. In this last case, all consumers not controlled by developer A use product
P (or nothing) and, like in outcome 1, both X and c¢ enter both developers’ profits (see
Appendix 2.3.7) .

Proposition 1 summarizes the main findings:

Proposition 1 When there is the piracy no "full dependence” equilibrium then private and

dc*

, %% < 0. When, on the other hand, we have

public protection are strategic substitutes, that is

the corner "full dependence” equilibrium, then private and public protection are strategic

de*

, o5 > 0.In all other possible equilibrium outcomes a change of the public

complements, that is
IPR protection (at the margin) does not affect the optimal IPR strategy of the developer A,

<,ode*
that is, 55 = 0.

Proof. see Appendix 2.3.5 and Appendix 2.3.7 =

Let us focus first on the piracy, no "full dependence" equilibrium where the interval
(X7, X)existsand X € (X, X[). As we stated above, the necessary condition for interval
(X, X) to be non-empty is that ¢* > ¢°, and this, in turn, implies (or is sufficient for)

8271";‘
0coX

< 0. This situation is described in jargon as "strategic substitutability" between c*
and X so that % < 0. For ¢* being "large", it must be that the protection marginal cost
function is not "too steep" so that it crosses the marginal revenue at ¢* such that ¢* > ¢°.
Note also that developer A by his optimal response to increase in X, harms developer B
(recall that %C(C) > 0).

The nature of the interaction between the private and public IPR protection enables us

to further study the comparative statics effects of X on equilibrium prices and profits.

Lemma 1 The effect of X on p%(X) and pi(X) is a priori undetermined.

Proof. Note that % (¢(X),X) = ide | 87)’;'. Straightforward differentiation shows

dX Oc dX 1o}

Ip;
) 0X

that the direct effect of X on prices is positive, that is > (. From the analysis above, we

know that %’ij > 0, but j—)cc < 0. Thus, the indirect effect, %pci j—)‘; <0. m
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Lemma 2 The effect of X is positive on I1%(X) but the respective effect on m5(X) is a
priori unclear.

Proof. Note that dHA s (c(X),X) = BHA > 0. Note fm’ther that dﬂB X (c(X),X) =

orp(X) dex | Omp whe 6871'B(X)

e =+ 5, E—ax <0 smce < 0 cmd E > (. Thus, the direct and indirect

effects have a conflicting impact on developer B’s p’roﬁt. [ ]

As we can see, developer A reacts aggressively on an increase in X and cuts back in his
private protection in response to increased public protection. As for developer B, if the net
outcome of the above two conflicting (direct and indirect) effects is negative, the profit of
developer B and equilibrium prices fall making price competition tougher. As a result, a
"fat cat" strategy in this case becomes a little diluted due to the enhanced public protection
while, on the other hand, consumers of both goods benefit due to the decrease in equilibrium
prices'*

Finally, the second and the last equilibrium structure where X affects the optimal choice

c* is the corner "full dependence" equilibrium. It is straightforward to show that in this case

X _c(é(qA—qA)—l—X)Q_ .
1_[A_ 4(qA_qB> h<)>

4% > 0. In this equilibrium structure, developer B chooses

88X

pp = X, i.e., the maximum price this developer can charge without implementing protection.
This situation may occur when X is sufficiently low so that it is too costly for developer B

to charge a lower price, whether in the range pp < X or in the range X QB <pp < X. It

6(qa— qB)+X

is straightforward to show that in this case p% = 5

and pp = X.

Lemma 3 The effect of X on p(X) and pi(X) is positive.

Proof. Note that dpl( (X)aX):%T;—;+6pZ:%>Osmce %IZ:O' ]

Lemma 4 The effect of X is positive on both ITI%(X) and on n5(X).

Proof. Note that w (c(X),X) = 8HA > 0. Note further that de X) (c (X),X) =

aﬂ*g—ix)f& + 87”3 > (0, where (’ggx) de ~ () gince < > 0 and E > () and >0. m

11t is straightforward to show that entry deterrence by means of ¢ is not feasible in the set-up under
consideration.
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Unlike in the case of the piracy no full dependence equilibrium, developer A does not
react aggressively here. He strengthens his private protection in response to increased public
protection and developer B benefits from both this and from the enhanced public protection.
Thus, the "fat cat" strategy that developer A adopts in his choice of private protection

becomes reinforced by the stricter public protection.

3.2 Both developers A and B implement protection

If the regulator sets up a very low expected penalty (X < p§ < p%), then, naturally, both
developers have to either implement physical protection or decrease prices to X; otherwise,
they would be out of the market.

We denote protection used by developer A as ¢4 and protection used by developer B as
cp. Furthermore, we assume that users may have access either to an illegal version of product
A, an illegal version of product B, or to both illegal versions. Moreover, we assume that
access to an illegal version of product A and B are mutually independent so there are users
on the market that have access to illegal versions of product A but not to illegal versions of

product B and vice versa. Then there are the following fractions of users on the market:

1. cacp ... The fraction of users with access only to legal products;

2. ca(l—cp) ... The fraction of users with access to an illegal version
of product B;

3. (1—ca)en ... The fraction of users with access to an illegal version
of product A;

4. (1—=ca)(1 —cp) ... The fraction of users with access to illegal versions of both
products.

We have now the following types of users:

1. 0e(bate, #) ... Users who buy product A if they do not have access to
any illegal version;
2. 9e (B2, 2-L2) .. Users who buy product B if they do not have access to
an illegal version of A;
3. fe (q%, 0) ... Users who use an illegal version of A if they have access to it;
4. 6 5 ;“__q); ,0) ... Users who buy A if they have access only to an illegal version
of B.

Given the above set-up, it seems that two sub-cases could arise. The first one would be

such that § < 24=X jmplying that there is no user who would buy product A if he has

qa—qB’
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illegal access to product B. This, however, never occurs since in the equilibrium, developer
A sets the price low enough that users with 6 close to § always prefer to buy the legal version
of A (see Appendix 2.4.1 ). The second situation appears when % < 0, implying that
such users exist, and their number is higher than zero. So next, we discuss this only feasible
sub-case in which both competitors introduce physical protection and % < é.

In this case, there are users who prefer the legal version of the higher quality product ¢
even though they have access to the illegal version of product B, but not of product A. This

leads to the following market coverage:

1-cy...illegal A

1-c4...illegal A (1-cg)ca. . . illegal B 1-cy...illegal A
C4...no product cacp...B Cq... A
1-cy...illegal A 1-cy...illegal A
(1-cg)ca. . .illegal B (1-cg)ca. . .illegal B
no product caCg. ..no product cacp... A
e | : : : :
0 ==X ==X 0 ==e =bapp g paX 0
qA qB 4B 4dA—d4B q4qA—4B
Figure 4: Both developers introduce protection, and % <0

From the distribution of users on the market, we obtain the following demand for the

individual products:

= — ~ - X
Dj = cacp (9 — M) +ca(l —cp) (0 _Pa ) (6)
qdAa — 4B dAa — 4B
ca (X(1—cp) +0(qa — qB) + cpB — Pa)
dAa — 4B ’
da — 4B 4B

As in the previous section, we start with determining the range of the expected penalty
values X such that this sub-case is a Nash equilibrium in prices. Recall that for the existence
of a price equilibrium in the case when only developer A adopts protection, X has to be
low enough from the perspective of developer A, but it has to be high enough from the

viewpoint of developer B. Now in the case under consideration, there are no such opposing
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requirements on X, since for both developers to charge high prices (above X), they both
“need” X to be low!'®. Intuitively, if X is close to zero, then both developers would implement

protection and charge prices above X rather than adjust their prices to X or below. We

095(qa—aB)

yrp— (note that X, equals

show in Appendix 2.4.4 that a strictly positive X < X, =
p% of the pure Bertrand equilibrium) exists such that the following prices constitute an
equilibrium:

0(qa—qp) + X (1 —cp)

=2 7
2 7QA T , (7)
. 0(qa—qp)+X(1—cp)
Pp = Aga — 4B
da — CBYB

As for a comparative statics analysis with respect to c4 and cg, it is straightforward to
show that equilibrium prices do not depend on c4 and increase in cg. While the positive
effect of cp is not unexpected, the independence of the equilibrium prices on ¢4 might
seem less intuitive. However, if both developers charge prices above X, any consumer not
controlled by developer A would use an illegal version of product A, and a small change
in ¢4 would only have a market size effect, i.e. both demands would change proportionally
to the change in c4. As there are no production costs, the change in marginal incentives
will be also proportional to the change in c4, so that the prices do not change (see the
expression, 6). Alternatively, both gross profits of A and B, (that is, paD4 and pgpDpg)
can be re-scaled (divided) by c4 and thus both profits and, consequently, equilibrium prices
become independent of c4. Note also that both developers prefer the good protection of a
competitor’s product, that is (?3—;‘ > 0 and %rcl—:f > 0. The intuition is that an increase in
either c4 or cp increases the number of legal users for both developers, as it can be seen by
visual inspection that % > (0 and % > 0 and also by looking at the market coverage in
Figure 4 .

Before proceeding to the central issue of our analysis—the interaction between the private

and public IPR protection—we make an additional assumption that cj; < % The reason

15 Certainly, if the developers could costlessly choose X, they would set it sufficiently high as to exclude
illegal use, so “need” is used in the sense of pure mathematical conditions for an equilibrium in the given
range. Also note that since these mathematical conditions for both developers stipulate an upper bound,
the analysis is to some extent simpler than in the case of developer A alone implementing protection as it is
impossible here that the intersection of conflicting requirements on X results in an empty set.
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for this might be a rather tough price competition in the vertically differentiated market.
Consequently, the lower quality producer charges a substantially lower price and usually earns
only a small fraction of the high-quality developer’s profit in equilibrium. Thus, developer B
cannot afford to expand cg much above zero due to the increasing marginal cost of private
protection (recall that gici;(ci) > (). In addition, the cost function might be rather steep and

that reinforces the "tough competition" argument thus yielding the "low" optimal values of
cp-

Proposition 2 For Xe (0, X]. an increase in X leads to an increase in the optimal pro-

tection of both developers, that is 4 > 0 and %z

e & > 0. Thus, private and public IPR

protections are strategic complements.

Proof. see Appendix 2.4.6

*

The sign and the size of interaction between the public and private IPR protection, %,
depends on the impact of the expected penalty, X, on the marginal profitability of both

8271']"B
OcgdX *

827Tj‘4
Ocp0X

developers’ private protection, or, more technically, on the signs of both and

827@‘
Ocp0X

of cp such that cp < 1 (see Appendix 2.4.6 ).

2

It turns out that 9cp0X

> 0 for all permissible values, and > 0 for (at least) all values

So, in the situation when the expected penalty is low (that is, X € (0, X]), there is

strategic complementarity not only between the private and public protections but also

827r;k
aCA 803

between the two private protections that reinforce each other (recall that > 0). In
this case, an increase in the private protection of one developer induces an increase in the
optimal protection of the other developer. Thus, the situation here is rather different from
piracy, no full dependence equilibrium (see section 3.1 ) because here an increase in X leads
to an increase of both ¢4 and cp causing an upward spiral in private protections until the
new equilibrium is reached.

As before, the nature of the interaction between private and public IPR is the key ingre-

dient in analyzing the comparative statics effects of X on equilibrium prices and profits.

Lemma 5 An increase in X leads to a rise in both prices and profits for both developers.
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Proof. Directly from equilibrium prices (5 ) and from profit comparison (in a Mathe-
matica file). m
Note also that as both protections c4, cp tend to perfect protections, the equilibrium

prices and profits go to profit from pure Bertrand competition.

4 Conclusion

In this article, we focus on the effect of increased copyright protection on the pricing and
private IPR protection strategies of software developers. Predictably, the initial size of the
expected penalty plays a decisive role in shaping the behavior of the market participants.
Thus, if X is zero or small, as is typically the case in developing countries, then both
developers introduce protection, and a "small" increase in X reinforces the private protection
of both developers implying that the regulator’s and developers’ IPR protections are strategic
complements. Moreover, an increase in the strength of copyright protection enables both
developers to raise prices and earn larger profits. It is important to note that even for a
zero or low expected punishment, it is never the case that all of the users that have access

16 Thus, in an

to the illegal versions would use only these illegal versions in equilibrium
equilibrium with low X, some of the users with a high appreciation for quality who have
illegal access to product B would still buy legal versions of product A. An increase in X
would make product A more attractive for those users. As an optimal response, developer
A would increase ¢4 that would in turn lead to larger profit. At the same time an increase
in X would leave more room for developer B to increase his prices and profit via an increase
in cp.

For some intermediate values of X, only developer A introduces IPR protection. Unlike in
the case of zero or small X, here the analysis of the pricing and strategic response to the level
and change of copyright strength is more complex. We identified the two possible equilibrium

structures in which public protection affects (at the margin) private IPR protection. In

the first case that we focus on ("piracy no full dependence equilibrium") developer’s A

16Tf this were the case, X would have no impact on the users’ and consequently no impact on the developers’
decisions on either ¢4 or cp.
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optimal reaction to the change of X is to curb his own protection implying that private and
public protections are strategic substitutes. This situation occurs, roughly speaking, when
X assumes the value from the mid of the relevant interval while the firm’s costs of preventing
piracy do not rise "very steeply" with the strength of the adopted private protection, ¢, so
that the optimal level of this protection assumes a rather large value (exceeding a critical
value of ¢°) . The second equilibrium outcome is the situation when the developer B does
not compete for illegal users and sets the price exactly at the level of public IPR protection
(the corner full dependence equilibrium). Such a situation appears when X is low and it
does not pay off for developer B to charge an even lower price. In this case the two forms of
protections act as strategic complements; the change in public protection positively affects
the private IPR protection of developer A.

The common feature of both equilibrium structures that occurs when only developer A
adopts protection is the fat cat strategy. Developer A displays "friendly" behavior through
strategically enlarging the controlled customer base from which developer B benefits as well
(or in words of Fudenberg and Tirole, 1984, "..the large captive market makes the incumbent
(developer A in our set-up) pacifistic "fat cat".. "). The remarkable difference in the two
equilibria, however, is that an increase in the strength of copyright protection makes the fat
cat strategy stronger for "low" values of X (the corner full dependence equilibrium) while
it likely makes it weaker for X assuming intermediate values (piracy no full dependence
equilibrium).

Finally, when the expected punishment is equal or exceeds a pure duopoly price of a soft-
ware A, there is no need for protection by any developers, so the regulator’s IPR protection
is in a sense an effective full substitute for the private developers’ IPR protection.

As for the possible extensions of our analysis, it might be insightful to study the regu-
lator’s strategy of setting the optimal copyright punishment. In other words, the optimal
regulator’s choice of IPR protection and its economic impacts would be an issue. This
would, in turn, require putting "more structure" in our model and consequently specifying
the regulator’s objective function. Since, in our context, it was suitable to think of two

foreign developers competing on a third host market, the simplest case would be that the
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host regulator maximizes the consumer surplus net of the costs of implementing a particular
level of expected penalty. This would further mean that the regulator would prefer to induce
the most competitive set-up by means of the expected penalty, given the costs of reaching
a particular level of expected penalty (whereby the costs of reaching a particular level are
convex, that is above proportionally increasing in it). However, in our set-up where the users
have access to an illegal version of the product, the choice of an optimal expected penalty
seems to be trivial; in order to maximize the consumer surplus, the regulator will simply set
the expected penalty to zero (or to some minimal level if zero is not feasible due to, say, an
international standard and requirements for a minimal IPR protection). Thus, the set-up
in which one or both developers are the domestic ones would be surely more interesting to

analyze.
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APPENDIX

1 Basic Model

1.1 General notes for all appendices

Most of the calculations in this paper were performed using Mathematica and other similar
software. The Mathematica file is available upon request.

In almost all model situations here, profit functions are concave (quadratic, or, in singular
cases, linear) in the respective choice variables, so that an interior solution is always a (local)
maximum. In the remaining situations, profit functions are explicitly assumed concave in
the main text. Thus, second-order conditions always hold in equilibrium, so they are omitted

everywhere below.

1.2 Indifferent users

From the user utility function it follows that indifferent users are characterized by the follow-
ing quality sensitivities. The notation yz, where Y and Z can be one of {0, A, B} implies
that the users with 6 < 0y strictly prefer Y to Z, and the users with 6 > 6y strictly prefer
Z to Y. Then

pa
bor = —, Oopp = —, 0pa = ———.
44 B 44 — 4B
For the situations wherein developer B competes with either developer A’s product priced

X—pB
qa—qB’

at X or the illegal version thereof, also priced at X, we use the threshold gp =

1.3 Bertrand competition

1.3.1 Pure Bertrand competition

Profit functions are m4 = (@ — HBA) pa, and mp = (0pa — Oyp) pp, and from F.O.C., it follows

that
(QA - QB)
494 — qB’

(qa —qB)

7p0 ZQ_QB
dga —qp’ "

Pix = 25(1,4
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so that the equilibrium profits are

o a qAa — 4B o o qda — 4B
Ty = 492(]31—( 5, Tp = QQCJACJB—

494 — qB) (4q4 — q5)*

1.3.2 Bertrand competition, where only developer B makes profit
The profit function of developer B is 75 = (0pp — o) pBs, so that

* qB * 2 qB
pp=—X, m=X"———. 8
b b 4q4 (qa — qB) (®)

1.3.3 Bertrand competition with binding price p, equal to X

Developer A is limited to setting the price p% = X. Thus, the profit functions are m4 =
(5 — QBP) X, and g = (Ogp — bop) pB, SO that pj, 7} are the same as in (8 ), and

20q4 (g4 — q8) — X (2¢4 — g¢B)
294 (qa — gB)

Ty =X

2 Developers implement physical protection
2.1 Indifferent users

As usual, the notation 0y 7, where Y and Z can be one of {0, A, P, B, I} implies that the
users with 6 < 6y, strictly prefer Y to Z, and the users with 6 > 6y, strictly prefer Z to
Y. Throughout this appendix, “product P” refers to the illegal version of product A, and
“product I” refers to the illegal version of product B.

As in the basic model, for thresholds not involving the illegal products,

PA PB
toa = —, bop = —

qa 4B qa—qB

For thresholds involving product P, note that all consumers prefer P to I, and the decision

between P and A is made on the basis of prices alone. The remaining thresholds are

For thresholds involving product 7, note that the decision between / and B is made on the

basis of prices alone. The remaining thresholds are




Also recall that the illegal products are available only to the fractions of consumers not

controlled by the corresponding firms.

2.1.1 The price-quality ratio rule

The following general result can be easily shown to hold.

Lemma 6 If there is a good of quality qa available at price pa and a good of quality qg < qa
available at price pg, then a necessary condition exists for consumers to buy good B, namely

the price per unit of quality is strictly lower for the lower quality good, i.e., Z—g < 2—3.

Proof. The claim directly follows from g4 — 6y > 0. =
This result was implicitly used in previous chapters, and the equilibrium prices complied
with it. However, in this chapter, profit functions are not unimodal, and an analysis of

deviations requires the Lemma above explicitly.
Corollary 1 No consumer with access to P prefers B to P if pg > X Z—’j.
Corollary 2 No consumer with access to I prefers I to A if py < X g—g.

2.2 Duopoly: general notes

Recall that the physical protection settings imply that every consumer is controlled by firm
A with probability ¢4, and independently by firm B with probability cg. Thus, four groups

of consumers exist. (In all cases, it is assumed that @ is high enough.)

1. Consumers controlled by both firms, cscp

These consumers view the market as a standard duopoly, so that the following applies

according to the price-quality ratio rule:

(a) If Z—g < ’;—j, then the consumers with 6 < yz use nothing, those with fyp < 6 <

054 buy product B, and those with 4 < 6 < 6 buy product A.

(b) If £2 > 4 ‘then the consumers with 6 < 64 use nothing, and those with s <

9 < 0 buy product A.

30



2. Consumers controlled by firm A alone, ca(1 — ¢p)

If pp < X, then product [ is irrelevant, and the outcome is a standard duopoly as
in group 1. If pg > X, then these consumers choose between A and I so that the

following applies:

(a) If pa > X2, then the consumers with 6 < f; use nothing, those with oy < 6 <

0;4 use product I, and those with ;4 < 6 < 6 buy product A.

(b) If pa < X Z—;, then the consumers with § < fy4 use nothing, and those with

Opa < 0 < 0 buy product A.

3. Consumers controlled by firm B alone, (1 — c4)cp

If pa < X, then product P is irrelevant, and the outcome is a standard duopoly as
in group 1. If py > X, then these consumers choose between P and B so that the

following applies:

(a) If pp < X Z—Jj, then the consumers with 6 < 6yp use nothing, those with fyp < 6 <

Opp buy product B, and those with fzp < 6 < 0 use product P.

(b) If pp > X Z—f, then the consumers with 6§ < 6yp use nothing, and those with

Oop < 0 < 0 use product P.

4. Consumers controlled by neither firm, (1 — c4)(1 — ¢p)

The outcome in this group is the same as in group 3 due to the price-quality ratio rule.
Namely, all consumers not controlled by firm A have access to a good of quality ¢4 at
a price of no more than X. Then no such consumer will be interested in a product
of quality ¢p if offered at a price above X Z—i < X, so it is irrelevant whether these

consumers are controlled by firm B.

Thus, the last two groups can be united into a single group of those not controlled by A,
with the total measure of 1 — c¢4. Also note that if p4 < X, then the outcome is that of a

standard duopoly as both illegal products are dominated by product A.
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Note that in this model, the duopoly is always viable in the sense that the low-quality

developer can always set a price such that the demand for B is strictly positive, e.g., pp =

min{ps,X}qp

50a . Therefore, situations such that developer B is out of the market, e.g., pg > pa,

can be neglected except in reaction functions.
From the above, it follows that every consumer depending on the firms controlling and

the relative position of the prices w.r.t. X, faces one of the following three situations.

e Case I: a standard duopoly, the choice between A at p, and B at pg.
e (Case II: the choice between P at X and B at pg.

e Case III: the choice between A at ps and I at X.

The correspondence between these three cases, the consumer groups, and price settings,

is the following (pp < pa assumed).
pa<X pp<X<ps X<ps

CACB I 1 I
ca(l—cp) 1 I 111
1—cqa I IT IT

Note that the situation faced by a consumer not controlled by developer A is solely deter-
mined by whether py < X or not. When pp < ps < X, then no consumer uses any illegal
product so that the standard duopoly applies regardless of control by either developer. When
pa > X, then all consumers not controlled by developer A have access to P at price X, and,
therefore, such consumers will not use I regardless of control by developer B. Thus, situa-
tion II de facto applies to such consumers even if pg > X, in which case all consumers not
controlled by developer A will use P, which is consistent with situation II.

The approach to equilibrium verification is the following. First, the reaction functions
are investigated, where it is assumed that the other developer’s price satisfies the given
constraints, and then it is checked whether it is optimal for this developer to charge a price
in the relevant range. Second, equilibrium prices are computed from the corresponding first-
order conditions, and constraints on parameters are finalized. This approach is necessary as

the profit functions feature discontinuity and non-unimodality.
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2.3 Bertrand competition where only A implements protection

Cqp=2°C
As stated in Chapter 4, we are primarily interested in the sub-case pg < X Z—i, X < pa.

2.3.1 Reaction function of developer A

Let pp < X Z—i. Then developer A’s demand function is described by the following.

1. Case (D): If X < pa < pp + 0 (qa — qp), then the situation that we focus on in the

main text takes place,

DA:C(g—(gBA).
2. Case (d): If pBZ—g < pa < X, then the outcome is that of an unconstrained duopoly,

Dy = 0 — Opa.
3. Case (m): If py < pBZ—g, then developer A is unconstrained,

Dy=60—04.

Given the range of pp, this demand function is continuous between cases (d) and (m) but
not at py = X unless ¢ = 1. The resulting profit function 74 = psD 4 is unimodal between
(d) and (m), and is discontinuous at py = X.

An interior solution in case (D) can occur only if

0 (qa —aqB)qa

X< X;=
I 294 — qB

(Note, however, that X, is always larger than the pure Bertrand duopoly price, that is
Xd > pf4 = Xcu)

In this case, the reaction function and the corresponding profit are given by

0 (g4 —qB) + B
2

¢ (0(qa — qp) +ps)°
4 (QA - QB)

A (pB) = y TA (pB) =
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and an interior solution in (D) implies here that the maximum outside (D) is reached at
pa = X. Therefore, the profit above has to be compared with the profit in case (d), which

equals

szx(@_w).
dA — 4B

While it is possible to make a direct comparison between 74(pg) and 74 and obtain
the conditions such that there is no deviation to (m), the calculation of it would be rather
cumbersome, so we postpone it to the equilibrium analysis. However, it is immediately clear

that the protection duopoly profit is higher at X = 0 unless ¢ = 0.

2.3.2 Reaction function of developer B

Let X < pa. Then developer B’s demand function is described by the following.

1. Case (X): If X Z—i < pp < X, then no user not controlled by A buys B as all such users

prefer P,

DB = C(GBA — 903) .

2. Case (D): If pp < X', then the situation that we focus on in the main text takes

place,

DB = C(QBA - 003) + (1 - C) ((ng — (903) .

Strictly speaking, this analysis should include situation pp < pa — 0(qs — gp), but in
equilibrium p4 < 6(ga — qg), so this can be neglected.

This demand function is continuous; however, the resulting profit function 7z = pgDp
is generally non-unimodal between (X) and (D).

An interior solution in case (D) occurs if py < (1 + %) X, in which case the reaction

function and the corresponding profit are given by

4B
2qa

qp (cpa + (1 — c)X)Q‘

(cpa+ (1 =c)X), 75 (pa) = 4q4 (qa — qB)

B (pa) =

However, in (X), where the reaction function is the pure Bertrand reaction function rg (p4) =

qu—';p 4, the condition X Z—’j < pp < X means that an interior maximum occurs if 2X < py <
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2Z—gX, so that mp is not unimodal around pp = X‘;—ﬁ if 2X < pa < (1+ %) X. If the

constraint pp < X is neglected, then the global maximum of g is attained in (D) when

2
pa < (1 + \/ié) X. Then it can be shown that if (1 + \%) X < 23—;)(, ie., if ¢ > (2quq3) ,

then the condition py < (1 + \%) X for the global maximum in (D) is both necessary and

2
sufficient. If ¢ < <2q§§q3> , then the global maximum occurs in (D) for py < pZ, where

<1+\/LE>X<}3£<(1+%)Xand

o (1) = () = ex (A2 - 2.
4a—d4B 4B

which is the profit from deviation to pg = X.

2.3.3 Equilibrium calculation

Assuming that all conditions on the prices hold, the equilibrium prices and profits are the

following.
2094 (qa—qp) + X (1 - ) gp
b 444 — cqp ’
. _ 2X (1 —c¢)+60c(ga—qB)
o=y 4qa — cqp ’

. 6(25% (44 — qp) + qsX (1 — ¢))’

(494 — g5c)* (g4 — qB)

r = qugy PX A=+ elas—am)”
(494 — gpe)’ (g4 — qp)

, and

2.3.4 Derivation of bounds on X and ¢
All conditions for these prices and profits to be interior local maxima are met if

044(g4 — g5) < X < x., — oPaalaa — ap)

2(1 4 ¢)qa — cqp 444 — qB
where X < X, follows from p% > X, and X > X follows from pj < X g—’j, with the latter
equivalent to p% < X (1 + %) (Note that X, < X,,.) It remains to be checked whether
these maxima are global, i.e. that no developer prefers switching to a price corresponding

to another market structure.
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Developer A can be shown not to switch to py = X given pg = pj if

< Xt — 2094 (qa — q5) (4q4 — (2 — ¢)gp — V1 — ¢ (4qa — cqp))
—-¢ 16¢%4 — 8qagp + (3¢ — 3¢ + ) ¢%

Y

X+1ffc— @ = Y5l o

which is smaller than X, when ¢ < 1. It turns out that X, = = >

0.618034, i.e., the (sub)case in question cannot occur if ¢ < %

29A—9B 294—q

2 2
As for developer B, cases ¢ > ( i ) and ¢ < ( i B) are distinguished. In the

former case, the condition to check is p% < X (1 + \%), which is equivalent to

~ o VeBgalga — gB)
& 2R =20 /0 (4gs — veas)'

which is bigger than X when ¢ < 1. It can be shown that X § Xrfiffe z ¢, where

1 —1/3 1/3
= <4 —8 (6@ _ 26) n (6@ _ 26) ) ~ 0.704402,

2
so the lower bound on ¢ can be improved to ¢ when ¢ > <2quq3> . In the other case,

2
c < <2quQB> , a direct comparison between 7% and 7% (p*) yields a lower bound on X

located between X; and X_, which translates into a lower bound on ¢ located between ‘[ L

2
and c. Note that given the lower bounds on ¢, case ¢ > <2q:’fq3> occurs with certainty if

Z—’j is not too high, namely, if Z—i <~ 0.912622.
2.3.5 The effect of X on ¢

By the implicit function theorem,

9211 4
de — _ 0cdX
dXxX 02y’

dcdc

so that the sign of is the same as the sign of:

0211, — 2 20q4 (g4 — qB) (4q4 + cqp — 8cqa) + Xqp (1 — ¢) ((4 — 12¢)qa + (c + )gp)
0c0X (¢4 — qB) (4q4 — cqp)®

The sign of this expression depends on the sign of (4g4 + cgp — 8cqa) and ((4 — 12¢)ga + (¢ + ¢*)gB).

As gg < qa, both of these expressions can be shown to be negative for ¢ > = ~ 0.571429.
Since it is shown above that the sub-case in question can occur only if ¢ > ‘71, both
o211%, d

Seay Al are negative.
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2.3.6 The impact of X on prices and profits

*

First observe that % is clearly positive since g_f = 0 at the point of optimum. Thus,

dily Oy de  OIIy Ol

) ) )

In the case of developer B, the impact of X on developer B’s profit is
dlly  Olp de Ol

dX dc dX 00X
Since the indirect effect is negative and the direct one is positive, it cannot be told a prior:
which effect dominates. The same applies to both equilibrium prices.
2.3.7 The possible equilibrium structures when only the high-quality developer
considers protection (that is, c4 = ¢ and cg = 0)
The following equilibrium structures can occur for different values of qualities, ¢, and X.
Note that in any equilibrium both legal goods have a positive market share (as stated above,
developer B can guarantee a positive market share by setting pp = W; as for
developer A, ps = min {pg, X} /2 does so), which also means that p}; < min {p%, X} in any

equilibrium with ¢4 = ¢ and c¢g = 0. There are three properties in which the equilibrium

structures differ:

e Need for protection: the issue here is whether there is physical protection at the equi-
librium prices at all. Namely, if p% < X, then no consumer uses any illegal product
(recall that we assume that if a price of a legal product equals X, then the legal product
is strictly preferred) so there is no need to implement protection, whereas if p% > X,

then developer A has to implement protection.

e Status of product B for non-controlled consumers: The question here is whether de-
veloper B competes for such consumers (this matters when p% > X, otherwise all
consumers are de facto controlled). While it is clear that controlled consumers choose
between A and B, non-controlled consumers have access to P at price X. Then when
pp < X g—i, it means that developer B chooses to compete for non-controlled con-

sumers, whereas pj > X g—i means that developer B "fully depends" on developer A’s

37



protection by ignoring non-controlled consumers completely. Note that pj; = X Z—i
cannot occur as shown above in the analysis of the reaction function of developer B

for p4 > X, which applies in this case.

e Interior or corner solution: The point here is where the developers’ profits attain their
maxima. Here two kinds of corner solutions in equilibria are possible: p% = X and
py = X (or neither, but not both), as the only other hypothetical threshold pp = X g—i

cannot occur.
Thus, the following equilibrium structures are possible in the above case:

1. Unconstrained duopoly: p% < X, which also implies an interior solution for developer
A. Then protection is not needed, developer B’s profit maximum is also interior, and

the outcome coincides with that of the pure Bertrand duopoly.

2. Constrained duopoly: p% = X, with a corner solution for developer A. Then protection
is not needed, developer B’s profit maximum is interior, and the outcome coincides

with that of the constrained Bertrand duopoly with p% = X.

3. Piracy, no "full dependence": p% > X, pp < X g—‘j. This is the case we focus on in our

analysis.

4. Piracy, interior "full dependence": p% > X, X Z—’j < pp < X. Then all consumers
not controlled by developer A use product P (or nothing), and the equilibrium prices
coincide with those of the pure Bertrand duopoly. However, the protection level ¢ now

enters both developers’ profits.

5. Piracy, corner "full dependence": p¥% > X, p;; = X. Then all consumers not controlled

by developer A use product P (or nothing), and the equilibrium prices are given by

0(ga—g5)+X

5 . Here both X and c enter both developers’ profits.

Py =X and pfy =

Note that due to non-continuity and non-unimodality of the profit functions, there are

parameter constellations such that more than one equilibrium type can occur.
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As for the effect of changes in X on the choice of ¢, recall that the sign of j—f( coincides

0211,

with that of S

This cross-derivative is non-zero only if the gross equilibrium profit
depends on both ¢ and X, which only holds for piracy equilibria with no "full dependence"
or corner "full dependence" (equilibrium structures 3 and 5 listed above). If the equilibrium
prices coincide with those of the pure Bertrand duopoly, then II% does not depend on X (at

all), and in the constrained duopoly outcome, the gross equilibrium profit depends on X but

not on c¢. Thus, ;—)C( = 0 if the equilibrium structure is non-piracy duopoly or piracy with

interior "full dependence". For piracy with no "full dependence," we have shown above

that j—f{ < 0. As for piracy with corner "full dependence", it is straightforward to show that

C(é(QA —qg) +X)2

I =
4 4 (QA - QB)

—hc),

1Ly > 0 and hence << > 0
0c0X dxX *

which means

2.4 Bertrand competition where both developers implement pro-
tection

As stated in Chapter 4, this case occurs if X < pg < pa.

2.4.1 The non-existence of sub-case ps > X + 0(qa — q5)

In this sub-case, only the users controlled by both developers buy any legal products, so
that the demands for the products are constant multiples of the standard duopoly demands,
D = cycp (é - QBA) and Dp = cacp (0pa — Opp). Therefore, if the solution is interior, then
the equilibrium prices are identical to the standard duopoly equilibrium prices. In particular,

-~ g4 —4QB

Pl = 20447 <0(qa —qB) < X +0(qa — qn),
4dA — 4B

which is a contradiction. Hence, the solution must be corner with g;%;‘ <0Oatps =X+
0(qs—qp)+0. However, it can be shown that this implies g;%ﬁ <0atpy = X+0(qa—qs)—0
as well for pp < X 4+ 0(qa — qp) (see the analysis of the profit and reaction functions below),

so that pq > X 4+ (g4 — gp) is never optimal.
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2.4.2 The reaction function of developer A

Let X < pg < Z—f (X+«§(q,4 — qB)). (The upper limit on pp here follows from py <

X +0(qa — qp) and the price-quality ratio rule.) Then developer A’s demand function is

described by the following.
1. Case (d): If ps > X+0(qa — qp), then all users of product A are completely controlled,
DA = CACB (é— QBA) .

2. Case (D): If pBZ—g < pa < X +60(qa— qp), then the situation that we focus on in the

main text takes place,
DA — CACB (Q_— QBA) +ca (1 - CB) (0_— QIA) .

3. Case (I): If X2 < py <pplt, then no one uses B,
DA = CACB (é— 90A) +cy (1 — CB) (9— 91A> .

4. Case (M): If X < py < Xg—g, then no one uses B or I,

DA = CA (é— 90,4) .
5. Case (m): if X > py, then developer A is unconstrained,

Da=(0—"6pa) .

Given the range of pg, this demand function is continuous between cases (d) and (M) but
not at p4 = X unless ¢4 = 1. The resulting profit function w4 = pa4 D4 is strictly decreasing
in ps in (d), unimodal between (d) and (M), and is discontinuous at ps = X.

Denote X4 = X (1 —cg) + 0(qa — qg). For cases (d), (D), (I), and (M), an interior

solution in case (D) can occur only if

] _
(QA QB)QB,X<pB<pg: qB XA

X< Xp= (e —
294 — qB 2q4 — cBqB
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In this case, the reaction function and the corresponding profit are given by

X4 + CcpPB

CA (XA + chB)2
2 ’ '

4 (QA - QB)

T4 (pB) = ma (pB) =

Now these values have to be compared with the monopoly profit in case (m). Since

X < Xp implies X < =& in the relevant case, the monopoly profit is maximized at the

W?—X(é—%).

While it is possible to make a direct comparison between 74(pg) and 7’f' and obtain the

highest p4 in the range, i.e.,

maximal value X (pp) such that there is no deviation to (m), the result is rather cumbersome.

However, it is immediately clear that the duopoly profit is higher at X = 0.
2.4.3 The reaction function of developer B

Let X g—g < pa < X +0(qa — q). Then developer B’s demand function is described by the

following.

1. Case (D): If X < pp < pAg—f, then the situation that we focus on in the main text
takes place,

Dp = cacp (0pa — o) -
2. Case (X): If XZ—’j < pp < X, then no one uses I,

Dp =ca(0pa—bop).

3. Case (x): If pp < X'I2, then there are consumers who prefer B to P (cf. the case when

only A implements protection),

D =ca(0a—0o5)+ (1 —ca)(Opp — Oop) -

Strictly speaking, this analysis should include situations pp < pa — 6(qa — ¢5) and even
pe < X —0(qa — q), but in equilibrium X < p4 < 0(ga — qg), so these can be neglected.

This demand function is continuous between cases (X) and (x) but not at pgp = X unless
cg = 1. The resulting profit function 7z = pgDp is discontinuous at pg = X and can be

non-unimodal between (X) and (x).
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An interior solution in case (D) can occur only if X < X (same as for developer A), in
which case the reaction function and the corresponding profit have the same form as under
a standard duopoly and are given by

piQB
494 (qa — qB)

dB PA
T (pa) = L2 (pa) = cacp

If the maximum in (D) is interior, then the maximum in (X) must be corner and the profit

in (X) is maximized at pp = X, i.e.,

2K —eaX (MB_—XQA)
b (¢4 — aB)as

As for (x), the maximum is interior there if p4 < X <1 + é), then 7% = qB(izz ip(;l;fil );)X 2Tt
can be shown that if py < X (1 + i) and ¢4 > cp, then deviation to (x) from (D) is always
profitable (note that deviation to (X) can be even more profitable). If py > X <1 + é),

then mp strictly increases in pp in (x), so that the maximal deviation profit is 73 above.

2.4.4 Equilibrium calculation

Assuming that all conditions on the prices hold, the equilibrium prices and profits are the

following.

0(qa —qp) + X (1 —cp)

k — 2
Pa _QA 4qA — CBaB 5
. _0(ga—qp) + X (1—cp)
da — CB4B

. (0(qga—aqp)+X (1 _CB))2
Ty = FCAGH 2
(494 — qBcB)” (qa — qB)
(0 (24 — q5) + X (1 = cp))’
(494 — qpes)’ (g4 — aB)

, and

*
Tp = CACBGAGB

All conditions for these prices and profits to be interior local maxima are met if

x < x. - faslaa—az)
=0 44 —qp

It remains to check whether these maxima are global, i.e. that no developer prefers switching

to a price corresponding to another market structure. As developer B will always switch
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to a price below X Z—f ifpa < X (1 + é) and ¢4 > cp, a necessary condition for no such

deviation at ps = p7 is

2¢4q4(qa — qB)0
2(2+ca+cacg)qa — (1 +ca)epgs’

X <

which is below Xj when ¢y < 5-12—.
- dA—4B

As for deviations to p = X by either developer, let d4(X) = 7%4(X) — 77(X) and

dp(X) = m5(X) — 75 (X) be the differences between the duopoly and deviation profits. The
functions 0;(X) are positive at X = 0 and decreasing in X for 0 < X < X,. If ¢4 is high
enough, then it is possible that developer A does not switch for all applicable X; however,
developer B always switches at X = X, i.e. dp(X,) < 0. From this, it follows that 3.X,

0 < X < X,, such that the prices and profits above form an equilibrium.

2.4.5 The effect of protection on prices and profits

From the expressions for the equilibrium prices and profits, it is immediately seen that cx4
has no effect on prices. By algebraic derivation it can be shown that if X < X, (and
recall that the actual boundary is X < X)), then both equilibrium prices and the net profit

IT% = 7 — h(ca) increase in cp, and that the net profit II}; increases in cy.
2.4.6 The effect of X on ¢4 and cp

Applying the implicit function theorem, we obtain:

oIT, Iy dey | O°TIy dep  O°IT4
¥ XY X) =0 =0
o, (AX),en(X), X) =0= 55 % T crden dX T de0x =
T 20T 211 °IT;
9 . (CA (X) o (X) ,X) PN 0 B dca 0 B dcp 0 B — 0;

OcgOcy dX  Ocglcg dX — Ocg0X

0211% 0211, dea 02117,

OcpOcy  OcalOcp ax _ T 0ca0X

oty o, ( dep ) = o, | -
X T 90X

86380,4 8cB8cB

803

or, in matrix form:
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0211%, 0211%,
For simplicity, denote the first matrix as H; thus, H = ( acﬁ‘acA 5‘803 ) . Applying

BCB BCA 863 8CB
Cramer’s rule:

0211, 0211%,
dea  [Ha|l 1 T 0c,0X 3051803

X [H| |H]

T BcpoX acBacB

0211% 0211%,
dep _ |Hp| 1 80@8@4 T 0c,0X

X |H|  |H|

6cB8cA _3038)(

Differentiating the equilibrium profits yields ac aCA = —h"(ca) <0, ac A > 0, and 5

0 for X < X), and by our assumptions 88 U5 0 as well. As for acB afA =

0 (g4 — qB) (4q4 + qpep) — X (12c5q4 — cqp — 444 — qBCB)

9aqp (0(24 = g5) + X (1 = cp)) (494 — apes)’ (g4 — ap)

Y

. . 82H’1‘3 8271'1‘3 8271’;‘3 1 Orp
which looks arnblguous note that = and = —+2£: then, F.O.C.
’ Ocpdcy Ocpdcy? Ocpdcy cyp Ocp? )
oy, ot .y v 21T,
5.2 = 0 implies 5.2 = /' (cp), so that 53— > 0. Finally, for 7%,

é(QA —qB) (494(2cp — 1) — qpep) + (1 — cp) X (4q4(3cp — 1) — qpep(l +cp))
(461,4 - C]BCB)3 (C]A - C]B)

= —2¢Bqaca

Y

2
02113,

it can be shown that for X < X, and cg < 1/2, e

> 0. While the condition ¢p < 1/2
cannot be loosened, this is a typical situation that we expect to occur in equilibrium, in

which clearly ¢f; < ¢%. Thus, we postulate ¢; < 1/2 so that a 6X( c) > 0.

. : oy O 0%y 9%y
Now consider the matrix H and recall that |H| = BCAT(;Z,‘A BCBng - acAgﬁB 86322. The first

. .y . o%n, 02y .
term is always positive since —4- < 0 and >—2- < 0. The second term is also always
Ocp0cp dcpdcp

2 ok 2, %
positive since af 7;3 > 0 and 88 gA > (0. Thus, we make a standard stability assumption
BUCA cpa0cp
2, %
here that ac ac > igz_ , which ensures that |H| > 0. Given the above, the determinants

|H4| and |Hg| are positive, so that ch > 0 and dCB > 0.

2.4.7 The effect of X on equilibrium prices and profits

As for the prices,

dp’, Opiydea | Oplydep | Op

d}? (CA(X),CB(X)7X>:adeX acgd)? 8)?7
vy _ Ophdea , Opydes | Opp
Iy (ea(X), e (X) )_aCAdeLachXJr@X’
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. Ip*, op% .. . L. .
since a%“ = 87; 2 =0, and the remaining terms are strictly positive (as is shown above or can

be shown by direct differentiation), % > 0 and % > 0.

As for the profits,

dilyy, Ol des Ol dep  OITY
dX  Ocs dX = Ocg dX = 90X’
dily — Olpdcy  Ollpdep Ol
dX  Ocq dX = Ocg dX = 0X'

. oI oIT* .. )
by virtue of the envelope theorem, 5 =10 and £ =0, and the remaining terms are again

strictly positive, so that % > 0 and % > 0.
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