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Abstract

This paper proposes a novel method to compute the simulation part of the Krusell-Smith
(1997, 1998) algorithm when the agents can trade in more than one asset (for example,
capital and bonds). The Krusell-Smith algorithm is used to solve general equilibrium
models with both aggregate and uninsurable idiosyncratic risk and can be used to solve
bounded rationality equilibria and to approximate rational expectations equilibria. When
applied to solve a model with more than one financial asset, in the simulation, the stan-
dard algorithm has to impose equilibria for each additional asset (find the market-clearing
price), for each period simulated. This procedure entails root-finding for each period,
which is computationally very expensive. I show that it is possible to avoid this root-
finding by not imposing the equilibria each period, but instead by simulating the model
without market clearing. The method updates the law of motion for asset prices by us-
ing Newton-like methods (Broyden’s method) on the simulated excess demand, instead
of imposing equilibrium for each period and running regressions on the clearing prices.
Since the method avoids the root-finding for each time period simulated, it leads to a
significant reduction in computation time. In the example model, the proposed version
of the algorithm leads to a 32% decrease in computational time, even when measured
conservatively. This method could be especially useful in computing asset pricing models
(for example, models with risky and safe assets) with both aggregate and uninsurable
idiosyncratic risk since methods which use linearization in the neighborhood of the ag-
gregate steady state are considered to be less accurate than global solution methods for
these particular types of models.
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1 Introduction

This chapter proposes a novel method to compute the simulation part of the Krusell-Smith

algorithm when agents can trade with more than one asset. The classic example is the macroe-

conomic model with both idiosyncratic and aggregate risk, with a borrowing constraint, where

agents can choose to save in both risky capital and safe bonds. The idea is to avoid root-finding

in the simulation part of the algorithm, where it is necessary to find a market-clearing bond

price. Instead, the proposed algorithm lets the economy proceed to the next period with the

markets uncleared and updates the perceived law of motions for the bond price based on the

simulated excess demand for bonds. The idea of finding a market-clearing price by having in-

formation on excess demand can be traced far back in the history of economics, not necessarily

as a solution method, but as an actual process by which general equilibrium emerges in existing

markets. The process was called tâtonnement (French for “trial and error” or “groping”) by

Walras (1874) (translated to English: Walras (1954)). The proposed algorithm, however, does

not imply anything about the process of reaching equilibrium, but uses the idea purely as a

part of the solution algorithm.

The computational gain of using the proposed algorithm is a shorter time duration due to

the avoidance of bond market clearing. Market clearing involves a root-finding process, which

is computationally very expensive. The root-finding consists of finding a bond interest rate (or

equity premium), which will clear the bond market in each simulated period. In the general

equilibrium, all the markets are supposed to clear, but in the process of finding the general

equilibrium laws of motion, it can be computationally beneficial not to impose market clearing,

and use the information on excess demand to make subsequent updates.

The proposed method could be especially useful in computing asset pricing models (for

example models with risky and safe assets) with both aggregate and uninsurable idiosyncratic

risk, since methods that use linearization in the neighborhood of the aggregate steady state

are considered less accurate than global solution methods for these particular types of models.

For example, Reiter (2009) proposes a solution using projection and perturbation instead of

attempting to represent the cross-sectional distribution of wealth by a small number of statis-

tics in order to reduce the dimensions in state space as in Krusell and Smith (1997), Den Haan
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(1997) and Reiter (2002). However, a solution method based on projection and perturbation

most likely is not accurate enough for solving the models with asset pricing, as it assumes

the linearity in the aggregate variables, which is not sufficient for the problems of portfolio

choice and asset pricing (Reiter, 2009). In addition to this specific application, further use

of this method could be useful to accelerate the Krusell-Smith algorithm where any type of

market-clearing has to be imposed during the simulation of the model (for example clearing of

the labor market in a model where labor supply is determined endogenously).

The rest of the thesis chapter is organized as follows: Section 2 describes the sample model,

Section 3 describes the classical Krusell-Smith algorithm (Krusell and Smith, 1997) used to

solve the models with both aggregate and idiosyncratic risk and a portfolio choice, Section 4 il-

lustrates the proposed algorithm, Section 5 shows the computational performance comparisons

between the classic and the proposed algorithm. Section 6 discusses the results and potential

applications of the proposed algorithm, and Section 7 concludes.

2 Example model

The presented model is based on Algan et al. (2009), and in the tradition of Krusell and Smith

(1997). The model consists of a continuum of heterogeneous agents facing aggregate risk, unin-

surable idiosyncratic labor risk and a borrowing constraint, and who save in two assets: risky

equity and safe bonds. Unlike Algan et al. (2009), the model parsimoniously captures the life

cycle dynamics of the households, in the fashion of Krueger et al. (2016), where working-age

agents face the retirement shock and retired households face the risk of dying.

2.1 Production technology

In each period t, the representative firm uses aggregate capital Kt, and aggregate labor Lt, to

produce y units of final good with the aggregate technology yt = f(zt, Kt, Lt), where zt is an

aggregate total factor productivity (TFP) shock. I assume that zt follows a stationary Markov

process with transition function Πt(z, z
′) = Pr(zt+1 = z′|zt = z). The production function is
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continuously differentiable, strictly increasing, strictly concave and homogeneous of degree one

in K and L. Capital depreciates at the constant rate δ ∈ (0, 1) and it accumulates according

to the standard law of motion:

Kt+1 = It + (1− δ)Kt

where It is aggregate investment. The particular aggregate production technology is:

Yt = ztAK
∆
t L

1−∆
t

2.2 Parsimonious life-cycle structure

In each period, working-age households have a chance of retiring θ, and retired households

have a chance of dying v, similarly as in Castaneda et al. (2003) and Krueger et al. (2016).

Therefore the share of working age households in the total population is:

ΠW =
1− v

(1− θ) + (1− v)

and the share of the retired households in the total population is:

ΠR =
1− θ

(1− θ) + (1− v)

The retired households who die in period t are replaced by new-born agents who start at

a working age without any assets. For simplicity, the retired households have perfect annuity

markets, which make their returns larger by a fraction of 1
v
, as in Krueger et al. (2016). This

life-cycle structure with stochastic aging and death helps capture important life-cycle aspects of

the economy and risks that households face without adding an excessive computational burden.

2.3 Preferences

Households are indexed by i, and they have Esptein-Zin preferences (Epstein and Zin, 1989).

These preferences are often used in asset-pricing models, since they allow one to separate the

intertemporal elasticity of substitution and risk aversion.
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Households are maximizing their lifetime utility, expressed recursively for the retired agents:

VR,i,t = {c1−ρ
t + vβ[EtV

(1−α)
R,i,t+1]

1−ρ
1−α}

1
1−ρ

where VR,i,t is the recursively defined value function of a retired household i, at time period

t.

Working-age agents maximize:

VW,i,t = {c1−ρ
t + β

[
(1− θ)EtV 1−α

W,i,t+1 + θEtV
1−α
R,i,t+1

] 1−ρ
1−α}

1
1−ρ

where Vi,t is recursively defined value function of household i, at time period t. Furthermore,

β denotes the subjective discount factor, Et denotes expectations conditional on information

at time t, α is the risk aversion, 1
ρ

is the intertemporal elasticity of substitution.

2.4 Idiosyncratic uncertainty

In each period, working-age households are subject to idiosyncratic labor income risk that can

be decomposed into two parts. The first part is the employment probability that depends on

aggregate risk and is denoted by et ∈ (0, 1). e = 1 denotes that the agent is employed, and

e = 0 that the agent is unemployed. Conditional on zt and zt+1, I assume that the period t+ 1

realization of the employment shock follows the Markov process.

Πe(z, z
′, e, e′) = Pr(et+1 = e′|et = e, zt = z, zt+1 = z′)

This labor risk structure allows idiosyncratic shocks to be correlated with the aggregate

productivity shocks, which is consistent with the data and generates the portfolio choice pro-

file such that the share of wealth invested in risky asset is increasing in wealth. The condition

imposed on the transition matrix and the law of large numbers implies that the aggregate

employment is only a function of the aggregate productivity shock.

If e = 1 and the agent is employed, one can assume that the agent is endowed with

lt ∈ L ≡ {l1, l2, l3, ...lm} efficiency labor units, which she can supply to the firm. Labor ef-

ficiency is independent of the aggregate productivity shock, and is governed by a stationary

Markov process with transition function Πl(l, l
′) = Pr(lt+1 = l′|lt = l). If the agent is unem-
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ployed, (s)he receives unemployment benefits gu,t , which are financed by the government.

2.5 The representative firm

As in Algan et al. (2009), firm leverage in this model is given exogenously. The leverage of

the firm is determined exogenously, by the parameter λ. The Modigliani-Miller theorem (1958,

1963) does not hold, as some of the agents are borrowing constrained, and some are portfolio

constrained. Therefore, theoretically, the leverage of the firm has some macroeconomic rele-

vance. Additionally, debt is taxed differently than equity returns, and this additionally breaks

the Modigliani-Miller theorem.

In the economy, the representative firm can finance its investment with two types of con-

tracts. The first is a one-period risk-free bond, that promises to pay a fixed return to the owner.

The second is risky equity that entitles the owner to claim the residual profits of the firm after

the firm pays out wages and debt from the previous period. Both of these assets are freely

traded in competitive financial markets. By construction, there is no default in the equilibrium.

The return on the bond rbt+1 is determined by the clearing of the bond market:

∫
S

gb,j,edµ = λK ′

where gb,j,e are the individual policy functions for bonds.

In each period t, the firm redistributes all the residual value of the firm, after production

and depreciation have taken place, and wages and debt has been paid. Therefore, the return

on the risky equity depends on the realizations of the aggregate shocks and is given by the

following equation:

(1 + rst+1) =
f(zt+1, Kt+1, Lt+1)− fL(zt+1, Kt+1, Lt+1)Lt+1 − λKt+1(1 + rbt+1) + (1− δ)Kt+1

(1− λ)Kt+1

An important caveat in having heterogeneous households that own the firm is that they
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do not necessarily have the same stochastic discount factor mj
t+1, and therefore the definition

of the objective function of the firm is not straightforward. I follow Algan et al. (2009), who

assume that the firm is maximizing the welfare of the agents who have interior portfolio choice,

and consequently the firm has the same stochastic discount factor mt+1 as the agents with the

interior portfolio choice.

As in Algan et al. (2009), it is possible use the fact that for a given stochastic discount factor

Vt = Kt+1, which enables the elimination of the capital Euler equation from the equilibrium

conditions.

2.6 Financial markets

As stated earlier, households can save in two assets: risky equity and safe bonds (firm debt).

There are borrowing constraints for both assets, the lowest amounts of equity and debt that

households can hold in period t are: κs and κb, respectively. Markets are assumed to be in-

complete in the sense that there are no markets for the assets contingent on the realization of

individual idiosyncratic shocks. Furthermore, if the household wants to save a positive amount

of resources in equity in the period t, it has to pay φ as a per period cost of participating in

the stock market.

2.7 Government

The government runs a unemployment insurance program, which is modeled as in Krueger

et al. (2016) and is financed by special labor income taxes. Unemployment benefits are fi-

nanced with a labor tax rate τut . The amount of the unemployment benefits gu,t is determined

by a constant η, which represents the fraction of the average wage in each period.

To satisfy the budget constraint, government has to tax labor at the tax rate:

τut =
1

1 + 1−Πu(z)
Πu(z)η

where Πu is the share of unemployed people in the total working age population.
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2.8 Household problem

Household i maximizes its expected lifetime utility subject to the constraints below:

ci,t + si,t+1 + bi,t+1 + φI{si,t+1 6=0} ≤ ωi,t

ωi,t+1 =


wt+1li,t+1(1− τ lt+1) + (1 + rst+1)si,t+1 + (1 + rbt+1)bi,t+1 if e = 1

gu,t+1(1− τ lt+1) + (1 + rst+1)si,t+1 + (1 + rbt+1)bi,t+1 if e = 0

(ci,t, bi,t+1, si,t+1) ≥
(
0, κb, κs

)

2.9 Recursive household problem

The idiosyncratic state variables of the household problem are: current wealth ω, current em-

ployment and productivity state e, l. Θ denotes the vector of all discrete individual states (all

except the current wealth).1

The aggregate state variables of the household problem are: state of the TFP shock: z,

and distribution which is captured by the probability measure µ. µ is a probability measure

on (S, βs), where S = [ω, ω] × Θ, and βs is the Borel σ-algebra. ω and ω denote the minimal

and maximal allowed amount of wealth the household can hold.2 Therefore, for B ∈ βs, µ(B)

indicates the mass of households whose individual states fall in B. Intuitively, one can think of

µ as a distribution variable that measures the amount of agents in a certain interval of wealth,

for each possible combination of other idiosyncratic variables.

The recursive household problem for the retired households is:

vR(ω; z, µ, δ) = max
c,b′,s′

{
u(c− γ)1−ρ + vβEz′,µ′,δ′|z,µ,δ[v

m
R (ω′; z′, µ′, δ′)1−α]

1−ρ
1−α

} 1
1−ρ

1In the benchmark model, there will be 5 elements of Θ: three levels of productivity for the employed
households, unemployment, and retirement.

2ω is determined by the borrowing constraint, and ω is chosen such that there are always no agents with
that amount of wealth in equilibrium.
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subject to:

c+ s′ + b′ + φI{s′ 6=0} = ω

ω′ = T ′ss +
[
s′(1 + r′s) + b′(1 + r′b)

] 1

v

µ′ = Γ(µ, z, z′, d, d′)

(c, b′, s′) ≥
(
0, κb, κs

)
The recursive household problem for the working-age households is:

vW (ω, e, l; z, µ, δ) =

max
c,b′,s′

{
u(c− γ)1−ρ + βEe′,l′,z′,µ′,δ′|e,l,z,µ,δ[(1− θ)vW (ω′, e′, l′; z′, µ′, δ′)1−α + θvR(ω′, e′, l′; z′, µ′, δ′)1−α]

1−ρ
1−α

} 1
1−ρ

subject to:

c+ s′ + b′ + φI{s′ 6=0} = ω

ω′ =


w′l′(1− τ ′l) + s′(1 + r′s(1− τs)) + b′(1 + r′b) if e = 1

g′uw
′l′(1− τ ′l) + s′(1 + r′s(1− τs)) + b′(1 + r′b) if e = 0

µ′ = Γ(µ, z, z′, d, d′)

(c, b′, s′) ≥
(
0, κb, κs

)

v(ω; z, µ) = max
c,b′,s′

{
u(c− γ)1−ρ + βEz′,µ′|z,µ[v(ω′; z′, µ′)1−α]

1−ρ
1−α

} 1
1−ρ

subject to:

c+ s′ + b′ + φI{s′ 6=0} = ω

ω′ = T ′ss +
[
s′(1 + r′s) + b′(1 + r′b)

] 1

v

where ω is the vector of individual wealth of all agents, µ is the probability measure gener-

ated by set ΩxExL, µ′ = Γ(µ, z, z′) is a transition function and ′ denotes the next period.
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2.10 General equilibrium

The economy-wide state is described by (ω, e; z, µ). Therefore the individual household policy

functions are: cj = gc,j (ω, e, l; z, µ), b′j = gb,j (ω, e, l; z, µ) and s′j = gs,j (ω, e, l; z, µ), and law

of motion for the aggregate capital is K ′ = gK (ω, e, l; z, µ).

A recursive competitive equilibrium is defined by the set of individual policy and value

functions
{
vR, g

c,R, gs,R, gb,R, vW , g
c,W , gs,W , gb,W

}
, the laws of motion for the aggregate capital

gK , a set of pricing functions
{
w,Rb, Rs

}
, government policies in period t:

{
τ l
}

, and forecasting

equations gL, such that:

1. The law of motion for the aggregate capital gK and the aggregate “wage function” w,

given the taxes satisfy the optimality conditions of the firm.

2. Given
{
w,Rb, Rs

}
, the law of motion Γ, the exogenous transition matrices {Πz, P ie, P il},

the forecasting equation gL, the law of motion for the aggregate capital gK , and the tax

rates, the policy functions
{
gc,j, gb,j, gs,j

}
solve the household problem.

3. Labor, shares and the bond markets clear (goods market clears by Walras’ law):

•

L =

∫
S

eldµ

• ∫
S

gs,j (ω, e, l; z, µ) dµ = (1− λ)K ′

• ∫
S

gb,j (ω, e, l; z, µ) dµ = λK ′

4. The law of motion Γ(µ, z, z′) for µ is generated by the optimal policy functions
{
gc, gb, gs

}
,

which are endogenous, and by the transition matrices for the aggregate shocks z .3 Addi-

tionally, the forecasting equation for aggregate labor is consistent with the labor market

clearing: gL(z′) =
∫
S
εldµ.

5. Government budget constraints are satisfied:

3µ′ is given by a function Γ, i.e. µ′ = Γ(µ, z, z′, d, d′)
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T sst =
Lt
ΠR

wtLtτ
lss

τ lt =
1

1 + 1−Πu(z)
Πu(z)φ
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3 Classical solution algorithm

1. Guess the law of motion for aggregate capital Kt+1 and equity premium P e
t . This means

guessing the starting 8 coefficients following the equations (since there are two possible

realizations of z):

lnK ′ = a0(z) + a1(z)lnK

lnP e = b0(z) + b1(z)lnK ′

2. Given the perceived laws of motion, solve the individual problem described earlier. In

this step, the endogenous grid method (Carroll, 2006) is used. Instead of constructing the

grid on the state variable ω, and and searching for the optimal decision for savings ω̃, this

method creates a grid on the optimal savings amounts ω̃, and evaluates the individual

optimality conditions to obtain the level of wealth ω at which it is optimal to save ω̃. This

way, the root-finding process is avoided, since finding optimal ω given ω̃, involves only

the evaluation of a function (households optimality condition). However, root-finding

process is necessary to find the optimal portfolio choice of the household, which is carried

out after finding the optimal pairs ω and ω̃.

3. Simulate the economy, given the perceived aggregate laws of motion. To keep track of

wealth distribution, instead of a Monte Carlo simulation, the method proposed by Young

(2010) is used. For each realized value of ω, the method distributes the mass of agents

between two grid points: ωi and ωi+1, where ωi < ω < ωi+1, based on the distance of ω,

based on Euclidean distance between ωi, ω and ωi+1. Do this in the following steps:

(a) Set up an initial distribution in period 1: µ over a simulation grid i = 1, 2, ...Nsgrid,

for each pair of efficiency and employment status, where Nsgrid is the number of

wealth grid points. Set up an initial value for aggregate states z.

(b) Find the bond interest rate (expected equity premium P e) in the given period, which

clears the market for bonds. This is performed by iterating on P e (or on a bond

12



return), until the following equation is satisfied (bond market clears)4

∑
gb(ω, e, l; z,K, P e)dµ = λ

∑{
gb(ω, e, l; z,K, P e)dµ+ gs(ω, e, l; z,K, P e)dµ

}
where gb(ω, e, l; z,K, P e) and gs(ω, e, l; z,K, P e) are the policy functions for bonds

and shares that solve the following recursive household maximization problems:

Retired households:

v(ω; z, µ, P e) = max
c,b′,s′

{
u(c− γ)1−ρ + βEz′,µ′,P e′ |z,µ,P e [v(ω′; z′, µ′, P e′)1−α]

1−ρ
1−α

} 1
1−ρ

where v is the value function, obtained in step 2. In this step, an additional state

variable is included explicitly: expected equity premium P e.

(c) Depending on the realization for z′ , compute the joint distribution of wealth, labor

efficiency and employment status.

(d) To generate a long time series of the movement of the economy, repeat substeps b)

and c).

4. Use the time series from step 2 and perform a regression of lnK ′ and P e on constants

and lnK, for all possible values of z and d. This way, the new aggregate laws of motion

are obtained.

5. Make a comparison of the laws of motion from step 4 and step 1. If they are almost iden-

tical and their predictive power is sufficiently good, the solution algorithm is completed.

If not, make a new guess for the laws of motion, based on a linear combination of laws

from steps 1 and 4. Then, proceed to step 2.

4Similar to Algan et al. (2009), the iteration is performed using the bisection until the excess demand is
relatively close to zero, and then the updating is continued using the secant method.
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4 Proposed solution algorithm

1. Guess the law of motion for aggregate capital Kt+1 and equity premium P e
t . This means

guessing all initial coefficients. In this particular case, this would mean 8 coefficients

overall, since both relationships are assumed to be linear, and there are two possible

realizations of aggregate state z (2 equations × 2 coefficients × 2 aggregate states).

lnK ′ = a0(z) + a1(z)lnK

lnP e = b0(z) + b1(z)lnK ′

2. Given the perceived laws of motion, solve the individual problem described earlier. In

this step, the endogenous grid method (Carroll, 2006) is used. Instead of constructing

the grid on the state variable ω, and searching for the optimal decision for savings ω̃, this

method creates a grid on the optimal savings amounts ω̃, and evaluates the individual

optimality conditions to obtain the level of wealth ω at which it is optimal to save ω̃.

This way, the root-finding process is avoided, since finding optimal ω, given ω̃, involves

only the evaluation of a function (households optimality condition). However, the root-

finding process is necessary to find the optimal portfolio choice of the household, which

is performed after finding the optimal pairs ω and ω̃.

3. Simulate the economy, given the perceived aggregate laws of motion. To keep track of

wealth, instead of a Monte Carlo simulation, the method proposed by Young (2010) is

used. For each realized value of ω, the method distributes the mass of agents between

two grid points: ωi and ωi+1, where ωi < ω < ωi+1, based on the distance of ω, based on

Euclidean distance between ωi, ω and ωi+1. Do this in the following steps:

(a) Set up an initial distribution in period 1: µ over a simulation grid i = 1, 2, ...Nsgrid,for

each pair of efficiency and employment status, where Nsgrid is the number of wealth

grid points. Set up an initial value for aggregate states z.

(b) Simulate the economy given the perceived laws of motion.

∑
gb(ω, e, l; z,K)dµ = λ

∑{
gb(ω, e, l; z,K)dµ+ gs(ω, e, l; z,K)dµ

}

14



where gb(ω, e, l; z,K) and gs(ω, e, l; z,K) are the policy functions for bonds and

shares.

v(ω; z, µ) = max
c,b′,s′

{
u(c− γ)1−ρ + βEz′,µ′|z,µ[v(ω′; z′, µ′)1−α]

1−ρ
1−α

} 1
1−ρ

The market for bonds will not necessarily clear. Instead, in each period there will

be an excess demand, which will be denoted by :χt.

where vj are the value functions obtained in step 2. Unlike in the previous algorithm,

expected equity premium is not included as the additional state variable.

(c) Depending on the realization for z′ , compute the joint distribution of wealth, labor

efficiency and employment status.

(d) To generate a long time series of the movement of the economy, repeat substeps b)

and c).

4. Use the time series from step 3 and perform a regression of lnK ′ on constants and lnK,

for all possible values of z. This way, the new aggregate laws of motion for capital are

obtained.

However, now for the law of motion for the equity premium, we cannot run a regression,

since we do not have “true” market clearing bond prices (equity premium). Instead, we

have excess demand in each time-period, given the perceived equity premium. We can

use this information to update the perceived law of motion for equity premium. To do

this, the Broyden method (Broyden, 1965) is used:

Consider a system of equations

f(x∗) = 0

, where x are the “true” coefficients of the perceived law of motion for equity premium

x∗ = (b∗0(z), b∗1(z))

and

f(x) = (f1(b∗0(z), b∗1(z)), f2(b∗0(z), b∗1(z)))
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f1 and f2 denote the error measures that is chosen.5 For this algorithm, I propose these

two measures to be coefficients of a linear regression of excess demand on a constant

and capital. The true solution to the model would have the coefficients of this regression

equal to 0. This would mean that the mean value of excess demand is 0 and also that

the excess demand do not depend on the amount of capital K. Therefore, to obtain f1

and f2, one has to run the following regressions:6

ξt(z) = %1(z) + %2(z)Kt + εt

One can also use a linear coefficient, and instead of a coefficient on a constant to use

an average excess demand for a given aggregate state. In this particular example this

provides a faster convergence. After this, step error measures are obtained:

f1(b∗0(z), b∗1(z)) = ϕ
∑

ξt(z)

where ϕ is arbitrary constant.7

f2(b∗0(z), b∗1(z)) = %2(z)

Now, the goal is to find the true x∗. This is conducted in the following steps:

(a) First, define χn = f(xn). Where χn and xn denote the excess demand measure and

the coefficients in the iteration n.

χn = (f1(b0(z), b1(z)), f2(b0(z), b1(z)))

Furthermore: ∆xn = xn − xn−1, ∆χn = χn − χn−1

5One particular error measure is proposed, but many others can be used, depending on the model and the
convenience. For example, another one can be using a simple sum of excess demand in each period. Then, the
sample would be partitioned into two, depending if the capital is higher or lower than a certain threshold. This
would have to be done, as we need to determine two coefficients for each aggregate state. If, for example, the
perceived law of motion would have a quadratic form, the sample would be partitioned into three partitions,
depending on the level of capital, etc.

6In additional, if the perceived law of motion was quadratic, we would use a quadratic regression, since we
would need to obtain three parameters for each realization of the aggregate state.

7Alternatively, it is possible to simply use f1(b∗0(z), b∗1(z)) = ϕ%1(z). ϕ is used only as a parameter that
gives relative weight of the two error outputs.
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(b) For the initial iteration, we guess the Jacobian matrix. For each additional iteration,

we update the Jacobian matrix by:

Jn = Jn−1 +
∆χ− Jn−1∆xn

||x||2
∆xTn

after updating the matrix, we update the guess of the perceived law of motion for

equity premium:

xn+1 = xn − J−1
n f(xn)

We do these steps two times, for z = good and z = bad.

5. Compare the laws of motion from step 4 and step 1. If they are almost identical and their

predictive power is sufficiently good, the solution algorithm is completed. If not, make

a new guess for the laws of motion, based on a linear combination of laws from steps 1

and 4. Then, proceed to step 2.

5 Performance comparison on an example model

To demonstrate the potential reduction in the computation speed of the discussed model, I

solve the model described in section 2, both with the classical solution method (Krusell and

Smith, 1997) and the proposed method from section 4. To compare the two algorithms, the

parametrized model will be solved 20 times by the two algorithms, each time starting from

the different initial perceived law of motions. The initial perceived law of motion is obtained

as follows: Each parameter of the true laws of motion is randomly perturbed by a normally

distributed shock with the standard deviation σ = 0.01. The size of the perturbation is large

enough so that the initial guess is not too close to the solution, and not too large to cause all

of the households to have a corner portfolio solution.8 The stopping criterion for the perceived

laws of motion for equity premium is that the excess demand of the bonds have to be on,

average smaller, than 0.1% of the aggregate capital, without imposing the market-clearing.9

When updating the laws of motion parameters, the weight of the new guess is always 1. This

is only because, for this specific model, it happens to minimize the time for convergence. In

8This is important since taking the numerical derivative of excess demand may not behave properly. For
details see the discussion in Section 6.

9If the market-clearing is imposed, at least in the last iteration, the excess demand will be orders of
magnitudes smaller. For details, see the discussion in Section 6.
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the value function iteration, 85 grid points are used in the individual wealth dimension, and 12

grid points are used in the aggregate capital dimension. Cubic splines are used to interpolate

the values in between the grid points. The code is written in a FORTRAN 90 programming

language and compiled using Intel Fortran Compiler. All the simulations are executed on a

personal computer using Linux Mint 18 (64-bit) operating system, with Intel i7-67000 Central

Processing Unit (4 cores and 8 threads), clocked at 2.60 GHz. I report both the number of

iterations necessary obtain a solution (a convergence), and an overall run-tim.

5.1 Parametrization

The model is parametrized to a quarterly frequency. The choice of the main parameters are

reported in Table 1.

Table 1: Parameters

Parameter Symbol Value

Risk aversion α 10

Intertemporal elasticity of substitution 1
ρ

0.50

Discount factor β 0.901

Expected depreciation rate E(δ) 0.033

Standard deviation of depreciation rate σ(δ) 1.0E − 4

Leverage λ 0.35

Average tax rate for funding social security τ lss 0.07

Borrowing constraint: bonds κb -0.23

Borrowing constraint: stocks κs 0.00

Chance of not retiring θ 0.994

Chance of not dying v 0.983

The TFP shocks and capital depreciation shocks are assumed to be perfectly correlated,

and thus there are only two aggregate states10 good, where TFP is high and depreciation is

low, and bad, where TFP is low and depreciation is high.

10Since, unlike in the previous two chapters (which have four aggregate state realizations), the TFP and
depreciation shocks are perfectly correlated.
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5.1.1 Idiosyncratic shocks

There are 5 possible idiosyncratic states in which the household can find itself (5 for each aggre-

gate state). The labor productivity among the working-age employed households is governed

by the transitional Markov matrix:

Πl =


0.9850 0.0100 0.0050

0.0025 0.9850 0.0125

0.0050 0.0100 0.9850


and for the individual labor productivity levels, the following values are used: l ∈ {36.5, 9.5, 1.2}.

In addition to this risk, the households face a risk of becoming unemployed, which is the same

regardless of the labor productivity level. Finally, working-age households also face a risk of

becoming retired 1−θ. The average unemployment spell is set to 1.5 quarters in the good state

(boom) and 2.5 quarters in the bad state (recession). The replacement rate for the unemployed

is set to 4.2% of the average wage in the given period. The probabilities of becoming/remaining

unemployed when the economy moves from a good to bad state and vice-versa is adjusted to

match the movement of the overall employment, which is set to 95.9% in the good state and

92.8% in the bad state.

5.1.2 Generated Moments Appendix

The selection of the moments in the model is presented in Table 2.

Table 2: Moments in the model

Moment Symbol Value

Capital-output ratio K/Y 7.01

Average interest rate rb 1.43 %

Expected return to capital E{rs} 1.44 %

Average equity premium E{rs − rb} 0.01 %

5.2 Solution for perceived laws of motions

lnK ′ = a0(z, δ) + a1(z, δ)lnK

lnP e = b0(z, δ) + b1(z, δ)lnK ′
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For the example model, the perceived aggregate law of motions are:

In a good TFP and δ state:

lnK ′ = 0.113 + 0.936lnK

lnP e = −8.800− 0.629lnK ′

In a bad TFP and δ state:

lnK ′ = 0.111 + 0.934lnK

lnP e = −8.100− 0.407lnK ′

The perceived laws of motion predict the actual movements of capital and equity premium

with R2 = 0.99995 for capital and R2 = 0.99999 for equity premium.

The average error for the aggregate capital law of motion is 0.0026% percent of the capital

stock, while the maximum error is 0.0110% of the capital stock.

5.3 Comparison

Table 3: Algorithm execution comparisons (including the obtaining of derivatives)

Algorithm Average Iterations Average run-time

Krusell and Smith (1997) 3.2 26 min. 18 sec.

Proposed algorithm 9.8 17 min. 59 sec.

The use of the proposed algorithm leads to a reduction in the run-time of 32%. The execu-

tion performance of the proposed model is measured conservatively, since taking the numerical

derivatives to construct the initial Jacobian matrix is considered. Alternatively, if one has a

reasonably good guess for the Jabocian matrix (perhaps from the previous simulations of the

model with similar parameters), it can be guessed directly, without taking the numeric deriva-

tive. If the initial Jacobian was guessed, instead of computed, then the proposed algorithm

would take 2 iterations less, and lead to a 46% reduction in run-time.
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Table 4: Bond market errors: absolute average excess demand in terms of

percentage of aggregate capital)

Algorithm Before After

imposing market clearing imposing market clearing

Krusell and Smith (1997) 0.0949% 0.0021%

Proposed algorithm 0.0950% 0.0019%

After obtaining final laws of motion, the simulation of the model is run with clearing of

the bond market in each time period (like in the classical version of the algorithm). This is to

compare and show that the obtained laws of motion are of approximately the same accuracy

(they are basically approximately identical). In terms of R2, the proposed algorithm generates

R2 of 0.99995418 for capital and 0.99999712 for equity premium, while the classical version of

the algorithm generates R2 of 0.99995418 for capital and 0.99999733. Both by looking at the

R2 and Table 4, one can see that the laws of motion produce almost identical results.
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6 Discussion

The main reason for the computational speed-up in the proposed algorithm is avoiding root-

finding (finding the bond market-clearing price) for each simulated period t. However, the

proposed algorithm takes more iterations to converge to the true solution. Therefore, the pro-

posed algorithm is able to perform each iteration much faster (on average four and a half times

faster), but takes more iterations to converge (on average three times more). However, the

speed-up coming from a faster simulation of the economy outweighs the increased number of

iterations, which leads to a reduction in total run-time.

The reported speed-up due to the proposed algorithm is conservative. The reason is twofold.

First, the reported time and number of iterations includes numerically taking derivatives used

to construct the initial guess for the Jacobian matrix J . If one would have a reasonably good

guess for the Jacobian, which is often the case if the changes in parameters are small compared

to the previously computed model, then it is possible to avoid the first two iterations of the

proposed algorithm. For example, if the values of initial Jacobian were guessed, instead of com-

puted, the proposed algorithm would take 2 iterations less and would lead to a 46% reduction

in run-time. The second reason is that the initial guess for the Value function computation

stage is always the same, and it is the value of consuming the entire wealth in one period.

An alternative option would be to use the value function from the previous iteration as the

initial guess for the value function for the current iteration. The choice is also biased towards

the classical algorithm from Krusell and Smith (1997), since the proposed algorithm performs

more iterations and Value function iterations to converge. Using better (circumstantial) initial

value function guesses would decrease the speed-up from the proposed algorithm even more

(for example: final guesses from previous iterations).

As mentioned in section 5, all the initial guesses for the laws of motion are such that at

least some households have an internal portfolio choice. This is to ensure that the derivative

of excess demand with respect to perceived equity premium would not be zero. This condition

is important when constructing the initial Jacobian matrix in the proposed algorithm. If the

condition is not satisfied, this does not mean that the proposed algorithm cannot be used. One

can simply use the classical version of the algorithm until the condition is satisfied, and then
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continue updating using the proposed version of the algorithm.11

Furthermore, the threshold for the excess demand caused by using the predicted equity pre-

mium is 0.1% (on average).12 This is true for both the classical and the proposed versions of the

algorithm. However, the actual excess demand are orders of magnitudes smaller in the classical

algorithm, because the classical algorithm imposes the bond market-clearing each period, and

the equity premium is then not restricted by the (linear) shape of the perceived laws of motion.

However, this should not be perceived as a disadvantage of the proposed algorithm. One can

see it only as a way to arrive at the true laws of motion, and then when the correct perceived

laws of motion are computed, in the last iteration approximately exact market-clearing can be

imposed.

The proposed version of the algorithm is particularly useful in asset pricing models with

uninsurable idiosyncratic and aggregate risk. This is because the perturbation methods in the

style of Reiter (2009) are not precise when applied to these types of models, as they assume

linearity in the aggregate states (Reiter, 2009). To this date, the usual method for solving these

types of models are variations of the algorithm described in Krusell and Smith (1997). The

proposed algorithm can be used to improve on the classical Krusell-Smith algorithm whenever

a market-clearing has to be imposed explicitly,13 such as models with endogenous labor supply

(although one might opt not to use Krusell-Smith algorithms at all).

11For similar reasons, the proposed version of the algorithm tends to perform better when the guess for
the equity premium laws of motion are relatively good, and perceived laws of motion for aggregate capital are
relatively bad, the classical version of the algorithm tends to do better if the opposite is true.

12This may seem like a large value, but the changes in the equity premium producing such excess demand
are very small, also by measuring how much they impact the welfare of the agents.

13The computation of the model without portfolio choice (Krusell and Smith, 1998) likely cannot be improved
using the proposed algorithm, as in the case with only one good the market clears by Warlas’s law. Therefore,
allowing non-clearing of the markets would be superfluous, as we can clear it directly from the budget constraint.
One might use a Newton-like method to update the laws of motion for capital, instead of using the regression.
However, this will probably require more iterations to arrive at the solution. One can see this in Table 3, where
the proposed algorithm takes more iterations to arrive at the solution. The time savings come from not clearing
the bond market in each time period t, and thus performing each iteration is shorter.
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7 Conclusion

This chapter shows how to reduce the run-time of the Krusell-Smith algorithm (Krusell and

Smith, 1997) by proposing an alternative version of the algorithm. The reduction in computa-

tion time is achieved by avoiding the computationally expensive root-finding procedure to clear

the bond markets in every simulated period while finding the correct perceived laws of motion.

Instead, the proposed algorithm lets the economy proceed with the uncleared bond markets,

and uses the information on the excess demand to update the perceived laws of motion. The

guesses on the perceived laws of motion are updated using the Newton-like method described

in Broyden (1965).

Measured conservatively, the proposed algorithm leads to a decrease in computation time of

32% in the example model. By using better circumstantial initial guesses on the value function

and initial Jacobian matrix, the computational improvement would be even higher.

The described algorithm is useful in reducing the computational time of asset pricing models

with uninsurable idiosyncratic and aggregate risk, although it can be used in other models that

require market-clearing to be explicitly imposed.
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Abstrakt 

Tento článek navrhuje novou metodu výpočtu simulační části Krusell-Smithova algoritmu, kdy 

ekonomičtí aktéři mohou obchodovat s více než jedním aktivem (například vlastní kapitál a 

dluhopisy). Krusell-Smithův algoritmus se používá k řešení modelů všeobecné rovnováhy, 

které mají agregátní i nepojistitelné idiosynkratické riziko a může být použit jak na řešení 

modelu s omezenou racionalitou, tak na aproximaci modelu s racionálními očekáváními. Při 

aplikaci algoritmu na model s více než jedním finančním aktivem je nutné najít rovnovážnou 

cenu pro každé simulované období. Hledání rovnovážné ceny je zajištěno numerickým 

hledáním kořenů rovnic, což je výpočetně náročné. Ukazuji, že je možné se hledání kořenů 

vyhnout tím, že se neřeší rovnovážná cena pro každé období, ale místo toho se nasimuluje 

model bez rovnovážné ceny. Rovnice dynamiky ceny aktiv je následně upravována pomocí 

metody podobné Newtonově metodě (Broydenova metoda) na základě simulovaných převisů 

poptávky, namísto řešení rovnovážných cen pro každé období a následné lineární regrese na 

základě rovnovážných cen. Jelikož metoda nevyžaduje hledání kořenů v každé simulované 

periodě, dosahuje výrazné redukce výpočetní složitosti.  Redukci výpočetního času 

demonstrujeme příkladem, kdy navrhnutý algoritmus vedl ke snížení potřebného výpočetního 

času o 32 %, i pokud je rozdíl měřen velmi konzervativně. Tato metoda by mohla být obzvláště 

užitečná při výpočtech modelů pro oceňování aktiv (například modely s rizikovými a 

bezrizikovými aktivy) s agregátním i nepojistitelným idiosynkratickým rizikem, jelikož 

metody, které využívají linearizace v okolí agregátní rovnováhy, jsou považovány za méně 

přesné než metody pro získání globálního řešení u těchto typů modelů.   
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