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Abstract 
 

This paper analyzes the impact of equity market information imperfections on R&D 
driven growth. The mechanism proposed is built on two premises. First, the R&D-sector 
relies largely on equity finance, because of its production features. Second, equity can 
be persistently mispriced. This is due to investors rationally taking into account both 
private and public information. This paper shows that optimism in equity market can 
generate long-run consumption gains, despite the excess capital losses realized in the 
short-run. This result arises from the externalities in R&D production that result in 
uderinvestment in R&D in a market economy with perfect information.  
 

Abstrakt 
 

Tento článek studuje, jak optimismus na akciových trzích může přinést zvýšenou 
prosperitu na celkové úrovni i přes to, že firmy čelí motivaci v podobě záporné 
současné hodnotě investic. Když ceny akcií ovlivní investiční rozhodování firem 
s intenzivním R&D, optimismus optimálně zvýší ex-ante celkovou hodnotou R&D 
investic a produkce. Na jednu stranu spotřebitelé čelí ex-post ztrátě z držby akcií, na 
druhou stranu získají v podobě vyšších platů. Zisk je způsoben vyšší produktivitou kvůli 
pokročilejším technologiím. Celkový pozitivní nárůst prosperity je možný proto, že 
soukromé zisky z R&D jsou nižší než zisky z pohledu společnosti. Optimismus na 
akciových trzích může vytvořit Pareto vylepšení, pokud produktivita v R&D je vysoká a 
optimismus dlouhotrvající. 
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1 Introduction

If anything is to characterize the late 1990s in the United States, it is the drastic

development of new technologies and temporary increase of the equity prices of the

�rms producing them. This period of high optimism in the pricing of technology

stocks was accompanied by high output and wage growth.1 Similar booms and

busts of stock prices are documented in earlier episodes of intense technological

change (e.g., railroads, electricity, biotechnologies; see Shiller 2000). Such episodes

are dramatic demonstrations of the underlying long-run positive correlation between

equity prices and R&D output. Figure 1 shows the relationship between a measure

of equity overpricing (the real price earnings ratio) of the �rms listed in S&P500,

and the number of patents granted by USPTO to United States non-government

institutions.2 The boom in the late 1990s episode stands out from the graph.3

These facts have triggered a vivid public discussion about the e¤ect of optimism

in the equity market for the aggregate economy. This discussion focuses on an

important trade-o¤ that is summarized in the words of Thomas L. Friedman of the

New York Times: "..in the 20th century, we all know, we had this dot-coms boom-

bubble-and-bust. Most people, at the end, lost money on dot-coms, but it left us with

this incredible internet highway, on which Google and Microsoft emerged and forged

whole new industries" (MSNBC, October 22, 2008).4

The general equilibrium model developed in this paper accounts explicitly for

such trade-o¤ between equity market losses and productivity gains from the faster

development of new technologies. The main question of this paper is whether over-

1The United States�average annual labour productivity growth accelerated by 1.05 pp. in the
mid-1990s (Table 8.3 in Jorgenson, Ho, and Stiroh 2005). Real earnings for the median worker
also grew sharply. Wage gains during 1989-1999 amounted to 6.9 percent, and employment gains
to 15 percent (Ilg and Haugen 2000).

2Figure 1 presents the series in log levels and their respective trends (Hodrick-Prescott �lter
with � = 100 for annual data). Data on price earnings ratio and patents are from the websites of
Robert J. Shiller and Bronwyn H. Hall, respectively. Price earnings is often referred as an indicator
of the extent of equity mispricing (e.g., see Jermann and Quadrini 2007).

3The Information and Communication Technologies sector was the main actor in the late 1990s�
correlation. Carlin and Mayer (2003) show that the ICT-producing sector is highly intensive in
R&D and patenting activity. Jorgenson, Ho, and Stiroh (2005) �nd that this sector contributes
30% to the post 1990s accelation of the United States�TFP growth.

4In the same interview a popular analogy is drawn: "..in the 19th century we had a boom-bubble-
and-bust...around railroads. Everyone went out and bought railroad stocks. Most people lost money,
but it left us with this incredible national railroad system, that knitted our country together..".
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Figure 1: S&P500 price earning ratio and USPTO patents granted to non-
government institutions.

pricing of R&D intensive �rms�equity can increase aggregate welfare. The answer

to this is found positive, because optimism gives rise to positive spillovers that can

compensate for the losses in the equity market.

The intuition for this result is the following. When R&D producers�investment

decisions are a¤ected by equity prices, optimism in the equity market leads to higher

aggregate R&D investment. In the model, this implies faster entry of new �rms, an

increase of the size of the equity market, and introduction of new products. As

a result, the productivity of the sector using the new products increases. This in

turn translates to higher wages for workers, and thereby greater consumption and

welfare.

Welfare gains exist due to the positive externalities embedded in R&D produc-

tion. The limitations of private ownership imply that the market provides insu¢ cient

incentives for R&D investment. As is common in endogenous growth literature (e.g.,

Romer 1990, Grossman and Helpman 1991), the owners of �rms engaging in R&D

and producing new products have a claim on the future �ow of pro�ts from selling

the product (an equity contract). However, the equity contract is not a claim on

the full bene�ts of introducing a new product to the market, which permanently in-

3



creases productivity in other �rms that use the product.5 Also, the equity contract

is not a claim on the pro�ts of future R&D producers, on whom the �rm exerts

a knowledge externality. Equity overpricing creates these "missing" incentives for

R&D investment.

The empirical literature supports the existence of important positive spillovers in

R&D investment. Griliches (1992) reviews numerous empirical studies that suggest

signi�cant knowledge spillover: the return to others�R&D activity is twice as high

as the return to private R&D investment. The calibration results of Comin and

Gertler (2006) for the Unites States�R&D production function that resembles the

one of this model also suggest large positive spillover e¤ects at the aggregate level.

The creation of new technologies in response to changes in market value of

equity and the role of externalities in this process are not taken into account in

the existing literature that emphasizes the negative e¤ects of equity overpricing in

terms of encouraging negative NPV investments at the �rm level (e.g., Farhi and

Panageas 2007, Polk and Sapienza 2008). By explicitly accounting for the R&D ex-

ternalities, this paper shows that aggregate bene�ts from optimism can be present,

despite the fact that R&D intensive �rms engage in unpro�table investments.

Technology innovations are taken as exogenous also in the papers that address

why bubble-like development of equity prices is particularly likely to arise in technol-

ogy intensive sectors (e.g., Pastor and Veronesi 2006, Pastor and Veronesi 2008, De-

Marzo, Kaniel, and Kremer 2007).6 By focusing on what can cause optimism in

relation to new technologies�use, these papers provide an important counterpart

of the analysis of the current paper, which focuses on the e¤ect of optimism on

technologies�creation.

At the same time, the literature of R&D based growth models typically abstracts

from imperfect information in �nancial markets.7 This paper contributes to this

5New R&D products can bene�t not only the sectors directly using them, but also ones that
do not. Vourvachaki (2006) shows this when the technology-using sector produces capital and
intermediates for the rest of the economy.

6Neither these papers, nor the present paper, give rise to real bubbles as in Tirole (1985),
Ventura (2006) and Caballero, Farhi, and Hammour (2006).

7An important exception is Evans, Honkapohja, and Romer (1998). They show how investors�
imperfect information and learning move the economy across multiple growth equilibria over stable
cycles. In contrast to this, there is a unique and stable solution for the transition path over the
period of optimism in the current paper. Optimistic beliefs have only a temporary e¤ect on the
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by studying the impact of rational equity mispricing on aggregate outcomes and

welfare. This is important not only in order to address the motivating question

of the paper, but also because deviation of equity prices from fundamentals are

arguably widespread. Numerous empirical studies support the existence of equity

mispricing,8 as well as the impact of market sentiment on equity market participants�

expectations and stock prices (e.g., Lee, Shleifer, and Thaler 1991, Swaminathan

1991, Menkho¤ 1998).

Equity mispricing has an impact on aggregate consumption only when it a¤ects

aggregate investment. The paper abstracts from credit constraints and assumes that

entrepreneurs�incentives to invest in R&D are directly a¤ected by the equity price

of their �rm (i.e., the market value), rather than its future pro�ts.9 Such channel

may be motivated in several ways. One reason is that the R&D producers have no

superior information compared to the equity market participants. Another reason

is that entrepreneurs have a short investment horizon.10 In the latter case, R&D

producers could have superior information. In Polk and Sapienza (2008), the equity

market participants irrationally overprice �rms that make particular investments.

For short-horizoned entrepreneurs, this gives an incentive to cater to the market

sentiment by making these investments. Tinn (2008) shows how such equity over-

pricing and higher investments can also emerge in a rational setting. She looks at

the technology investment decisions by short-horizoned entrepreneurs with superior

information. In such a setting, investments become a positive and noisy signal for

rational equity market participants. The resulting increase of the expected market

value of the �rms generates incentives for further investments.

growth rate, while a permanent e¤ect on the level of output.
8There is evidence that equity prices react slowly to changes in the variables that proxy the

underlying fundamentals (e.g., Cutler, Poterba, and Summers 1991, Jegadeesh and Titman 1993,
Chan, Jegadeesh, and Lakonishok 1996).

9The results of the paper would not change if R&D producers would care about both short-term
equity price and future pro�ts.
10The short-horizon preferences are motivated in several ways. First, executive compensation

packages often depend on equity prices (see Murphy 2002). Second, the initial owners of �rms
that produce R&D are likely to have a preference towards fast exit. A major source of �nancing
for R&D intensive start-ups is venture capital (see Kortum and Lerner 2000), which is known to
have a preference toward fast exit (e.g. Jovanovic and Szentes 2007). More generally, if agents are
heterogeneous in their innovative/ entrepreneurial skills, it is optimal for talented entrepreneurs to
specialize in establishing new �rms and selling their �rms fast in the equity market (Holmes and
Schmitz Jr. 1990).
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A positive relationship between equity prices and investment at the aggregate

economy, or �rm-level has overwhelming empirical support (e.g., Barro 1990, Morck,

Shleifer, and Vishny 1990, Blanchard, Rhee, and Summers 1993). Also, Gilchrist,

Himmelberg, and Huberman (2005), Farhi and Panageas (2007), and Polk and

Sapienza (2008) document a positive relationship between equity overpricing and

real investments. Equity overpricing is also positively related to �nal output produc-

tivity, as presented by Jermann and Quadrini (2007), and R&D output, as depicted

in Figure 1.11

In addition to increasing incentives to invest in technology, equity overpricing can

have a positive e¤ect on investments by reducing the cost of external �nancing (as

in Stein 1996). Such a channel is shown to be empirically relevant by Baker, Stein,

and Wurgler (2003). A general equilibrium model that examines the role of equity

overpricing in relaxing credit constraints is that of Jermann and Quadrini (2007).

The model of this paper is viewed as complementary to the ones focusing on the role

of �nancing costs. It is worth emphasizing that in models with �nancing constraints

only, equity market optimism does not lead to higher than optimal investment at

the �rm level (i.e., investment can not be higher than the discounted future pro�ts

of �rms that invest). On the contrary, in the model of this paper, equity overpricing

leads to higher R&D investment, which imply negative NPV at the �rm-level. This

feature is consistent with the empirical �ndings of Polk and Sapienza (2008), who

�nd that equity overpricing leads to higher investments, even when controlling for

the role of equity issuance in alleviating credit constraints. It is also worth noting

that introducing �nancing constraints for the R&D �rms to the current paper would

strengthen the positive aggregate impact of optimism. This is because optimism will

alleviate not only market distortions related to limited ownership on the returns

from private R&D investments, but also the ones related to not allowing pro�table

investment projects to be undertaken.

The model introduces temporary optimism about the pro�ts of the R&D �rms,

through noisy public signals that are regularly released. Each of these signals re-

11This evidence cannot be explained within the e¢ cient equity markets hypothesis, where there
is no room for changes in the equity prices to cause changes in R&D investment and patenting
activity (e.g., Pakes (1985) and Griliches, Hall, and Pakes (1991)).
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mains informative for a limited period of time and a¤ects all rational investors beliefs

in the same direction. The bene�ts and costs from positive errors in public informa-

tion are examined through an overlapping generations framework, which highlights

the e¤ect of optimism on consumers�income throughout the boom and bust episode.

The welfare analysis treats all generations equally. The criterion for welfare gains is

conservative, since it requires Pareto improvement for each generation of consumers

compared to the economy, where there is perfect information in the equity market.

By assuming away irrational mispricing, consumption smoothing and inter-generational

consumption trade-o¤s, the result for potential welfare gains is more striking. The

presence of welfare gains is more likely the higher is the productivity of the R&D

investment. Welfare gains are also more likely the more credible and persistent is

the public information in investors�beliefs and the lower the degree of optimism it

injects.

The baseline model assumes that consumers have only public information. In

its extension, the paper introduces heterogeneous and noisy private information.

The main �ndings are shown to remain robust, since the public signal retains a

persistent e¤ect on equity prices (as in Allen, Morris, and Shin (2006) and Bacchetta

and Wincoop (2007)). This extension introduces higher order expectations and

learning from equity prices. Both of these forces imply that the losses from equity

market optimism are distributed across more generations of consumers. In this case,

guaranteeing higher consumption of all generations requires consecutive releases of

optimistic public signals.

As a �nal note, the assumptions in this paper do not prevent the mispricing

of equity to go in either direction from the fundamentals,12 i.e., the public signals

that drive equity mispricing are equally likely to be optimistic or pessimistic. As

discussed above, optimism could be introduced by allowing R&D investment itself

to work as a positive public signal to equity market participants. Furthermore,

the presence of welfare gains from equity market optimism can create incentives for

policy makers to in�uence the public signal towards optimism.

The paper is organized as follows. Section 2 presents the basic model where

12Pessimism would result in equity underpricing with the reverse e¤ects on aggregate outcomes.
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consumers have only public information. Section 3 presents the results and focuses

on the impact of temporary optimism on consumption. Section 4 extends the analy-

sis to consider consumers that have heterogeneous private information. Section 5

summarizes the implications of the model and discusses the role of policy.

2 The Model

2.1 Consumers

The economy is populated with overlapping generations of consumers, who work

and invest in assets in the �rst period of their lives, and consume and retire in the

second period of their lives. Each generation consists of a continuum of consumers

normalized in interval [0; 1].

Each consumer born in period t is endowed with L units of labor that he supplies

to the �nal goods producing sector for a wage wt. The assets available are risk-free

bond and equity. The risk-free bond o¤ers a gross return R > 1 and its supply

is in�nitely elastic.13 The supply of equity in period t is St and involves shares of

monopolistic �rms that engage in R&D investment and intermediate goods produc-

tion. All �rms pay out their pro�ts as dividends, �t, and their shares are traded in

the equity market at the post-dividend price Pt. The symmetry across assets is a

conjecture to be veri�ed in equilibrium and is due to the lack of �rm-speci�c risks.

The budget constraint of a consumer i born in period t is

wtL = mt(i) + Pt [ht(i) + St] ; (1)

ct+1(i) = (Pt+1 + �t+1) [ht(i) + St] +Rmt(i);

where ct+1(i) is his consumption in period t + 1, mt(i) is his investment in risk-

free bond and St + ht(i) is his investment in equity. The presence of St in the

demand for equity guarantees that consumers hold all the equity available in the

13The paper abstracts from the endogeneous determination of the interest rate in order to focus
on the immediate e¤ects of equity mispricing on consumption without considering consumers�
intertemporal allocation of consumption. The interest rate R can be interpreted as the world
interest rate in a small open economy setting, or as a return from another industry within the
country.
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market. However, each of them can adjust their equity demand by choosing ht(i)

(i.e., "excess" equity demand).

Consumers face no short-sales or borrowing constraints. They have mean-variance

utility and choose mt(i) and ht(i) to maximize

max
mt(i);ht(i)

n
E [ct+1(i)j
t(i)]�




2
Var [ct+1(i)j
t(i)] , s.t. (1)

o
; (2)

where 
t (i) is the information set available to consumer i in period t. In the

basic setup presented in Section 2.4, all consumers have identical information, i.e.,


t (i) = 
t for every i. This assumption is relaxed in Section 4 that considers

consumers with heterogeneous information.

2.2 Final good production

Competitive �nal good producers use labour, L, and all available intermediate goods

to produce output Yt. There is a continuum of distinct intermediate good varieties

available in period t, denoted with xt(j), where j 2 [0; At] and A1 > 0. The

production function is

Yt = (�tL)
1��
Z At

0

x�t (j)dj; � 2 (0; 1); (3)

where �t is the labour augmenting productivity shock. The productivity shock

is drawn at the beginning of every period t from a publicly known distribution,

�t � N(�; 1=��).14

The price of the �nal good is normalized to one. Final goods producers take the

wage, wt, and the price of intermediate goods, pxt(j), as given and maximize pro�ts:

max
L;fxt(j)gj

�
Yt �

Z At

0

pxt(j)xt(j)dj � wtL s.t. (3)
�
: (4)

The intermediate-goods depreciate fully within a period.
14The normality assumption is used to simplify the solution of the model. The main mechanism

would remain valid with di¤erent distributional assumptions. Despite allowing for the possibility
of a negative outcome, it is an assumption that is used widely in the �nance literature about the
liquidation value of assets. For reasonable assumptions about the parameters of the distribution,
the probability of negative output and asset prices is negligible.
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2.3 Intermediate good and R&D production

The �nal good producers buy each intermediate good, xt(j), from a monopolistic

intermediate goods producing �rm j.

The production of every unit of intermediate good requires the investment of �

units of �nal good. In each period t, an intermediate goods producer j maximizes

pro�ts �t(j)

�t(j) = max
pxt (j);xt(j)

�
pxt(j)xt(j)� �xt(j); s:t: pxt(j) =

@Yt
@xt(j)

�
: (5)

In period t, there is a continuum of active intermediate goods producers indexed

with j 2 [0; At].

An intermediates good �rm is established by the development of a new variety.

The development of a new variety in period t, e 2 (At; At+1], requires R&D invest-

ment one period before the new variety becomes available, i.e., period t + 1. This

provides the intermediate goods �rm, e, with in�nitely lasting monopolistic power

(e.g., by the means of a patent) and its pro�ts are �t+k(e), where k � 1.

The R&D production sector is fully competitive. R&D producers take the value

of their �rm, Pt, and aggregate productivity of R&D, ��t, as given and maximize

their expected net gain from R&D investment, It,

max
It

�
Pt (At+1 � At)� It, s.t. At+1 � At = ��tIt

	
. (6)

It is assumed that the value of a new intermediate good �rm is equal to its

equity market value.15 All intermediate good �rms already established in period t,

i.e., those established before and already producing, j 2 [0; At], and those currently

conducting R&D, e 2 (At; At+1], are listed in the equity market. Each of these �rms

corresponds to one divisible share that is held by the consumers (see (1)). The value

of all shares listed in period t is the same, which is a conjecture that is veri�ed from

the equilibrium results of Section 3.1.

15See discussion in the introduction regarding this assumption.
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Entrepreneurs
investing in R&D:

Time t t+1

Active intermediate
goods producers:

Consumers:

Final good sector: Uses At+1 capital varieties.

Intermediate goods firms created in t become
active. At+1 firms pay        as dividends.

At+2­At+1 new firms and capital varieties created.

Consumers born in t receive dividends, sell
assets, consume and retire.

Consumers born in t+1 work in final good sector
and invest in asset market.

Uses At capital varieties to produce the
final good.

At active firms sell capital varieties to final good
sector and pay     as dividends.

Period t entrepreneurs issue equity. At+1­At new
firms and capital varieties created.

Consumers born in t­1 receive dividends, sell
the shares of At firms, consume and retire.

Consumers born in t work in final good sector
invest in risk­free asset and buy the shares of
At firms.

Figure 2: Timing of production and consumption decisions.

While each individual R&D producer takes the R&D productivity ��t as given, it

is a function of aggregate decisions. In the spirit of Comin and Gertler (2006) and

Jones (1995),

�t = �I
��1
t A1��t ; � > 0; � 2 [�

1
1�� ; 1); (7)

which ensures a well-de�ned steady-state, bears an exogenous component, �, and

captures two spillover e¤ects of the individual R&D entrepreneurs�decisions. First,

an increase in the number of known varieties, At, increases permanently the R&D

productivity (positive knowledge externality). Second, as the aggregate R&D invest-

ment increases, the marginal productivity of individual R&D investment decreases

(negative congestion externality). The parameter � captures the extent of spillover

e¤ects (e.g., higher value for � implies lower congestion and knowledge externali-

ties).16

Figure 2 summarizes the interaction among all agents in this economy and the

timing of their actions.

16The assumption that � � � 1
1�� ensures that aggregate investment in R&D in the decentralized

equilibium is lower than the one corresponding to the �rst best allocations in the long-run. See
discussion in Section 3.2.2 and Appendix D. This assumption is also empirically reasonable, given
the calibration of Comin and Gertler (2006) that indicates � � 0:8, while the usual capital share
� � 0:3 gives � 1

1�� � 0:179.
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2.4 Information structure

Uncertainty about the future labour productivity �t implies uncertainty about the

demand and thereby pro�ts (dividends) of intermediate goods producers (see Section

3.1.1 below). In the baseline model all the information that consumers have about

�t is assumed to be public, i.e., all consumers have the same information 
t(i) = 
t.

This assumption is relaxed in Section 4. There are two sources of public information.

First, consumers know the prior distribution of the productivity shockN
�
��; 1=��

�
.

This gives a "public signal", ��, where the productivity innovation itself is the error

in this signal. This signal can also be viewed as the average long-run productivity.

Second, all rational consumers trading in period t receive a public signal regarding

actual productivity T periods ahead, e�t = �t+T + "e�;t, where "e�;t � N(0; 1=�e�).
These signals are introduced to analyze the e¤ect of temporary optimism, which is

the central question in this paper. Historical public signals are also public knowledge

and thus the information set relevant in period t is


t = f�; e�t; :::; e�t�T+1g: (8)

2.5 Markets

In every period t, the �nal good production, Yt, and the returns from the previous

period�s risk-free asset investment, RMt�1, are used to �nance aggregate expendi-

tures on consumption, Ct �
R 1
0
ct(i)di, investment in intermediate goods produc-

tion, Xt =
R At
0
�xt(j)dj, R&D investment, It, and purchases of the risk-free asset

Mt �
R 1
0
mt(i)di. The goods market clearing condition is

RMt�1 + Yt = Ct +Xt + It +Mt: (9)

All consumers are employed by the �nal goods sector L =
R 1
0
Ldi, and the labour

market clears for the equilibrium wage wt.

The supply of equity in period t consists of At shares of current intermediate

goods producers and At+1 � At new shares issued by R&D producers. The total

supply of equity is St = At+1. The total demand for equity is Ht + St, where

12



Ht �
R 1
0
ht(i)di: The equity market clearing condition is

Ht = 0; (10)

which determines the equilibrium equity price Pt that ensures there is no excess

demand of equity.

3 Results

3.1 Equilibrium outcomes

3.1.1 Final and intermediate good production

From (3) and (4), the �nal good producers�optimal demand for variety j is inde-

pendent of the demand for any other variety j0 6= j, i.e., pxt(j) = �L1��x��1t (j)

for any j. Using this in (5), the demand for intermediate goods is linear in labor

productivity and is the same across intermediate goods producers,

xt (j) = xt �
�
�2

�

� 1
1��

L�t. (11)

The price of each variety is pxt(j) =
�
�
. From (5), this implies that all intermediate

goods producers have the same pro�ts,

�t = ��t ; � � � (1� �)
�
�2

�

� �
1��

L: (12)

This shows that uncertainty about future labor productivity implies uncertainty

about the future pro�ts of intermediate goods producers. Because pro�ts are per-

fectly correlated across intermediate goods producers, then the equity price, Pt,

needs to be the same across �rms in any period t. The latter con�rms the original

conjecture for symmetry of equity prices across �rms in Sections 2.1 and 2.3.
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3.1.2 R&D production

An individual R&D producer�s decision for R&D investment (see equation (6)) de-

termines the relationship between the equity price (the value of a new variety) and

individual R&D productivity, Pt = 1
��t
. Using (7), the endogeneity of ��t implies

It = At�
1

1��P
1

1��
t : (13)

Perfect competition and free entry to R&D production implies zero pro�ts for

R&D producers and from (6),

Pt (At+1 � At) = It: (14)

This condition shows that aggregate R&D investment in period t equals the total

stock market value of the new �rms producing intermediate goods that are estab-

lished in the same period.

Using (13) and (14), the R&D growth rate is an increasing function of equity

price,17 i.e.,

gA;t �
At+1 � At

At
= �

1
1��P

�
1��
t : (15)

This highlights that the equilibrium equity price determines the development of

R&D over time and therefore real economic activity.

3.1.3 Asset market equilibrium

From consumer i�s utility maximization (2), his optimal excess demand for equity

in period t is

ht(i) =
E[Pt+1 + �t+1j
t]�RPt

 Var[Pt+1 + �t+1j
t]

.

Given that all consumers have identical information, they have the same excess de-

mand. Aggregating excess demand across investorsHt =
R 1
0
ht(i)di =

E[Pt+1+�t+1j
t]�RPt

Var[Pt+1+�t+1j
t]

and using the equity market clearing condition (10), the equilibrium equity price

17See that @gA;t@Pt
= �

1
1�� �

1��P
�

1���1
t > 0.
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equals

Pt =
E[Pt+1 + �t+1j
t]

R
: (16)

Iterating (16) by using the law of iterated expectations and that E[Pt+1+�t+1j
t] is

the same across all consumers, it follows that the equilibrium equity price equals the

present discounted value of the expectations of future pro�ts, i.e., Pt =
P1

k=1
E[�t+kj
t]

Rk
.

Given (12) and (8) the expected pro�t �ows are E[�t+kj
t] = �
�e�e�t�T+k+�� ��

�e�+�� if

k 2 f1; ::; Tg and E[�t+kj
t] = ��� if k > T .18 Therefore, the equilibrium equity

price is

Pt = z
PT

k=1

1

Rk
�~�t�T+k + (1� z)

RT � 1
RT (R� 1)�

��+
1

RT (R� 1)�
��, (17)

where z � �e�
�e�+�� . It is a function of the history of the T public signals that are

informative about future productivity and corresponds to the expectation of the

present discounted value of pro�ts.

In order to account for the e¤ect of equity market imperfections, a useful bench-

mark is an economy where consumers have perfect public information; referred as

the "PI economy" from now onwards. The PI equilibrium equity price, P PIt , equals

the actual present discounted value of the future stream of pro�ts, i.e.,

P PIt � lim
�~�;T!1

Pt =
PT

k=1

1

Rk
��t+k: (18)

Any wedge between the model�s and the PI economy�s equity price is due to errors

in the public information.19

Finally, aggregating consumers��rst period budget constraints (1), and using

St = At+1 and (10), the aggregate risk free asset holding is

Mt =

Z 1

0

mt(i)di = wtL� PtAt+1: (19)

18Given the public signals, �� = �t� "�t , where "�t � N (0; 1=��) and e�t�T+k = �t+k+ "e�;t�T+k ,
where "e�;t�T+k � N(0; 1=�e�), then the posterior distribution of productivity is �t+kj��; e�t�T+k �
N

�
� e�e�t�T+k+�� ��

� e�+�� ; 1
� e�+��

�
. All signals e�t�T+l with l 6= k are not informative about �t+k, and

only information about the productivity after the period t+ T is its prior distribution.
19In particular, Pt � PPIt = �z

PT
k=1

1
RT�k+1 "~�;T�k+1 � �(1� z)

PT
k=1

1
Rk "k � �

P1
k=T+1

1
Rk "k.

15



3.1.4 Aggregate consumption, output and goods market clearing

Using (11) in �nal goods production function (3), the equilibrium �nal good pro-

duction is linear in �t, given the endogenous productivity level At, i.e.,

Yt =
�

�(1� �)�tAt; (20)

where � is de�ned in (12).

The equilibrium wage is determined by solving the �nal goods�producers pro�t

maximization problem and is also linear in �t given At, i.e., from (4) and (20)

wt = (1� �)YtL =
�
�L
�tAt.

Aggregate consumption is obtained by aggregating consumers�budget constraint

(1). In turn, using the equity market equilibrium condition (10), St = At+1, (19)

and (20),

Ct =

Z 1

0

ct (i) di = (Pt+�t�RPt�1)At+Rwt�1L = (Pt+�t�RPt�1)At+R
�

�
�tAt�1.

(21)

This highlights the channels through which equity market imperfections impact

welfare. There is a direct channel from the excess capital gains, Pt+�t�RPt�1 > 0,

or losses, Pt + �t � RPt�1 < 0, from investing in one unit of equity. There is also

an indirect channel from the impact that equity price has on the R&D production

through (15) and thereby the number of varieties in every period. This indirect

channel works by determining both the level of wages, �
�
�tAt�1, and level of excess

capital gains or losses, (Pt + �t �RPt�1)At.

Finally, using Xt =
R At
0
�xt(j)dj, (11), (12), (19), (20), (21) in the goods market

clearing condition (11), gives the free-entry condition for R&D production (see (14)).

This con�rms that the goods market clears in every period, which completes the

equilibrium outcomes of the model.
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3.2 Impact of optimism

3.2.1 Temporary optimism and consumption gains

This section addresses the main question of the paper by examining the impact

that temporary optimism in the equity market has on economic allocations. It

analyses how the release of a single optimistic public signal a¤ects the consumption

of di¤erent generations. Optimism takes place when there are positive errors in the

public signals, i.e., ~�s > �s for some period s.

Assume throughout that �t = �� = � for every period t. A single optimistic

public signal is released in period t = � regarding productivity T periods ahead,

~�� = ��+T + "~�;� > �, while ~�t = � for every t 6= � . The degree of optimism is

captured by a parameter � > 0, which is de�ned as the percentage error in the

public signal, � � ~����
�
=

"~�;�
�
.

Given the assumptions, by (17) the equilibrium equity price in the model econ-

omy is

P�+k =
��

R� 1 + z�
��

RT�k
; for k 2 f0; :::; T � 1g ; (22)

Pt =
��

R� 1 , for t < � and t � � + T;

while in the PI economy, the equity price (see equation (18)) stays constant at

P PIt = P PI � ��

R� 1 ;8t. (23)

The optimistic public signal enters investors�expectations on the date it is re-

leased, t = � , and remains informative for T periods, i.e., until t = �+T �1. During

these periods, the equilibrium equity price remains above the PI one due to the pos-

itive error in consumers�beliefs about pro�ts in period � + T . In period t = � + T ,

the optimistic beliefs about ��+T are proven to be wrong and in the absence of any

further errors in public information, equity price returns to its initial level that is

the same as in the PI economy.

Given the equilibrium path of prices, equation (21) fully speci�es the path for

aggregate consumption. In particular, from the equity price in PI economy (23)
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and pro�ts (12), it is straightforward that there are no excess capital gains or losses

in the PI economy, i.e., Pt + �t � RPt�1 = 0. Consumption in PI economy is

determined by the risk-free return on wages and grows at the constant R&D growth

rate gPIA = �
1

1��
�
P PI

� �
1�� .

Further, from (15) and (22), R&D growth in the model economy is greater than

in the PI economy for the same T periods that its equity prices exceed these in the

PI economy, i.e., gA;t+k > gPIA for k 2 f0; :::; T � 1g. In turn, inspection of the path

of consumption (21) suggests a potential trade-o¤ between higher wages and excess

capital losses. The following proposition summarizes the outcome of the interplay

of the direct and indirect e¤ects that optimism has on the consumption (21) of each

generation.

Proposition 1 When T > 1, �t = �� = �, 8t and consumers receive a single

optimistic public signal in period t = � , with error "~�;� = ��, for � > 0, then

aggregate consumption in the model economy is at least as high as in the PI economy

Ct � CPIt ;

for all periods, except t = �+T . In period t = �+T , the comparison of consumption

between the model and PI economy is ambiguous and depends on the parameters of

the model.

Proof. See Appendix A

This result is driven by the positive indirect e¤ect that higher equity prices have

on consumption through higher R&D growth. The level of R&D in the model econ-

omy is higher than in the PI economy from t = � +1 onwards, and all generations of

consumers consuming from period t = � +2 onwards receive higher wages compared

to consumers in the PI economy.

At the same time, equity prices have a direct e¤ect on the path of excess capital

returns. This e¤ect is present only for two generations. It is positive for the gener-

ation consuming in period t = � , which sells its equity holdings in the �rst period

that equity price increases because of the optimistic public signal. This generation

has higher consumption than the PI one, solely due to receiving excess capital gains.
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Figure 3: The impact of optimism on main economic variables.

It is negative for the generation consuming in period t = �+T , which is the only one

receiving excess capital losses. This generation faces high equity prices when invest-

ing, but it consumes when optimism disappears and prices return to their original

level. How much consumption decreases depends on the indirect impact of optimism

and also through the expansion of the size of equity market, i.e., A�+T .

The absence of excess capital returns for the generations consuming between

t = �+1 and t = �+T �1 is because in this setting there is only public information.

As a result, the investors�average beliefs coincide with the public signal and they

do not learn about the true productivity in period � + T from any other source

before this period arrives. This assumption is relaxed in the Sections 4.1 and 4.2

where private information is introduced. Figure 3 considers the case of a single-

release optimistic signal in period t for T = 6 and illustrates its impact on economic

variables of interest.20

20The variables are "Equity price" - Pt; "R&D growth" - gA;t; "Consumption gains" - Ct=CPIt ,
"Excess capital gains" - (Pt + �t �RPt�1)At; "Risk-asset holdings" - Mt= (Mt +HtAt+1) and
"Wages compared to PI" - wt�1=wPIt�1. Parameters are chosen for purely illustrative purposes,
with � = 0:8 and � = 0:3.
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3.2.2 Welfare gains

Proposition 1 above reveals that equity market optimism involves important trade-

o¤s. First, there is an intergenerational consumption trade-o¤. Second, there is an

intratemporal trade-o¤ concerning the generation consuming in period � + T . This

generation assumes the entire cost of raising R&D investment for T periods through

excess capital losses, but gains though higher wages. To answer the question whether

there is scope for welfare improvement in the presence of optimism, the criterion is

Pareto improvement over the PI economy in the consumption of each generation. A

su¢ cient condition for this is the one ensuring no net losses for the consumption of

generation � + T .

Corollary 1.1 Assume that T > 1 and � > ��.21 Then, there exists some degree of

optimism, � > 0, such that no generation of consumers is worse o¤ compared to the

PI economy, Ct � CPIt ; for any t. Furthermore, the higher is T , the higher is �.

Proof. See Appendix B.

Corollary 1.1 suggests that the net e¤ect of optimism onC�+T depends �rst on the

degree of optimism �, second, on the model�s parameters related to the productivity

of R&D and elasticity of R&D production with respect to investment �, and �nally,

on the length of horizon that the optimistic public signal a¤ects expectations T .

The necessary condition for Pareto improvement of the model economy is that a

small degree of optimism has a big R&D productivity outcome. In such environment,

the increase of R&D investment bears a very low cost in terms of (unit) excess capital

losses, while it generates high wage returns. The length of the period during which

optimism is present is also highly important. The larger is T , the higher is the

likelihood of Pareto improvement due to optimism. This is because the productivity

gains from optimism are accumulated over a longer time period and therefore su¢ ce

to cover higher excess capital losses.22

In order to understand what allows optimism in equity market to be potentially

21Namely �� solves R�1
R

��
1��� = �

�
1+�

1
1��� ( ��

R�1 )
��

1���

�2
�

1
1��� ( ��

R�1 )
��

1���
. See Appendix B for details.

22As an illustration, when T = 1, then the generation consuming in � + 1 �nances the higher
R&D, but cannot yet bene�t in terms of higher wages. As a result, its consumption is strictly
lower than in the PI economy.
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Pareto improving, it is useful to compare the PI economy with the social planner�s

solution. The social planner maximizes consumption of all generations,

W1 =
X1

t=1

1

Rt�1
Ct,

on a steady-state path, where the initial period is t = 1, M0; A1 > 0 are given and

technology evolves according to At+1 �At = �I�t A1��t (see equations (6) and (7)).23

Comparing the valuation of �rms listed in the PI economy�s equity market to

their social value leads to the following Corollary.

Corollary 1.2 The social value of an additional unit of R&D, P SP , is always higher

than the private one, P PI , i.e.,

P SP

P PI
=

1

�
1

1��

R� 1
R� 1� (1� �)gSPA

> 1: (24)

Proof. See Appendix .

Corollary 1.2 shows that equity is "underpriced" in the PI economy. In partic-

ular, the return from equity of any individual intermediate-good �rm is the future

pro�t �ow of that �rm. However this does not compensate for increasing produc-

tivity for all future R&D producers. Furthermore, this does not compensate for

the positive e¤ect of a new variety on the �nal good productivity. Therefore, both

the monopolistic distortion and the positive spillover e¤ects imply that the private

return to R&D investment is lower than its social return.

More speci�cally, the �rst term, ��
1

1�� , in (24) captures the e¤ect of monop-

olistic distortion, which implies that the production of intermediate goods in the

PI economy is too low.24 The second term, R�1
R�1�(1��)gSPA

, highlights that the social

discount rate is lower than the private one. The e¤ective discount rate accounts for

the knowledge externality�s growth e¤ect, given by the product of optimal growth

rate, gSPA , with the elasticity of new varieties production to the existent knowledge

23The social planner is assumed to discount the consumption of future generations with the risk-
free interest rate. This is driven by the assumption that the risk-free interest rate is exogenous and
guarantees that the social planner does not accummulate in�nitely positive or negative risk-free
asset holdings.

24Appendix C shows that xSP =
�
�
�

� 1
1��

�L. This compares to (11) through xSP

xPI
= 1

�
1

1��
.
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stock, 1� �.

However, the low private return to R&D in the PI economy does not necessarily

imply that there is also underinvestment in R&D. This is because of the nega-

tive congestion externality of any individual R&D producer on others�productivity.

Therefore, increasing R&D investment and thereby R&D growth (see (15)) is not

socially optimal.

Corollary 1.3 A su¢ cient condition that there is underinvestment in R&D in PI

economy compared to the socially optimal one is � � �
1

1�� . Under this condition

�SP > �PI , gSPA > gPIA ;

where �SP � ISPt
ASPt

and �PI � IPIt
APIt
:

Proof. See Appendix D.

This result requires that the elasticity of R&D production with respect to invest-

ment � is not too low. This paper assumes throughout the condition of Corollary

1.3, making it always bene�cial to increase R&D investment. While such incentives

are absent in the market, they are created by the temporary equity market opti-

mism. This brings R&D investment in the model economy temporarily closer to the

socially desirable level, so that there is scope for Pareto improvement.

4 The Role of Private Information

In reality, investors use information from multiple sources, both public and private.

In this spirit, this section extends the baseline model by considering investors with

both public and heterogeneous private information, and shows that the main re-

sults of Section 3 are robust. Furthermore, it discusses how the short investors�

horizons result in higher order expectations and analyzes their role, while carefully

distinguishing the learning factor.

It is assumed that in every period t, each investor i receives not only public

signals about productivity in period t + T , as discussed in Section 2.1, but also a

private signal, i.e., he receives �t (i) = �t+T + "�;t (i), where "�;t (i) � N (0; 1=��).
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Each investor also "inherits" an entire sequence of historical private signals from

his "ancestors" indexed with i. Therefore, an investor i trading in t uses the set

of private signals that are informative about future pro�ts f�t�T+1 (i) ; ::; �t (i)g.

Private signals are uncorrelated over time, across investors and with other shocks.

Without any further assumptions, the presence of private information would

make equity prices fully revealing, i.e., equal to P PI as shown by Grossman and

Stiglitz (1980). Prices can still deviate from fundamentals and become informative

signals on their own, only if there is an additional source of uncertainty. This

is achieved by introducing noise traders, who in every period t trade a random

quantity of equity st � N (0; 1=�s), where st is uncorrelated over time and with

other shocks.25 Therefore, a negative noise trading shock, st < 0, corresponds to

higher aggregate demand for the available equity, At+1, so that equilibrium equity

price is determined by the market clearing condition

Z 1

0

ht (i) di� st = Ht � st = 0. (25)

To conclude, in period t a rational investor i receives information from three

sources: public signals, private signals and equity prices, so that the information set

that is relevant is


t (i) =
n
�t�T+1 (i) ; ::; �t (i) ; ~�t�T+1; ::; ~�t; Pt�T+1; ::; Pt; ��

o
: (26)

Figure 4 corresponds the timing of the arrival of each type of signal to the future

pro�ts for which it provides information.

From (2), the optimal equity demand by an investor i is

ht (i) =
E [Pt+1 + �t+kj
t (i)]�RPt


V
; (27)

where V � Var [Pt+1 + �t+kj
t (i)] is constant over time and across investors. This

is a guess to be veri�ed in equilibrium. Aggregating (27) across investors and using

25The noise traders face the same resource constraints as the rational consumers, with the di¤er-
ence that they earn no wage income. This assumption does not a¤ect the results, given the CARA
utility and abcence of any short sales or borrowing constraints.
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Figure 4: Information available in period t by the time of arrival.

it into (25), the equilibrium equity price is

Pt =
�E [Pt+1 + �t+1j
t]

R
� 
V
R
st, (28)

where �E [Pt+1 + �t+kj
t] �
R 1
0
E [Pt+1 + �t+kj
t (i)] di is the average expectation

across investors (market expectation).

It is straightforward that introducing private information has no e¤ect on the

production-side equilibrium allocations of Section 3.1.

4.1 Naive expectations

Before analyzing the properties of the fully rational expectations equilibrium, this

section considers the case where investors do not take into account the informa-

tion revealed in equity prices. Their "naive" expectations are formed based on the

information set


N;t (i) =
n
�t�T+1 (i) ; ::; �t (i) ; ~�t�T+1; ::; ~�t; ��

o
:

Examining such setting has several advantages. First, it delivers analytical results

for the equilibrium equity price and the impact of the private information. Second,

it separates the e¤ect of higher order beliefs from learning. This is because investors

with naive expectations do not learn any additional information about �t+T after

period t.
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Proposition 2 When investors have naive expectations, the equilibrium equity price

is

PN;t =
PT

k=1

�
�k

Rk
��t+k +

1� �k
Rk

�
z�~�t�T+k + (1� z) ���

��
+

���

RT (R� 1) �

V

R
st,

(29)

where � � ��
��+�~�+��

, z � �~�
��+�~�

and V = V
�
��; ��̂; �v; �s; 
;R;�

�
:

Proof. See Appendix E.

Proposition 2 shows that the equilibrium equity price is a linear function of future

productivity, public signals and noise trading in period t. Unlike the private signals,

errors in the public signals do not average out across investors. As a result, public

information has a persistent impact on the equity price. In particular, a periodic

public signal ~�t remains informative and thereby a¤ects equity price in all periods

until t+ T .

While the presence of private information does not make public information

redundant, it does reduce the impact of public signals on equity price. When only

public information is available as in Section 3.1.3, then for example @Pt
@ ~�t�T+k

= z�
Rk
,

which is higher than in the case of naive expectations, @PN;t

@ ~�t�T+k
=

z�(1��k)
Rk

. In

response, from (15), R&D growth becomes also less responsive to public signals.

The assumption that consumers are short-lived brings forth the importance of

higher order beliefs. In order to see this, de�ne the present discounted value of the

average ("market") expectations of future pro�ts as

�DN;t �
1X
k=1

�E[�t+kj
N;t]
Rk

, (30)

where �E[�t+kj
N;t] =
R 1
0
E[�t+kj
N;t (i)]di is the average expectation of pro�ts in

period t+ k for k > 0. Since the average expectation of some productivity �t+k for

k 2 f1; ::Tg, is

�E[�t+kj
N;t (i)] =
�� ��+ �~�

~�t�T+k + ���t+k

�� + �~� + ��
= ��t+k+(1� �)

h
z ~�t�T+k + (1� z) ��

i
;

(31)
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equity price reacts more to changes in the public signal for �t+k compared to the

average expectation of pro�ts, i.e., @PN;t

@ ~�t�T+k
=

z�(1��k)
Rk

>
@ �DN;t
@ ~�t�T+k

= z�(1��)
Rk

. In

contrast, equity price reacts less to changes in the true productivity compared to

the average expectation of pro�ts, i.e., @
�DN;t

@�t+k
= z��

Rk
> z��k

Rk
=

@PN;t
@�t+k

.

The reason for this result is that public signals reveal information not only about

future pro�ts, but also about the expectations of future generations of investors (i.e.,

future market expectations). Knowing this, short-lived investors put relatively more

weight on the public signal because investors care only about next period�s returns.

The generation of a higher order wedge between the equity price and the underlying

average expectation of fundamentals, �DN;t, is analyzed extensively in Allen, Morris,

and Shin (2006) and Bacchetta and Wincoop (2007). In contrast, there is no room

for such wedge, when investors are long-lived and equity price equals the present

discounted value of expected pro�ts. As shown in Section 3.1.3, this is also the case

when investors are short-lived but without heterogeneous private information.26

As in Section 3.2.1, it is assumed that a single optimistic public signal ~�� =

(1 + �)�, � > 0 is released, while �t = � for every period t. Noise trading is also

assumed to realize at its mean value st = 0 for any t. From (29), the equity price

increases above P PI from period � until � + T � 1

PN;�+k =
��

R� 1 + z�
�
1� �T�k

� ��

RT�k
, for k 2 f0; ::; T � 1g, (32)

and in response R&D growth increases (from results of Section 3.1). As highlighted

already, private information decreases the impact of temporary optimism on equity

prices and R&D growth (compare to (22)).

In view of the equity price path, all generations consuming between periods �+1

and � +T share the cost of higher R&D investment in this period. Using (32), their

excess capital losses are PN;�+k + �� � RPN;�+k�1 = ��T�kz� (1� �) ��
RT�k < 0

for k 2 f1; :::; T � 1g and PN;�+T + �� � RPN;�+T�1 = �z� (1� �) �� < 0. This

is driven by higher order beliefs that imply a monotonically decreasing weight for

the public signal in the average expectations, z
�
1� �T�k

�
, for all periods that it

26This highlights that the assumption that investors are short-lived does not a¤ect the asset
allocation decisions in the baseline model.
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remains informative, i.e., until � + T .

This result is in sharp contrast to the case of public information alone (Section

3.2.1) and the case where investors with naive expectations are long-lived. In both

cases, the absence of higher order beliefs implies a constant weight on the public

signal. As a result, investors do not obtain excess capital losses before period �+T:27

In the absence of learning new information about ��+T before � +T , P� adjusts just

enough to accommodate the new information already in period � . With short-

horizoned investors with naive expectations, P� increases more than the expected

value of pro�ts. The short investment horizons that give rise to higher order beliefs

is the sole reason for excess capital losses before period � + T .

To summarize, all generations investing between � and � + T receive excess

capital losses, while only the ones consuming from � + 2 onwards bene�t from

higher wages. Notably, the generation consuming in t + 1, does not bene�t from

higher wages, while it does receive excess capital losses, so (21) implies CN;�+1 =

��T�1z� (1� �) ��
RT�1AN;�+1 +

R
�
��A� < C

PI
N;�+1 =

R
�
��A� .

As a �nal note, (29) shows that temporarily higher equity price and R&D growth

may also result from a noise trading shock that increases equity demand, st < 0.

However, even if the impulse response of PN;� in s� and ~�� is identical, the impact

of optimism on R&D growth and output would be higher when T > 1. This is

because the impact of optimism is persistent so that equity price remains higher

until � +T �1, while that of a noise trading shock price disappears in � +1. Section

4.2 shows that the impact of a noise-trading shock gains the persistence of optimism

when investors take into account the history of prices.

4.2 Rational expectations

Fully rational investors make expectations about future productivity using also the

information revealed in prices, i.e., their information set is (26). In such a case, there

is no analytical solution for the equilibrium equity price. Appendix F describes the

algorithm for the numerical solution of the equilibrium equity price and shows how,

27Long-lived investors price equity according to their expected value of pro�ts. Using (30) and
(31) �DN;�+k = ��

R�1 +z� (1� �)
��

RT�k and �DN;�+k+���R��N;PV;�+k�1 = 0 for k 2 f1; :::; T � 1g :
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Figure 5: The e¤ect of private information (naive and rational expectations)

similar to the case of naive expectations (29), equity price remains a linear function

of future productivity, public signals and noise trading, i.e.,

Pt = �
PT

k=1

�
�k�t+k + z�̂k ~�t�T+k + (1� z) �̂k ��

�
+ �����

PT
k=1�s;kst�T+k: (33)

Figure 5 considers a single optimistic signal in period � for T = 6. It compares the

reaction of economic variables in three di¤erent settings: 1) public information only,

2) private and public information with naive expectations and 3) private and public

information with rational expectations. The variables are de�ned as in Figure 3.

The �gure illustrates how the main predictions of Section 3 regarding the impact of

temporary optimism remain robust to the addition of private information. Whether

with naive or fully rational expectations, private information reduces the magnitude

of the impact of optimism on real economic outcomes.

The main di¤erence between naive and rational expectations is that investors

learn new information about ��+T after the optimistic public signal shock in period

� , ~�� , through the price signals. As illustrated in Figure 4, all prices P� ; :::; P�+T�1

in the optimistic equity market provide (noisy) information for ��+T . The e¤ect of

learning on rational expectations is that equity price reacts less to temporary public

signals compared to the case of naive expectations, while the weight on the optimistic
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Figure 6: Comparison of the impact of excess demand by noise traders and a positive
public signal.

public signal decreases faster. Learning complements the role of higher order beliefs

also in driving excess capital losses for all generations consuming between periods

t+ 1 and t+ 6, since prices also signal higher ��+T .

Another e¤ect that is speci�c to rational expectations is that historical noise

trading shocks a¤ect equity price as well. This is because when a noise trading

shock s� is realized, then its direct e¤ect on P� constitutes also an impact on the

signal that this price provides for future productivity for a T�long period. There-

fore, in contrast to the case of naive expectations, noise trading shocks have the

same persistence as a public signal shock. However, while a public signal enters ex-

pectations with a decreasing weight, the opposite is true for the noise trading shock.

This is because once the noise trading becomes historical, it enters expectations

only indirectly through the noisy historical price signals. As Figure 6 illustrates,

the compounded e¤ect on real outcomes following a public signal is expected to

be higher than that of a noise trading shock when the two shocks have the same

contemporaneous impact on equity price.
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4.3 Persistent optimism

As shown in Sections 4.1 and 4.2, not all generations of investors can become better

o¤ following the release of a single public signal. This is because the generation

consuming in � + 1 receives capital losses without bene�ting from the higher R&D

growth through wages.

Therefore, the necessary condition for a Pareto improvement is that optimism

is persistent, i.e., a positive public signal has to be released in subsequent periods.

Without loss of generality, this is proven for the simplest case of an in�nite-horizon

model, where investors get public signals about productivity two periods ahead,

T = 2.28

Proposition 3 Assume that actual productivity stays constant and equal to its long-

term value, �t = �� = �, and noise trading is at its mean value each period, st = 0,

for any t. When there are positive public signal shocks in two consecutive periods,

~�� = � + "~�� and
~��+1 = � + "~��+1, while "~��+1�k = "~��+k = 0 for any k � 2, then

there exist "~�� > 0 and "~��+1 > 0 such that aggregate consumption in the model

economy is at least as high as in the one with perfect information in every period,

i.e., Ct � CPIt for any t.

Proof. See Appendix G.

The result of Proposition 3 relies in a second public signal that is su¢ ciently high

to ensure that consumers in period � +1 have at least as high consumption as in the

PI economy. The role of the subsequent public signal is to increase the equity price

between � and �+1 so that it prevents the realization of excess capital losses for this

generation. This shifts the burden of the excess capital losses on the generations

consuming in periods �+2 and �+3, who already experience the R&D driven output

expansion. Therefore, these generations could o¤set their equity holdings�losses with

their wage gains. For standard arguments, all other generations of consumers are

strictly better o¤ in the presence of persistent optimism. The su¢ cient conditions

28Assuming T > 2 would not introduce any further force that a¤ects whether there is scope for
welfare gains in the presence of optimism. It would only require that optimism is persistent over
the T�long period. The hint for this intuition lies already in the results of Section 3.2.2, which
state that the higher is T then the less strict are the conditions for Patero improvement.
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for welfare gains are a low degree of optimism in the public signals and congestion

in the R&D production �.29

5 Conclusions

This paper builds a general equilibrium framework to analyze the e¤ect of equity

market optimism on aggregate welfare, given the trade-o¤ between excess capital

losses from the equity holding of R&D intensive �rms and the productivity gains

from the new R&D products. The main result is that optimism can increase con-

sumption income of all generations, including the ones receiving maximum losses

from equity trading.

This result is driven from the wedge between the private and social returns to

R&D primarily due to the presence of the knowledge externality in R&D production.

Hence, an equity contract which provides investors with claims only on the future

�ow of pro�ts, brings in excess capital losses due to overinvestment in R&D at the

�rm-level. However, at the aggregate level, R&D investment rises temporarily closer

to its socially optimal level, which has a permanent e¤ect on the level of productivity

of the economy, which brings wage gains for all generations.

Welfare gains take place when a small degree of optimism results in high R&D

production. This means that productivity of R&D needs to be high (i.e., strong

knowledge and/or small congestion e¤ect). In view of this, the bene�ts of optimism

are more likely in the case of the emergence of "new industries" (e.g., information

technologies), rather than "old industries" (e.g., real estate). For public signals

to have a growth generating role, they need to be credible (not in�nitely noisy).

Welfare gains become more likely when optimism is persistent, since this implies

that the costs of optimism are spread over more generations and allows the wage

gains to compensate for the costs.

In view of these results the model reviews the public scepticism regarding the role

of policy makers in episodes like the late 1990s: "A less forgivable mistake was that
29This regulates the strength of decreasing returns to R&D investment. Consider the extreme

case of congestion, i.e., � ! 0. Then R&D growth is no longer endogenous, gAt
! �, as any

additional funds have zero additional e¤ect on the underlying productivity. Therefore, market
optimism does not a¤ect R&D growth.
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Mr. Greenspan acted as something of a cheerleader for the �new economy�. Even

if some increase of productivity was real, his enthusiasm contributed to investors�

euphoria. They seized on all of his comments to justify their bullishness about future

pro�ts" (The Economist, September 5, 2002).

As a �rst note, this model highlights the role of public information in coordinating

expectation of equity market participants in achieving socially desirable outcomes.

To the extent that policy makers can a¤ect the equity market sentiment, as Mr.

Greenspan arguably did, then optimism becomes an important policy instrument.

Importantly, optimism has the feature of a innovative policy instrument, whether or

not in control of policy makers. Indirectly, optimism "subsidizes" R&D investment

of individual R&D producers that are �nanced by "taxing" the consumers in terms

of excess capital losses. Unlike a system of direct taxes/subsidies, optimism is a

purely market based mechanism and does not distort any incentives. Consumers

are "voluntarily" taxed, and �rms have incentives to invest the equity funds in

R&D. From the viewpoint of a policy maker, it requires no superior information at

the �rm-level R&D production.

It suggests though that the policy maker has superior information regarding

which new technologies/industries bear the scope for signi�cant productivity gains.

Care needs to be taken also for injecting the su¢ cient degree of optimism that

would unravel these productivity gains. Also, the results suggest that optimism

as an instrument at the hands of policy makers is not inexhaustible. The use of

optimism injections comes at the cost of loss of credibility. This is especially due

to the fact that policy makers have an incentive to transmit optimism to the equity

market over the entire business cycle.

Considering the question whether equity market optimism can be good for wel-

fare, the key message of this paper is that when evaluating any episode of equity

overpricing, one needs to take into account its e¤ect for R&D activity and through

this its long-run impact. The questions whether the late 1990s was an episode where

the conditions for welfare gains were met, or whether Alan Greenspan standing as

a "cheerleader" of the new economy bene�ted the United States or not, is left for

empirical investigation.
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A Proof of Proposition 1

The proof starts with specifying the equilibrium R&D growth rate and consumption

in PI economy. From (6) and (23), the growth rate in PI economy is constant at

gPIA � gPIA;t = �
1

1��

�
��

R� 1

� �
1��

.

Given that from (12) and (23), P PI +�t =
��
R�1 +�� = R

��
R�1 = RP

PI and there are

no excess capital gains (or losses) in PI economy. Therefore, aggregate consumption

(21) simpli�es to CPIt = RwPIt�1L. Using, w
PI
t�1 = (1� �)Y PIt�1 and (20) this can be

expressed as

CPIt =
R

�
��APIt�1: (34)

In the model economy, the equilibrium prices are given by (22). Given that

P�+k > P PI for 8k 2 f0; :::; T � 1g and Pt = P PI for any t < � and t � � + T ,

the R&D growth rate (15) is gA;t = gPIA , t < � and t � � + T; and gA;�+k > gPIA ,

8k 2 f0; :::; T � 1g. As a result, At > APIt , 8 t > � , so that Rwt�1L = R
�
��At�1 >

R
�
��APIt�1, 8 t � � + 2.

Given the path of prices, the corresponding path of excess capital gains or losses

is:

(Pt + �t �RPt�1)At = 0; 8t 2 Z : t 6= � + 1; � + T;

(P� + �� �RP��1)A� = �z
��

RT
A� ;

(P�+T + ��+T �RP�+T�1)A�+T = ��z��A�+T :

Consolidating the above information,

Ct = C
PI
t , 8t < �;

C� = �z
��

RT
+
R

�
��A��1 = �z

��

RT
+ CPI� > CPI� ;

C�+k =
R

�
��A�+k�1 >

R

�
��API�+k�1 = C

PI
�+k;8k 2 f2; :::; T � 1g ;

In period t = � + 1, there are no excess gains or losses and there are no realized
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wage bene�ts, so that

C�+1 =
R

�
��A� = C

PI
�+1;

while in period t = � + T , consumers on the one hand receive excess capital losses

and on the other hand wage gains. They consume

C�+T =
R

�
��A�+T�1 � �z��A�+T . (35)

Whether this is higher or lower than in PI economy depends on the parameters of

the model.

B Proof of Corollary 1.1

Given the results in Proposition 1, all generations of consumers gain from opti-

mism i¤ C�+T
CPI�+T

� 1. For period t = � + T � 1, the equilibrium equity price is

P�+T�1 =
��
R�1 + z�

��
R
, such that by (15) the R&D growth rate is gA;�+T�1 =

�
1

1��
�
��
R�1
� �
1��
�
1 + z�R�1

R

� �
1�� = gPIA

�
1 + z�R�1

R

� �
1�� . From (34) and (35), the con-

dition C�+T
CPI�+T

� 1 can be expressed as

G1(�; T )G2(�) � 1, where (36)

G1(�; T ) � A�+T�1
API�+T�1

and G2(�) � 1� z� �R
h
1 + gPIA

�
1 + z�R�1

R

� �
1��
i
. (37)

Since A�+T = (1 + gA;�+T�1)A�+T�1 and At = APIt , G1(�; T ) =
Q�+T�2
k=� (1+gA;k)

(1+gPIA )T�1
.

Using, (15) and (22), gA;k = gPIA
�
1 + z� R�1

RT�k+�

� �
1�� for any k 2 f�; ::; � + T � 2g.

From here gA;�+T�2 > gA;�+T�3 > ::: > gPIA > 0, it is clear G1(�; T ) > 1 and

G1(�; 2)=
1+gA;�+T�2
1+gPIA

�G1(�; T ) for any T � 2. Therefore, a su¢ cient condition for

(36) to hold is that

F (�) �
"
1 + gPIA

�
1 + z�

R� 1
R2

� �
1��
#
G2(�)�

�
1 + gPIA

�
� 0.

One needs to investigate the conditions under which there exists � > 0, such

34



that the above condition holds true. Note that F (0) = 0 and lim
�!1

F (�) = �1.30

Furthermore note that F (�) is continuous in �. For the purpose of this proof, it is

su¢ cient to exclude that F (�) < 0 for any � > 0. Therefore, it becomes su¢ cient

that F (�) > 0 when making a small step away from � = 0, i.e., F 0(0) > 0. Given

that

F 0(�) = z
R� 1
R2

�

1� �g
PI
A

�
1 + z�

R� 1
R2

� �
1���1

G2(�)+

� z �
R

 
1 + gPIA

�
1 + z�

R� 1
R2

� �
1��
!�

1 + gPIA
�
1 + z�R�1

R

� �
1��
�

� z2� �
R
gPIA

�
1��

R�1
R

 
1 + gPIA

�
1 + z�

R� 1
R2

� �
1��
!�
1 + z�R�1

R

� �
1���1 ;

then the result is

F 0(0) = z
R� 1
R2

�

1� �g
PI
A � z �

R

�
1 + gPIA

�2
:

Therefore, F 0(0) > 0 i¤

R�1
R

�
1�� > �

(1+gPIA )
2

gPIA
= �

�
1+�

1
1�� ( ��

R�1)
�

1��
�2

�
1

1�� ( ��
R�1)

�
1��

: (38)

Ceteris paribus, for ��� > R� 1, which ensures that @g
PI
A

@�
> 0, the above condition

is more likely to hold for higher values of �. Under the assumption ��� > R�1, the

LHS of the above inequality becomes an increasing function of �, while the RHS a

decreasing one. Therefore, there exists �� = ��(�; �; L; �; �;R) such that the condition

(38) holds true, 8� > ��, where �� is a solution of (38) with equality. This proves the

�rst part of Corollary 1.1. Note that since F (�) is a continuous function in �, then

ceteris paribus, 8� > ��, Corollary 1.1 is true at least for a range of � 2 (0; ��], where

F (��) = 0.

30This is because

F (�) = �
�+1
1��

�h
��

�
1�� + gPIA (��

�
1�� + zR�1R2 )

�
1��

in
��

1
1�� � z �R

h
��

�
1�� + gPIA (1 + zR�1R )

�
1��

io
� 1+gPIA

�
�+1
1��

�
and since lim

�!1
�~� =1 for any ~� > 0, then because the term in parentheses is �nite and negative,

it follows that lim
�!1

F (�) = �1.
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Finally, in order to show that d�
dT
> 0, apply the implicit function theorem for

G(�; T ) � G1(�; T )G2(�)� 1 = c > 0:

Then, d�
dT
= �GT

G�
= �

@G1(�;T )
@T

G2(�)
@G1(�;T )

@�
G2(�)+G1(�;T )G02(�)

, where given the analysis above it is

straightforward that @G1(�;T )
@�

> 0 and G02(�) > 0.

Therefore, @G1(�;T )
@�

G2(�) + G1(�; T )G
0
2(�) > 0, and for

d�
dT
> 0, it is su¢ cient that

@G1(�;T )
@T

< 0.

Given that T is a discrete variable, @G1(�;T )
@T

< 0 holds if G1(�;2)
G1(�;3)

> G1(�;3)
G1(�;4)

>

G1(�;4)
G1(�;5)

> :::, etc. From the results at the beginning of this section G1(�; 2) =

1+gPIA (1+z�
R�1
R2
)

�
1��

1+gPIA
, G1(�; 3) = G1(�; 2)

�
1+gPIA (1+z�

R�1
R3
)

�
1��

�
(1+gPIA )

2 , G1(�; 4) = G1(�; 3)

�
1+gPIA (1+z�

R�1
R4
)

�
1��

�
(1+gPIA )

2 ;

etc. As
�
1 + z�R�1

RT

� �
1�� is decreasing in T , it is clear that G1(�;T�2)

G1(�;T�1) >
G1(�;T�1)
G1(�;T )

and
@G1(�;T )

@T
< 0. Therefore given that � > ��, the degree of optimism, �, that increases

consumption of the generation consuming in period � + T is higher.

C Proof of Corollary 1.2

The �rst-best allocations maximize the PDV of aggregate consumption in the econ-

omy (or equivalently the PDV of wealth).31 The solution focuses on a steady-state

growth path.

From (3), Xt =
R At
0
�xt(j)dj, and (9), consumption in period t is

Ct = (�L)
1�� R At

0
x�t (j)dj�

R At
0
�xt(j)dj+RMt�1�Mt. Replacing this in aggregate

welfare W1 =
P1

t=1
1

Rt�1Ct, and using the law of motion for R&D from

At+1 = �I
�
t A

1��
t + At (39)

31It is assumed that there is perfect information regarding �t 8t. The solution to the deterministic
equilibrium provides with a useful benchmark for the PI and the model economy.
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(see (6) and (7)), the social planner solves

max
It;xt(j);At+1

�X1

t=1

1

Rt�1

�
(�L)1��

Z At

0

x�t (j)dj �
Z At

0

�xt(j)dj � It +

+qA;t
�
At + �I

�
t A

1��
t � At+1

��	
;

where qA;t is the social value of a variety in terms of �nal output. Given the welfare

criterion, the decision regarding Mt drops out of the aggregate welfare given the

discount rate of 1
R
, M0 is given and lim

t!1
1

Rt�1Mt ! 0.

The FOC with respect to investment in intermediate-good varieties
1

Rt�1

h
�
�
��L
�1��

x��1t (j)� �
i
= 0;8j; implies that its optimal level is constant over

time and the same across varieties

xSP =

�
�

�

� 1
1��

�L;8j:

The condition for optimal R&D investment 1
Rt�1

�
�1 + qA;t��I��1t A1��t

�
= 0,

implies that opportunity cost of R&D investment within each period equals its

marginal product
1

qA;t
= ��

�
�SPt
���1

; (40)

where �SPt � ISPt
ASPt

. In a steady state R&D growth rate is constant gSPA;t = g
SP
A . Given

(39), �SPt =
�
gSPA
�

� 1
�

= �SP is constant as well and (40) implies constant value of a

variety qA;t = qA. The optimal decision on At+1 implies that

RqA =
�
(�L)1��

�
xSP

�� � �xSP �+ qA �1 + (1� �)� ��SP ��� ;
where the path of At ensures that the TVC condition, limT!1

qA
RT
AT = 0, is satis�ed.

For the latter it is su¢ cient that gSPA < R � 1. The last two marginal conditions

jointly require that the returns on the two assets are equal,

R� 1 = ��1=�
�
gSPA
� ��1

�
��

�
1

1��
+ (1� �)gSPA : (41)

Using the returns�equation result back into 1
qA
= ��1=�g

SP ��1
�

A , it follows that
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the value of a new variety is

P SP � qA =
��

�
1

1��

1

R� (1� �)gSPA � 1 ; (42)

where R � 1 > (1 � �)gSP holds true from the TVC condition. The latter directly

contrasts with the market value of a new variety in the PI economy, which is given

by its equity market valuation (23). Comparing (23) with (42),

P SP

P PI
=

1

�
1

1��

R� 1
R� (1� �)gSPA � 1 :

Given that � < 1; P SP > P PI for any parameter values.

D Proof of Corollary 1.3

From (40), the socially optimal investment is �SP = (qA��)
1

1�� . Using then (39),

the corresponding growth rate of R&D is gSPA = �
�
�SP
��
= �

1
1�� (qA�)

�
1�� . In the

PI economy, the growth rate of R&D is given by (15) when Pt = P PI as gPIA =

�
1

1��
�
P PI

� �
1�� and the investment �PI =

�
P PI�

� 1
1�� .

This implies that there is underinvestment in R&D compared to the socially

optimal (�PI < �SP ) and lower R&D growth (gPIA < gSPA ) if P PI < qA�. From (23)

and (42), this holds if

�qA
P PI

=
�

�
1

1��

R� 1
R� (1� �)gSPA � 1 > 1:

A su¢ cient condition for this is � � �
1

1�� , which is assumed to be the case in Section

2.

If � < �
1

1�� , there would be a tendency toward "overinvestment" in R&D in PI

economy because of congestion externality and the optimal growth rate could be

lower than in PI economy.32

32Notice that in the extreme case where �! 0, there is always overinvestment in the PI economy,
i.e., �qA

PPI = 0 < 1 and two high R&D growth, i.e., lim
�!0

gSPA = 0 and lim
�!0

gPIA = �.
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E Proof of Proposition 2

For the following analysis it is useful to de�ne the "consolidating" public signal

�̂t�T+k �
�~�

�~�+��
~�t�T+k+

��
�~�+��

�� = z ~�t�T+k+(1� z) ��. Then one can write �̂t�T+k =

�t+k + "�̂;t�T+k, where "�̂;t � N
�
0; 1

��̂

�
and ��̂ � �~� + ��. This summarizes the

information about productivity in t+ k, updated based on the public signals only.

In order to derive the equilibrium equity price, the following steps are followed:

1) There is an original conjecture for the equilibrium price�s function. Given the

distributional assumptions and the assumed information structure, a valid guess is

PN;t = �
hPT

k=1

�
�k�t+k + �̂k�̂t�T+k

�
+ ����

i
� �s;1st; (43)

where �k; �̂k; �� and �s;1 are unknown parameters.

2) In order to derive the average moments �E [PN;t+1 + ��t+1j
N;t] and

V ar [PN;t+1 + ��t+1j
N;t], we forward (43) by one period and add �t+1 = ��t+1.

3) Once the average moments are calculated as a function of �k; �̂k; �� and �s;1,

they are used to substitute out the respective moments in (29). It needs to be veri�ed

that V = Var [PN;t+1 + ��t+1j
N;t] is constant over time and across investors.

4) Coe¢ cients of the (29) and (43) are matched and solve for �k; �̂k; �� and �s;1.

This step veri�es the original conjecture (43).

Given (43) from the �rst step, note that derivation of �E [PN;t+1 + �t+1j
N;t] and

V ar [PN;t+1 + �t+1j
N;t] requires that one aggregates the corresponding moments

across investors. This in turn requires �rst to derive the individual investors�ex-

pectation and variance for
n
�t+k; �̂t+k; ��; st+1

o
for any k > 0. Inspection of 
N;t(i)

implies that for k 2 f1; ::; Tg, the only �̂t�T+k and �t�T+k (i) are informative signals

about �t+k. Therefore,

E [�t+kj
N;t (i)] = E
h
�t+kj�̂t�T+k; �t�T+k (i)

i
= ��

��̂+��
�t�T+k (i) +

��̂
��̂+��

�̂t�T+k;

Var [�t+kj
N;t (i)] = Var
h
�t+kj�̂t�T+k; �t�T+k (i)

i
= 1

��̂+��
;

for every investor i. De�ning � � ��
��+�~�+��

= ��
��̂+��

, then rewrite E [�t+kj
N;t (i)] =

��t�T+k (i) + (1� �) �̂t�T+k: Note that trivially E
h
�̂t+kj
N;t (i)

i
= �̂t+k and
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Var
h
�̂t+kj
N;t (i)

i
= 1

��̂
.

For k > T the only available information about �t+k is its prior distribution, i.e.,

the only available signal is ��. Therefore, E [�t+kj
N;t (i)] = �� andVar [�t+kj
N;t (i)] =
1
��
. It also follows that E

h
�̂t�T+kj
N;t (i)

i
= �� and Var [�t+kj
N;t (i)] = 1

��
+ 1

��̂
=

��+��̂
����̂

. Finally, it is straightforward that E
�
��j
N;t (i)

�
= �� and E [st+1j
N;t (i)] = 0.

Using the above results regarding investors�individual expectations andR 1
0
�t�T+k (i) di = �t+k, it holds that

�E [PN;t+1 + ��t+1j
N;t] = �
h
��t+1 + (1� �) �̂t+1

i
+ (44)

+ �
PT�1

k=1

n
�k

h
��t+k+1 + (1� �) �̂t�T+k+1

i
+ �̂k�̂t�T+k+1

o
+ � (�T + �̂T + ��) ��;

and the variance is time invariant and the same across investors, i.e.,

V = Var [PN;t+1 + ��t+1j
N;t (i)] = �2
�

1
��̂+��

+
PT�1

k=1

�2k
��̂+��

+
�2T
��
+

�̂2T (��+��̂)
����̂

+
�2s;1
�s

�
:

(45)

Replacing (44) and (45) in (28) one can equate the coe¢ cients with (43). Doing

so, �1 = �
R
and �k = �k�1 �R for k 2 f2; :::; Tg. Solving this iteratively gives �k =

�k

Rk
. Also, �̂1 = 1��

R
and �̂k =

�k�1(1��)+�̂k�1
R

, which gives �̂k = 1��k
Rk

for k 2

f2; :::; Tg. Given these, we can �nd �� from �T+�̂T+��
R

= �� as �� = 1
RT (R�1) . The last

coe¢ cient �s;1 =

V
R
=


�2

 
1

��̂+��
+
PT�1

k=1

�
�k

Rk

�2 1
��̂+��

+
�
�T

RT

�2 1
��
+
�
1��T
RT

�2 ��+��̂
����̂

+�2s;1
1
�s

!
R

.

The solution to this quadratic equation solves for �s;1 and determines V =
R�s;1


.33

The solution for these coe¢ cients con�rms that the initial equilibrium price function

guess was valid.

Finally replacing �k, �̂k for k 2 f1; ::; Tg ; �̂ and �s;1 in (43) and using the

de�nition of �̂t�T+k gives (29).

33To ensure a well-de�ned solution for �s;1 and V , a su¢ cient condition is�
R

�2

�2
� 4 1�s

�
1

��̂+��
+
PT�1

k=1

�
�k

Rk

�2
1

��̂+��
+
�
�T

RT

�2
1
��
+
�
1��T
RT

�2 ��+��̂
����̂

�
. When this is satis-

�ed as equality, it implies a minimum real bound for the variance: V � R2�s
2
2�2 .
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F In�nite-horizon model equilibrium equity price

It is conjectured that the equilibrium equity price takes the form (33). De�ning the

"consolidating" public signal as in Appendix E as �̂t�T+1 � z ~�t�T+k + (1� z) �� =

�t+k + "�̂;t�T+k, where "�̂;t � N
�
0; 1

��̂

�
and ��̂ � �~� + ��, the conjectured equity

price (33) can be expressed in matrix form as

Pt = �
h
M0

1�t + M̂0�̂t + ��
i
; (46)

where �t = (�t+1; ::; �t+T ;
st�T+1
�
; ::; st

�
)0 contains the variables that a¤ect equity

prices and are unobservable by consumers. The vector �̂t = (�̂t�T+1; :::; �̂t)0 contains

the consolidating public signals. The independent presence of �� is used to facilitate

the numerical solution and does not a¤ect the results, apart from making the price

more explicitly a function of potential innovations in future productivity. Finally,

the vectors of coe¢ cients, �,M1 = (�1; ::; �T ;��s;1; ::;��s;T )0 and M̂ = (�̂1; ::; �̂T )
0,

depend on the parameters that govern the distributions of the various shocks and

signals.

As for the model with naive expectations, the solution method starts from (28),

assuming that the price equation is in the form of (46).

Conditional only on the public signals, the "prior" distribution of �t (2T �1) is:

�t � N (�̂0;t;��);

�̂0;t = (�̂t�T+1; :::; �̂t; 0; ::; 0)
0

�� =

0BBBBBBBBBBBB@

1=�b� 0 � � � 0

0
. . .

...

1=�b�
1= (�2�s)

...
. . .

...

0 � � � 1= (�2�s)

1CCCCCCCCCCCCA
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The price signals for k = [0; T � 1] are de�ned as:

~Pt�k = Pt�k � ���� �M̂0�̂t � �
kP
l=1

�
�l�t�k+l � �s;l

st�T�k+l
�

�
:

The vector of observables for investor i trading in period t is de�ned as

�t(i) = ( ePt; :::; ePt�T+1; vt�T+1(i); :::; vt(i))0, �t(i) is (2T � 1). Then
�t(i) = �M�t + "t;

"t = (0; :::; 0; "t(i); :::; "t�T+1(i))
0

M =

0BBBBBBBBBBBBBBBBBB@

�1 : : : �T�1 �T ��s;1 : : : ��s;T�1 ��s;T
�2 : : : �T 0 ��s;2 : : : ��s;T 0
...

. . . 0 0
...

. . . 0 0

�T : : : 0 0 ��s;T : : : 0 0

1=� : : : 0 0 0 : : : 0 0
...

. . . 0 0
...

. . . 0 0

0 0 1=� 0 0 0 0 0

0 0 0 1=� 0 0 0 0

1CCCCCCCCCCCCCCCCCCA

:

This implies that

�t(i)j�t � N (�M�t;��);

�� =

0BBBBBBBBBBBB@

0 � � � 0 0 � � � 0
...
. . .

...
...

. . .
...

0 � � � 0 0 � � � 0

0 � � � 0 1=�� � � � 0
...
. . .

...
...

. . .
...

0 � � � 0 0 � � � 1=��

1CCCCCCCCCCCCA
The updated distribution of the unobservables, conditional on the observables
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for each of the consumer i, is found with the use of the projection theorem:

E[�tj�t(i)] = �̂0;t + ���M0(�2M��M0 + ��)
�1(�t(i)� �M�̂0;t)

Var[�tj�t(i)] = �� � �2��M0(�2M��M0 + ��)
�1M�� � V�;

where V� indicates that the conditional variance of unobservables, which is constant

over time and the same from the point of view of every consumer. Aggregating over

all rational investors, provides with the average expectations of the unobservables:

E[�tj�t] = (I �QM)�̂0;t +QM�t;

where Q � �2��M0(�2M��M0 + ��)
�1 and I is the (2T � 2T ) identity matrix.

Using this:

E[Pt+1 + ��t+1j
t] = �((�T + �̂T + ��)�+ (M0
2(I �QM) + M̂0

2)�̂0;t +M0
2QM�t)

(47)

V � Var[Pt+1 + ��t+1j
t] = �2
h
M0

2V�M2 + �
2
T
1
��
+ �̂2T

��̂���
��̂��

+
�2s;T
�2

1
�s

i
;

whereM0
2 = (1; �1; ::; �T�1; 0;��s;1; ::;��s;T�1) and M̂0

2 = (0; �̂1; ::; �̂T�1; 0; 0; :::; 0).

The variance is veri�ed to be constant over time and homogeneous across con-

sumers. It depends on the coe¢ cients and precision of shocks. The average expec-

tation is linear in future productivity, historical noise trading and public signals,

while st enters into price equation from (28) directly. Therefore, the prices take the

form of the conjectured price equation and the vectors of coe¢ cients M1 and M̂

can be recovered numerically by replacing the above results into (28) and equating

coe¢ cients with (46). Using then the de�nition of �̂t�T+1 implies that equilibrium

equity price takes the form (33).

G Proof of Proposition 3

Assume that "~�� = ��� and "~��+1 = ����+1�. For the proof of the result, it is

su¢ cient that there exist �� > 0 and ��+1 > 0 such that Ct � CPIt for every t.
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Using (21) and (23), consumption in PI economy is always proportional to the

level of technology CPIt = APIt�1
R
�
��. Using (15), the growth rate of R&D is constant

gPIA = �
1

1��
�
P PI

� �
1�� , where P PI is given by (23).

Similarly to Corollary 1.1, it is easy to show that equilibrium allocations in the

model and the PI economy are identical before period � , i.e., Ct = CPIt , for t < � ,

while C�+k = R
�
��A�+k�1 >

R
�
��API�+k�1 = C

PI
�+k for k > 3, due to the temporarily

higher R&D growth in the model economy.

In the model economy equity prices will be higher for three consecutive periods

and from (33) are given by

P� =
��
R�1 + z�̂2���� > P

PI ;

P�+1 =
��
R�1 + z�̂1����+ z�̂2�����+1� > P

PI ;

P�+2 =
��
R�1 + z�̂1�����+1� > P

PI :

Using (15), the growth rate of technology will also be higher for three consecutive

periods and can be expressed as

gA;� = g
PI
A (1 + (R� 1) z�̂2�� )

�
1�� > gPIA

gA;�+1 = g
PI
A (1 + (R� 1)��z (�̂1 + �̂2��+1))

�
1�� > gPIA

gA;�+2 = g
PI
A (1 + (R� 1) z�̂1����+1)

�
1�� > gPIA :

Consumption in period � is given by C� = z�̂2����A
PI
� + API��1

R
�
�� > CPIt ,

whenever �� > 0 because of higher equity prices they receive. Hence, one needs to

�nd conditions that make the remaining three generations (consumers in �+1; �+2

and � + 3) at least as well o¤ as the PI economy.

Consumption in � + 1 is

C�+1 = z���(�̂1 + �̂2��+1 �R�̂2)�API� (1 + gA;� ) + API�
R

�
��:

Therefore, C�+1 � CPI�+1 i¤ ��+1 � R�̂2��̂1
�̂2

> 0.34 Because is su¢ cient if this

34Because of higher order beliefs (as in Section 4.1) and the additional information about �t+2
that is revealed by equity prices in t + 1, it holds that �̂2 >

�̂1
R . Thus, the weight on the public
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condition is satis�ed with an equality, then

��+1 =
R�̂2 � �̂1
�̂2

:

Consumption in period � + 2 is given by

C�+2 = �
R�̂1�̂2 + (R�̂2 � �̂1)2

�̂2
z����A

PI
� (1+ gA;� )(1+ gA;�+1)+R

��

�
API� (1+ gA;� );

and Ct+2 � CPIt+2 if there is �t > 0 such that F (�t) � 0, where

F (�t) �
�
gA;t � gPIA

�
�
�
�
R�̂1�̂2 + (R�̂2 � �̂1)2

�
R�̂2

z�t(1 + gA;� )(1 + gA;�+1):

Note that F (0) = 0. It is su¢ cient for the purpose of this proof that one examines

whether the above condition holds true in the neighborhood of �t = 0, i.e., employing

the �rst-order Taylor approximation: F (�t) ' F 0(0)�t. The su¢ cient condition boils

down to the condition for F 0(0) > 0. In order to simplify the analysis de�ne,

gA;� = g
PI
A (1 + g0�� )

�
1�� ; g0 � (R� 1) z�̂2

gA;�+1 = g
PI
A (1 + g1�� )

�
1�� ; g1 � (R� 1)Rz�̂2

gA;�+2 = g
PI
A (1 + g2�� )

�
1�� ; g2 � (R� 1) z

�̂1 (R�̂2 � �̂1)
�̂2

.

and

F (�� ) = g
PI
A

h
(1 + g0�� )

�
1�� � 1

i
� g3��

h
1 + gPIA (1 + g1�� )

�
1��

i h
1 + gPIA (1 + g2�� )

�
1��

i
; g3 �

z�
�
R�̂1�̂2 + (R�̂2 � �̂1)2

�
R�̂2

:

signal (adjusted for R) must decrease over time.
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Therefore,

F 0(�t) = g
PI
A

�

1� � (1 + g0�� )
�

1���1 g0

� g3
h
1 + gPIA (1 + g1�� )

�
1��

i h
1 + gPIA (1 + g2�� )

�
1��

i
� g3��gPIA

�

1� � (1 + g1�� )
�

1���1 g1

h
1 + gPIA (1 + g2�� )

�
1��

i
� g3��gPIA

�

1� � (1 + g2�� )
�

1���1 g2

h
1 + gPIA (1 + g1�� )

�
1��

i
When �� = 0, F 0(0) = gPIA

�
1�� � g3(1 + g

PI
A )

2. Therefore, the su¢ cient condition

for F 0(0) > 0 is that parameters satisfy

gPIA
(1 + gPIA )

2

�

1� � > g3: (48)

The proof that there are parameters that ensure the existence of �� > 0 such

that C�+3 > CPI�+3 follows similar arguments. Consumption in period � + 3 is

Ct+� = �R����
z�̂1 (R�̂2 � �̂1)

�̂2
APIt (1 + gA;� )(1 + gA;�+1)(1 + gA;�+2)

+ APIt (1 + gA;� ) (1 + gA;�+1)
R

�
��

and Ct+3 > CPIt+3 if there exist �� > 0, such that G(�� ) � 0, where

G(�� ) �
h
(1 + gA;� ) (1 + gA;�+1)�

�
1 + gPIA

�2i
� �z�̂1 (R�̂2 � �̂1)

�̂2
�� (1 + gA;� )(1 + gA;�+1)(1 + gA;�+2):

Hence, G(�t) =

h
1 + gPIA (1 + g0�� )

�
1��

i h
1 + gPIA (1 + g1�� )

�
1��

i
�
�
1 + gPIA

�2
� g4��

h
1 + gPIA (1 + g0�� )

�
1��

i h
1 + gPIA (1 + g1�� )

�
1��

i h
1 + gPIA (1 + g2�� )

�
1��

i
;
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where g4 � � z�̂1(R�̂2��̂1)�̂2
. Note that G(0) = 0, and G0(�� ) =

gPIA
�
1�� (1 + g0�� )

�
1���1 g0

h
1 + gPIA (1 + g1�� )

�
1��

i
+ gPIA

�
1�� (1 + g1�� )

�
1���1 g1

h
1 + gPIA (1 + g0�� )

�
1��

i
� g4

h
1 + gPIA (1 + g0�� )

�
1��

i h
1 + gPIA (1 + g1�� )

�
1��

i h
1 + gPIA (1 + g2�� )

�
1��

i
� g4�� �

1�� (1 + g0�� )
�

1���1 g0

h
1 + gPIA (1 + g1�� )

�
1��

i h
1 + gPIA (1 + g2�� )

�
1��

i
� g4�� �

1�� (1 + g1�� )
�

1���1 g1

h
1 + gPIA (1 + g0�� )

�
1��

i h
1 + gPIA (1 + g2�� )

�
1��

i
� g4�� �

1�� (1 + g2�� )
�

1���1 g2

h
1 + gPIA (1 + g1�� )

�
1��

i h
1 + gPIA (1 + g0�� )

�
1��

i
:

When �� = 0, G0(0) = gPIA
�
1��(1 + g

PI
A )(g0 + g1) � g4(1 + gPIA )3. The su¢ cient

condition for G(�� ) > 0 for the existence of a su¢ ciently small �t > 0 is

gPIA
(1 + gPIA )

2

�

1� � >
g4

g0 + g1
: (49)

To summarize, by (48) and (49), the su¢ cient condition for the existence of a

small strictly positive �� that provides Ct � CPIt , for any t, is

gPIA
(1 + gPIA )

2

�

1� � > min
�

g4
g0 + g1

; g3

�
:

This condition is likely to be satis�ed for su¢ ciently low levels of congestion, i.e.,

high �.
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