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OLQNV DUH GHIHUPLQHG EN\ H[ SHQGLIXUHV RQ GHPDQG DQDONVLY LQ D SUHVHQI SHULRG DQG EHQHILIV ILRP
WKLV DFILYLIN LH VPDOOHU YDULDQFH RI WKH SUHGLFILRQ HUURU LQ IXWXUH SHULRGY SVWXPLQJ IIKDI KH
PRQRSRO\ PD[LPL]HV LIV IIRIDO GLVFRXQIHG H[SHFIHG XHLOLIN\ TURP WKH SURILY LQ LQGHILQLIH ILPH WKH
RXIFRPHV ZH GHULYH FRPH XQGHU IIKH IRIORZLQJ KHDGLQJIV )W ZH VKRZ WKDIl WKH RSILPDO
IRUHFDVILQJ VIUDIHIN\ LV VIDILRQDU\  6HFRQG EDVHG RQ WKH DQDONVLV RI lIKH VWIHDG\ VIDIH ZH I1LQG IIKDH
RQO\ PRQRSROLHV PDQDJHG EN\ ULVN DYHUVH LQGLYLGXDOV DUH FRQFHUQHG DERXW GHPDQG IRUHFDVIV

7KLUG ZHH[DPLQH WKH H[LWHQFH DQG WKH XQLTXHQHWV RI iKH RSILPD0 GHPDQG IRUHFDVILQJ VIUDIHI\
LQ ULVN DYHWH PRQRSROLVILF ILUPV )LQDION ZH LQYHWILIDIH WKH ZHOIDUH HITHFIV Rl GHPDQG
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RQ WKH H[SHFIHG GHDGZHLJIKII 0RVWV DQG IIKH H[ SHFIHG FRQVXPHU VXUSOXV FDQQRI EH XQDPELJIXRXVO\
GHIHUPLQHG DQG GHSHQGV RQ WKH SURSHUILHV RI VIRFKDVILF GHPDQG

-H\ZRUGV ORQRSRO\ GHPDQG XQFHUIDLQIN\ IRUHFDVILQJ GDWD SURFHWLQJ

-(/ &DWLILFDILRQ ~ >/

"7KLV ZRUN ZDV VXSSRUIHG EX IKH (6& *UDQI DI &(5*( (, , ZLVK IR IKDQN *U . UHSLPLU
alJL- IRV LQIHUHWHLQJ DQG XVHIX0 GLVFXVWLRQV RQ IIKH VXEIHFI PDIfHU RI WKLY SDSHU , DP DOVR JUDIHIXO
IR 3URI -DQ - PHQID DQG *U OLIDQ +RUQLDFHN IRV KHOSIX0 VXJJIHVILRQV DQG YDOXDEOH FRP PHQIV



SEVIUDNII

7DIR SUgFH KRGQRI UROL SURIQOTRYgQnD JSUDFRYGQn GDI'Y PRQRSROLVILFNK ILUP  NiiHUg £Hon QHXUELiK
SRSIigYFH ORQRSROIH KRGQRFHQ Y G\QDPLFNKP PRGHIX SUR YIFH $DVRY<FK REGREN OH]JL{DVRYk
SURSRIHQN IH GGQR Y<GDIL QD DQDO<]X SRSIGYN\ Y VRXDVQkP REGRER D X*LIN\ IH* SONQRX ] UKIR
DQDO<]\ W]Q PHQSN YDULDQFH FK\EN SUHGLNFH Y S_nSIFK REGREIFK =D S_HGSRNODGX "H PRQRSRY
PD[LPDIL]XIH FHINRYRX GLYNRQIRYDQRX RtHNgYDQRX X *LiHQRVI JLUNX Y QHRPHJHQKP DVH PRKRX
E<i QDSH Y<VOHGN\ VKUQXI\ GR QgVOHGXWFIFK ERG 8NgJDIL IVPH *H RSILPgOQn VIUDIHJLH
SURJQRTRYgQn IH VIDFLRQ@UQn = DQDO<J\ XVIiGOHQKKR VIDYX SONQH *H SRX]H PRQRSRON i]HQk
IHGQRIOLYFLVDYHUJnY $LULJLNX EHURX Y rYDKX SRSIGYNRYK SURJQ0J\  =NRXPDIL IVPH H[LVIHQFL
D IHGQR]QD1QRVI RSILPg0Qn VIUDIHILH SURIQ0]RYgQ SRSHgYN\ X PRQRSRILVILEN<FK ILUHP V DYHUTn
NULJLNX  =NRXPDOLIVPHIDNk GRSDG\ SURJQOJRYgQn SRSIgYN\ PRQRSRILVILFN<FK ILUHP VDYHUTn
N UJLNX QD EODKRENH O<VOHGN\ XND]XIn *H SURJQ0]RYgQn SRSIGYN\ PRQRSROLVILFN<FK ILHP
YHGH NH ]Y<8HQn RtHNgYDQk KRGQRIN S,HENINX Y<UREFH > VOHGN\ SURJQ0]JRYgQn QD REHNGYDQRX
XPUIYHQRX TWUgliX D QD RHNgYDQ< VSR HELIHVN< S,HENIHN QHPRKRX E<IIHGOR]QD1Q WIDQRYHQ\
D JgOH"n QD YODVIQRVIHFK VIRFKDVILENK SRSIgYN\



1. Introduction

,0 HFRQRPLF IKHRU\ IIKH ILUP LV XVXDOO\ DQDONJHG XQGHU IIKH SUHVXPSILRQ WKDII LI
RSHUDIHV LQ D QRQVIRFKDVILF HQYLURQPHQI ,Q SUDFILFH KRZHYHU IKH ILUP LV QHYHU
VXUH DERXII D QXPEHU RI YDULDEOHV VXFK DV IDFIRU SULFHV WKH H[DFH VKDSH RI WKH
SURGXFILRQ IXQFILRQ RU IKH GHPDQG FXUYH DQG VR RQ (YHQ LI IKH ILUP NQRZV LIV
FRVIVIUXFIXUHV ZLIK FHWDLQIN LY YHUNUDUHON  LIHYHU  NQRZV SUHFLVHON IKH GHPDQG
FRQGLILRQV LI IDFHV (DUOLHU FRQIULEXHRUV IR WIKH IKHRUN RI IKH ILUP KDYH GHPRQVIUDIHG
IKDII IKH XQFHUIDLQIN RI GHPDQG FKDQJHV PDQ\ RI iKH WIDQGDUG UHVXOIV GHULYHG IRU
IKH ILUP XQGHU FHUIDLQIN H J  XQGHU XQFHUIDLQIN IKH PRQRSROLVILV QRI LQ JHQHUDO
LQYDULDQW EHIZHHQ TXDQILIN VHIILQJ RUSULFH VHINLQJ EHKDYLRU FKDQJHVLQ IL[HG FRVIV
DUH QRW LUUHOHYDQU IRU IIKH RSILPDO RXISXH SULFH GHFLVLRQV RI IKH ILUP IDFLQJ
XQFHUIDLQ GHPDQG HIF !

7KH ILUP IDFLQJ XQFHUIDLQ GHPDQG KDV EHHQ VXEWHFW RI D YDULHIN VWXGLHV VHH H J
6DQGPR /HDQG /P RU +H\ ,Q PRVIRI WKHVH SDSHWV
WKH ILUP V EHOLHIV DERXW GHPDQG DUH VXPPDUL]JHG LQ D VXENHFILYH SUREDELOLIN
GLVIULEXILRQ ZKLFK FDQQRW EH FKDQJHG EN IIKH ILUP V DFILRQV 7KH IDFW IKDII WKH ILUP
PD\ EH DEOH IR SUHGLFI FKDQJHV LQ GHPDQG RU DIl OHDVW IR GHFUHDVH WKH UDQJH RI
SRVWLEQH YDULDILRQV LV XVXDOO\ QHJOHFIHG LQ WKH VWIDQGDUG IUHDIPHQIV RI HFRQRPLF
EHKDYLRU XQGHU XQFHUIDLQIN +RZHYHU 1IKH DELOLI\ RI IKH ILUP WR SUHGLFI GHPDQG
DOIKRXJIK QRW DOZD\V SHUIHFW PD\ DIHHFI D QXPEHU Rl SDUDPHIHW RI HFRQRPLF
HTXLWLEULXP VHH HJ 1HOVRQ IRU DQ DQDONVLY RI XQFHUIDLQIN\ DQG SUHGLFILRQ
LQ FRPSHILILYH PDUNHIV

,0 IIKH SUHVHQI SDSHU ZH DQDONJH WKH RSILPDO IRUHFDVILQJ VIUDIHILHV RI HIKH
PRQRSRILVILF ILUP RSHUDILQJ LQ UKH PDUNHI ZLIIK XQFHUIDLQ GHPDQG LH ZH DWXPH
IKDW §KH UHODILRQVKLS EHIZHHQ TXDOQILILHV GHPDQGHG DQG PDUNHI SULFHV UDQGRPO\
YDULHV IURP SHULRG IR SHULRG ZKHUH IIKH PDUNHI DQDOVLV LV FRVIO\ DQG ILPH
FRQVXPLQJ ,Q SDUILFXODU ZH VIXG\ IKH EHKDYLRU RI WKH PRQRSRON LQ IKH PDUNHI
ZKHUH IIKH IIRID) GHPDQG FRPHV IURP D 0DUJH EXIl ILQLIH QXPEHU RI VRXUFHV 7KH
GHPDQG FXUYH LQ HDFK LOGLYLGXDO VRXUFH FKDQJHV UDQGRPON IURP SHULRG IR SHULRG
EXIl LO DQ\ ILPH SHULRG GHPDQG FKDQJHV DUH DVWXPHG IR EH FRUUHIDIHG ZLIK IIKH
FKDQJHV SULRU IR KLV SHULRG UHIOHFILQJ D FHUIDLQ LQHUIQHW LQ FRQVXPHU EHKDYLRU
BLOFH JDIKHULOJ DQG SURFHWLQJ LQIRUPDILRQ UHTXLUHV ILPH IKH VXP RI LQGLYLGXDO
GHPDQGV LH IKH WRID0 GHPDQG FDQQRI EH LQWIDQIHQRXVO\ GHIHUPLQHG LO
SDUILFXODU ZH DVVXPH IIKDH IKH UHVXOIV R1 iKH PDUNHI DQDO\VLY DUH DYDLODECH RQO\
DIIHU WKH HQG RI WKH SHULRG ~ &RQVHTXHQION IKH ILUP V RXISXH SULFH GHFLVLRQV KDYH

' 6HH /HIDQG IRU GHIDLOV



IR EH PDGH EDVHG QRIl RQ IKH FXUUHQI GHPDQG IXQFILRQ EXI RQ LIV SUHGLFILRQ

,Q HDFK SHULRG IKH SURILII PD[LPL]LQJ PRQRSROLVILF ILUP VHIV IKH YROXPH RI RXISXI
VLQFH Ll KDV D KLJK FRPPLIPHQI YDOXH ZLIKLQ D SHULRG RI ILPH LH HIKH RXISXI
GHFLVLRQV DUH LUUHYHUVLEOH ZLIKLQ WKH ILPH XQLI  7KH SULFH LV DWXPHG IR EH PRUH
I0H[LEOH DQG FDQ FKDQJH IR VRPH H[IHON GXH IR UHDO PDUNHI FRQGLILRQV +RZHYHU
IKH 1LUP LV VILOO DVWXPHG IR EH XQDEQH IR 0HDUQ IIKH IUXH GHPDQG IXQFILRQ GXULQJ IKH
XQUI RI ILPH 2 DQG FRQVHTXHQION KDV IR UHO\ RQO\ RQ IIKH UHVXOIV RI IKH GHPDQG
DQDO\VLY

LRIH IKDI E\ DOORZLQJ IRU D VPDWO SULFH DGUXVIPHQI ZH DYRLG IKH SURECHP Rl
LQYHQIRULHV DQG DQ\. SRIHQILDO 0RVVHV FRQQHFIHG ZLIK IKHP? VHH =DEH IRUDQ
DQDONVLY RI iKH EHKDYLRU RI §iKH PRQRSROLVILF ILUP LQ D PXOILSHULRG PRGH) ZLIK
LQYHQIRULHV

.| \KH ILUP ZHUH DEOH IR SUHGLFIl GHPDQG SHUIHFION L H LI Li NQHZ GHPDQG IRU LIV
SURGXFILRQ ZLIKRXII HURU IIKHQ Lk ZRX0G SURGXFH DQ RSILPD0 RXISXW DQG HDUQ WKH
KLIKHW SURILI +RZHYHU VLQFH GHPDQG IRUHFDVWV DUH EDVHG RQ SDWW GDID WKH
SUHGLFILRQ HUURU DSSHDW DQG FRQVHTXHQIO\ HKH ILUP V RXWSXI GHFLVLRQV GHYLDIH
IURP IKH RSILPD0 7DNLQJ LQHR DFFRXQW IKDIF PRUH SUHFLVH SUHGLFILRQV UHTXLUH PRUH
UHVRXUFHV IR EH GHYRIHG IR GDID SURFHWVLQJ LQ IIKH ILUP  EHIWHU SUHGLFILRQV RQ WKH
RQH KDQG PDNH IIKH ILUP V RXISXIl GHFLVLRQV FORVH IR RSILPDO EXII RQ WKH RIKHU
KDQG WKH\ LQGXFH DGGLILRQDO FRVIV FRQVHTXHQION WKH VHOHFWLRQ RI IKH RSHLPDO
GHPDQG IRUHFDVHLQJ VWUDIHIN\ IDFHV WKH WUDGLILRQDO WUDGH RI1 SUREOHP ZKLFK LV D WKH
FRUH RI DQ\ HFRQRPLF DQDONVLY

= KHUHDV IiKH QHFHWLIN DQG RUJDQL]DILRQDO DVSHFIV RI GDID SURFHWLQJ IRU WKH
SXUSRVH RI SUHGLFILQJ GHPDQG LQ WKH ILUP KDV EHHQ UHFHQIO\ SUHVHQIHG E\ SDGQHU
DQG 9DQ =DQGH OLWOH KDV EHHQ GRQH WR FRQVLGHU WKH HIIHFIV RI
GHPDQG IRUHFDVILQJ RQ HFRQRPLF HTXLOLEULXP 7KH SXUSRVH RI IIKH SDSHU LV IR
GHYHORS D PRGHORI D PRQRSROLVILF ILUP ZKLFK IDFHV VIRFKDVILF GHPDQG DQG ZKLFK

2 2XU DQDONVLY LV UHODIHG IR IKH TXDQILIN VHINLQJ EHKDYLRU DFFRUGLQJ IR ZKLFK IIKH ILUP VHIV IKH
TXDQILIN H[ DQ#H DQG WKHQ WKH RXWSXIi LV VROG DIf D SULFH REIDLQHG LQ IKH PDUNHI +RZHYHU XQOLNH
LQ WKH WDQGDUG TXDQILIN\ VHIILQJ PRGH ZH DVVXPH IIKDI IIKH ILUP FDQQRI 0HDUQ IIKH IUXH GHPDQG
FRQGLILRQV LQVSLIH R1 VRPH DGIXVIPHQW RT SULFH GXH WR PDUNHIl SUHVVXUH 7KH UHDVRQ LV IKDII IKH UXH
GHPDQG FKDQJHV RYHU ILPH VR WKH IWP LV QHYHU VXUH ZKHIKHU IKH FKDQJH LQ SULFH PHDQV
PRYHPHQI \RZDUGV WKH WXH GHPDQG IXQFILRQ RU UHIOHFIV VKLIWV RI WKDII IXQFILRQ 7KXV RXU
DWXPSILRQ LV PRUH UHVIULFILYH EXI DOVR PRUH UHDOLVILF

3 SOHUQDILYHON. IR FLUFXPYHQI IKH SUREOHP RI LQYHQIRULHV RQH FDQ IKLQN UKD IKH PRQRSROLVILF
ILUP XQGHU VIXG\ SURGXFHV VHUYLFHV RU SHULVKDEOH JRRGV



LQ RUGHU iR LPSURYH LIV SULFH RXWSXI GHFLVLRQV LV DEOH IR PDNH IRUHFDVIIV

7KH SDSHU SURYLGHV DQ DQDO\VLV RI WKH RSHLPD0 GHPDQG IRUHFDVILQJ VHUDIHIN LQ
PRQRSROLVILF ILUPV DQG LPSOLFDILRQV RI GHPDQG DQDO\VLY RQ RXWSXI SULFH GHFLVLRQV
RI WKH PRQRSRO\ DQG RQ IIKH GLVIULEXWLRQ RI' ZHOIDUH ,Q G6HFILRQ  VWRFKDVILF
GHPDQG LV FKDUDFHHUL]HG DQG IRUPDO0N GHILQHG 6HFILRQ  FRQWDLQV D GHVFULSILRQ RI
IKH GDID SURFHWLQJ IRU IKH SXUSRVH RI GHPDQG IRUHFDVILQJ LQ WKH ILUP ,Q 6HFILRQ
IKH REIHFILYHV RI D PRQRSROLVILF ILUP DUH SUHVHQIHG DQG DQDONJHG GHFILRQ
H[DPLQHV WKH RSILPD0 RXISXIl SULFH GHFLVLRQV RI IIKH PRQRSRO\ = HOIDUH
LPSOLFDILRQV RI' IRUHFDVILQJ DFHLYLILHV LQ WKH PRQRSROILVILF ILUP DUH SUHVHQIHG LQ
6HFILRQ

2. Stochastic Demand

&RQVLGHU D PDUNHI IRU D VLQJOH FRPPRGLIN LQ ZKLFK GHPDQG FRPHV IURP D 0DUJH
QXPEHU RI LGHQILFDO VRXUFHV 1 2QH FDQ WKLQN RI WKHVH VRXUFHV iR EH ZKROHVDH
ILUPV VKRSV RUHYHQ FRQVXPHW 7R LQIRGXFH XQFHWIDLQIN DVVXPH IIKDIl GHPDQG LQ
HDFK LQGLYLGXDO VRXUFHL L 1 DUWDQ\ SHULRG RIWLPHII WILV DQ LQHHIHU QXPEHU
o || o FDQ EH GHVFULEHG E\ IIKH IR0RZLQJ LPSOLFLI GHPDQG UHODILRQVKLS *

LT Semi

ZKHUH
T, T.> VD TXDQIIN GHPDQGHG DIl SUFH S, S;>
1, GHQRIH LGHQILFDUO\ GLVIULEXIHG UDQGRIP YDULDEOHV VSHFLILHG EX
SUREDELOLIN GHQULIN. IXQFILRQV

7KH UHWWULFILRQV SODFHG RQ DUH WKDH IRU DQ\ SDUILFX0DU YDOXH RI m;, WKH
UHODHLRQVKLS EHIIZHHQ S, DQG T, LV GRZQZDUG VORSLQJ DQG HKDI IKH 0DUJHU YDOXHV R
M, DUH DWRFLDIHG ZLiK JUHDIHU GHPDQG  /HODQG /P 7KXV GHPDQG
LQ HDFK VRXUFH FDQ EH H[ SUHVVHG DV HLIKHU

T, TiSmy Il Sn 95 DQG JT;, S, n;, om;, !

RU

* BHH /HIDQG RUZLP



S S Tymy, 095 T,m Ty, DQG oS, T,y n;, om;, !

7 HILQH n,,°=(>n, 8§ ZKHUH ( LV DQ HLSHFIDILRQ RSHUDIRU IKHQ IRU DQ\ YDOXHV RI S,
DQG T, DQG VXIILFLHQIO\ FRQFHQIUDIHG GLVIULEXILRQV RI 1, VHH 6DPXHIVRQ RU
/P ZH FDQ DSSUR[LPDIH T,, S, 1, DQG S, T, m;, DURXQG 7,,° DV

Ti,t S Nie ~ Ti,t S ni,to MNiy ~ ni,to aTi,t S ni,to ani,t
St Ti,t T]i,t ~ St Ti,t ni,to ni,t - ni,to aSt Ti,t ni,to ani,t

ZKHWH AT, S, m,,° am,, DQG @S, T, m,,° A, GHQRIH SDUILD) GHULYDILYHV RI WKH
GHPDQG DQG LQYHWH GHPDQG IXQFILRQV ZLIK UHVSHFI IR UDQGRP YDULDEOHV m),,
HYDOXDIHG DIl IKHLU H[SHFIHG YDOXHV m,,° L 1

LRI IKDIl QR UHVIULFILRQV DUH LPSRVHG RQ IIKH VLIQ R1 FURVY SDUILDO GHULYDILYHV RI IKH
GHPDQG DQG LQYHWH GHPDQG IXQFILRQV ~ &°T;, S, m., 8S0m,, DQG
&S, T, M, OT,0n;, 7KH\FRX0GEHQHJDILYH SRVILYH RUHTXDOIR JHUR GHSHQGLQJ
RQ IKH SDUILFX0DU IRUP RI IKH LPSOLFLI GHPDQG IXQFILRQ

SDQGRP YDULDEOHV m;, FRX0G PRYH XS RU GRZQ LQ UHVSRQVH IR FKDQJHV LQ KH
YDULDEOHV RPLINHG IURP D FRUHFI GHPDQG VSHFLILFDILRQ ® VXFK DV IRU LQWIDQFH
LQUHUHVI UDIHV  LQIODHLRQ SHUVRQDO LQFRPH SULFHV RI RIKHU JRRGV HIF OXFK R1IKHVH
PRYHPHQIV KRZHYHU PLIKIEH GXH IR IDFIRUV ZKLFK DUH KDUG IR FDSIXUH VXFK DV
IRUH[DPSOH FKDQJHV LQ WKH ZHDIIKHU RULQ FRQVXPHUV IDVIHY 7KXV LQ PDQ\ FDVHV
L PD\ EH GLHLFXOI RULPSRWLEOH IR H[SODLQ 10XFIXDILRQV LQ GHPDQG WKURXJK WKH
XVH RI D VIUXFIXUDO PRGHO ORUHRYHU LW PLIKI KDSSHQ WKDI HYHQ LI VIDWLVILFDOON
VLIQLILFDQW UHIUHVVLRQ HTXDILRQV FRX0G EH HVILPDIHG IIKH URVXOl FRX0G QRIFEH XVHIX0
IRU IRUHFDVILQJ SXUSRVHV IRUH[DPSH ZKHQ H[SODQDIRU\ YDULDEQOHV ZKLFK DUH QRII
0DJJIHG PXVIIKHPVHOYHV EH IRUHFDWIHG ,Q VXFK VLIXDILRQV DQ DOWHUQDILYH PHDQV RI
REIDLQLQJ SUHGLFILRQV RI ), KDYH R EH XVHG 7KH HDVLHVIl ZD\ LV IR SUHGLFIl FKDQJHV
LQ m;, EDVHG RQ WKH DQDONVLY RI' WKHLU PRYHPHQIV LQ WKH SDVIi 6XFK IRUHFDVIV
KRZHYHU DUH SRVVLEOH RQON LI WKH UDQGRP YDULDEOHV m; , DUH REVHUYDECH DQG LI IKH\
DUH FRUUHODIHG ZLIK WIKHLU SUHYLRXV YDOXHV

S$UKRXJIK UDQGRP YDULDEGHV m,, L 1 FDQQRW EH GLUHFIO\ REVHUYHG ZH
DVWXPH WKDII'IKH ILUP FDQ HDVLO\ JHW LQIRUPDILRQ DERXW TXDQULILHV GHPDQGHG LQ HDFK
LQGLYLGXDO VRXUFH IRUD JLYHQ SUFH S, T, S;m;, L 1 DQG FRQVHTXHQION LW
FDQ GHIHUPLQH KH GHYLDILRQ IURP IKH H[SHFIHG YDOXH m,,° LQ DQ\ SHULRG W DV

5 (On; = UHIOHFIV IKH FDVH RI RPLINHG YDULDEOHV L 1



Vie Mig ™ ni,to ~ >T1’,t S Nie — Ti,t S, ni,to o aTi,t S, ni,to ani,t

LRIH IKDI E\ JHINLQJ KH LQIRUPDILRQ DERXIINIKH IUXH TXDQILIN GHPDQGHG D D FHUIDLQ
SULFH S, LQSHULRGH T,, S, m;, 1URP DQ\ JLYHQVRXUFHL L 1 IKH PRQRSRILW
FDQ GHIHUPLQH IKH GLIHUHQFHY ), ~ ,,° VLQFH IKH H[SHFIHG TXDQILI\ GHPDQGHG
T, S.m:.° DQGIKH LPSDFI RIIKH UDQGRP YDULDEGH n);, RQ GHPDQG HYDOXDIHG DI IKH
H[SHFIHG YDOXH oT,, S, m;,° o, DUHERIKNQRZQ DQGIKHQ XVLQJ DSSUR[LPDILRQV

DQG LI FDQ ZRUN RXH IKH WUXH GHPDQG DQG IKH LQYHUWH GHPDQG FXUYHV IRU
HDFK SDUILFXODU VRXUFH SURYLGHG HIKDI IKH SUREDELOLIN GLVIULEXILRQ RI IKH UDQGRP
YDULDEOH ), LV FRPSDFI DQG FRQFHQIUDIHG

7R VLPSOLIN\ WiKH DQDONVLY DVWWXPH KD UDQGRP GHYLDILRQV v, L 1 IURP VKH
H[SHFIHG YDOXHV RI LQGLYLGXD0O GHPDQGV DUH LQGHSHQGHQW® DQG GHVFULEHG E\
LGHQILFDO VWDHLRQDUN VIRFKDVHLF SURFHVHV ZLIK D PHPRUN HJ  EN\ DXWRUHJUHVVLYH
SURFHVVHV R1 DQ\ RUGHU 7 ,Q RIKHU ZRUGV DVVXPH IIKDH IRU DQ\ LQGLYLGXD0 GHPDQG
YDULDQFHV DQG FRYDULDQFHV RI UDQGRP YDULDEOHV v, DUH LQYDULDQI ZLIK UHVSHFII iR
GLVSODFHPHQW LQ ILPH QRWH IKDW EN\ GHILQLILRQ PHDQ YDOXHV RI UDQGRP YDULDEOHV
v, DUH HTXDO IR JHIR L H

Q% 9Dl v;, 9DUv; w’! DQG&RY v, v, #
IRUYV L 1 DQG LQWHJHU YDOXHG W oo Il oo
8QGHU IIKH DWXPSILRQV DERYH IRU DQ\ JLYHQ SULFH S, 3, 3,>  IIKH YDOXH RI IIKH

IRID) GHPDQG IDFHG EX IIKH ILUP LQ SHULRG Il D VXP RI LQGLYLGXD) GHPDQGV FRPLQJ
IURP DI VRXUFHV 4, 3,v,, V5, vy, FDQ EH UHSUHVHQIHG DV

u 9q;, P,n;,’

QIPZ‘V IV t VNI = Z> qitplnilo + Vil a @ =
i= Ni;
N oq,, P,m,,° N
= Z q;, P;n;,° L Zvit =
i= on;, i=

6 ,Q JHQHUDO VSHFLILFDILRQV RI VIRFKDVILF SURFHVWHV GHVFULELQJ LQGLYLGXDO GHPDQGV VKRX0G
LQFOXGHDIVR D FRPPRQ QRLVH  ZKLFK FRX0G UHIOHFI IIKH DJJUHIDIH GHPDQG VKRFNV LH  ZKLFK
FRX0G HTXDU\ DITHFI DX VRXUFHV R1 GHPDQG  EXII IR VLPSOLIN IKH H[SRVLILRQ ZH ZL00 QHIOHFI UKLV
FRPPRQ FRPSRQHQII

7 $ VLPLODU VIUXFIXUH RI GHPDQG ZDV DWXPHG E\ 5DGQHU DQG 9DQ =DQGH



ZKHUH

7DNLQJ H[SHFIDILRQ ZH REIDLQ

N
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ZKHUH
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S =X/
IRUDQ\ LQWHIHU YDOXHG Il oo I o

6LQFH UDQGRP YDULDEOHV v;, DUH ILPH LQYDULDQN WKH H[SHFIHG YDOXH 4, 3, n,° FDQ EH
UHSUHVHQIHG DV 4 3 1n° ZKHWHN° m,° IRUDQ\LQIHIHUN oo |

1RWH WKDW IRUDQ\ L L 1 LQHIHUN o~ W o~ DQGS, 3 ZHKDYH
0d; P Mis  _ 0 Pne P 4N i _ P On
ani; a’rlit
DQG
aq'tpzn'zo aptq'tno'l
1 l — Q PT]O 1 1 — P Qno
dpom;, 9q; OM;,

ZKHH 4, 3n° 3,4 n° GHQRIH SDUILDO GHULYDILYRV ZLIK UHVSHFII IR IKH VHFRQG
DUIXPHQI® HYDOXDIHG LQ n° DQG 4, 3n° 3,, 4 n° DUH FURVW SDUILDO GHULYDILYHV
HYDOXDIHG LQ m° 7KXV DI DQ\ SHULRG Il IRU D JLYHQ SULFH 3 WKH GHYLDILRQ 1URP IIKH
H[ SHFIHG WRIDO TXDQILIN\ GHPDQGHG 3, 3 FDQ EH GHIHUPLQHG DV

X P =0 Pn° v

t

® +HQFHIRUIK QXPHULFDO VXEVFULSIV ZL00 GHQRIH SDUILDO GHULYDILYHV XQOHW RIKHUZLVH VSHFLILHG



DQG IIKH IRID0 GHYLDILRQ IURP WKH SULFH 3 FRUHVSRQGLQJ IR WKH H[SHFIHG IIRIDO
TXDQILN GHPDQGHG 4 <, 4 LV

Y0 =P 0n° v,

6LQFH LPPHGLDIH FRPSXIDILRQV DUH QR SRWLEOH DQG WKH ILUP V' RXWSXH SULFH
GHFLVLRQV KDYH IR EH PDGH SULRU iR WKH NQRZOHGJH RI IKH PDUNHI SULFH WKH URVXOW
FRPSXIHG LQ SHULRG W FDQ EH XVHG RQO\ LQ VXEVHTXHQW SHULRGYV LH GHYLDILRQV ;, 3

DQG <, 4 FDQ EH HVILPDIHG EDVHG RQ WKH UHVXOIV FRPSXIHG LQ IKH SDW DQG

FRQVHTXHQIO\ DOZD\V ZLIK FHWIDLQ HUURU I KDV IR EH VIUHVWHG KRZHYHU IIKDW IKH
YDULDQFH RI WIKH HUURU LQ WKH HVILPDILRQ LQFUHDVHV ZLIK WKH WLPH HIDSVHG IURP
REVHUYDILRQV RI LQGLYLGXD0 GHPDQGV IR IKH PRPHQI ZKHQ GHFLVLRQV DUH PDGH VHH
5DGQHU DQG 9DQ =DQGH IRU D GHIDLOHG GLVFXWLRQ 7KHUHIRUH WKH PRQRSROLVH
IDFHV QRIIRQO\ IIKH UDIIKHU VIDQGDUG SUREOHP RI ILQGLQJ DSSURSULDHH HVILPDHLRQV RI
GHPDQG EXIIDOVR IKH SUREOHP RI ILQGLQJ IIKH RSILPDO FRVIRT IKHVH HVILPDIILRQV VLQFH
WKH GDID SURFHVVLQJ LV LQKHUHQIO\ FRVIO\ DQG IKH DFTXLULQJ DQG DQDON]JLQJ RI PRUH
SLHFHV RI LQIRUPDILRQ DQG LQ SDUILFX0DU PRUH UHFHQW LQIRUPDILRQ KDV IR EH
ZHLIKHG DIDLQVIWKH LQFUHDVLQJ FRVIFRT VXFK DQ HQGHDYRU

,Q JHQHUDO WKH ILUP PD\ ILQG LI DGYDQIDJHRXV IR FRPSXIH LQ VXEVHTXHQI SHULRGV
D\ I-P P GHYLDILRQV IURP WKH PHDQ YDOXHV RI UDQGRP YDULDEOHV 7, .,
FRPLQJ IURP GLITHUHQI VXEVHIV RI VRXUFHV VD\ 6, ,, P DQG XVHIKHP 1RUKH
HVILPDILRQ R1 iKH WRIDO GHYLDHLRQ 1URP IIKH H[ SHFIHG GHPDQG LQ SHULRG f DV ZH ZL00
VHH 0DIIHU  UDWLRQDO VIUDIHIN\ UHTXLUHV IKDW VRXUFHV RI GHPDQG VKRX0G EH DQDON]HG
F\FOLFDOO\ RQH DIWHU IKH RWKHU

” HQRIH WKH UHVXOIV FRPSXIHG LQ VXEVHTXHQI SHULRGV DV

S

t-m

Slfl

v,

t-m

JVXEVHIV G, , 6., FRQIDLQ Q_, Qr; Qu,> Q.,> VRXUFHV RI LQGLYLGXDO
GHPDQGV UHVSHFILYHON WKHQ IIKHRH H[LVIV DQ LQIRJHU QXPEHU = <. <1 VXFK WKDW
n_, <N Z n,;
i= j=

KXV IIKH HVILPDIH ©, H J—IYLDWLI% VEU@E.H FﬁPSXWHG DV

W;D 1
Z t-

— nt*K*



ZKHH Vf”’"LV D IRUHFDVI IRU SHULRG Il RIWKH VXP RI GHYLDILRQV IURP PHDQ YDOXHV
Rl UDQGRP YDULDEOHV m;, FRPLQJ IURP HKH VRXUFHV LQFOXGHG LQ WKH VHII 6,
P -

6LQFH D00 DYDLODEOH SUHGLFILRQV R1 SDUILDO GHYLDHLRQV Qf”"’ P - FDQ EH
UHSUHVHQWHG DV OLQHDU FRPELQDWLRQV RI WKH IIUXH YDOXHV RI FRUUHVSRQGLQJ SDUILDO
GHYLDILRQV LQ IKH SDVW WKH H[ SHFWHG YDOXH R1 IKH HUURU LQ IKH SUHGLFILRQ R1 WKH IIR#DO
GHYLDILRQ ~ v, = v, — Y HTXDOV JHUR )XUIKHUPRUH LIV YDULDQFH DVVXPLQJ IIKDI
GHYLDHLRQV IURP KH H[SHFIHG YDOXHV RI LQGLYLGXD0 GHPDQGV v;, DUH LQGHSHQGHQI
LGHQILFDOON GLVIULEXWHG DQG HLPH LQYDULDQW LV

K
— o, = Var v, = jz:nt_jotj + N - an_j O,

o, = Varv-, -V, mi = E-v,, -9, mi |

LV IKH YDULDQFH RI WKH HUURU LQ HVILPDILRQ ZLIK 0(0J P P - RI IIKH
GHYLDILRQ RI WKH UDQGRP YDULDE(H m; IURP LIV PHDQ YDOXH L 1 DQG Vv, m

GHQRIIHV WKH HVILPDILRQ ZLIK (DI P P - RINKHGHYLDILRQ RI'IKH UDQGRP
YDULDEOH ), IURP LIV PHDQ YDOXH L 1

7KH IRUHFDW R1 WKH IIRIDO0 GHPDQG DQG lIKH WRIIDO LQYHUVH GHPDQG DUH JLYHQ DV

A

QP =0Pn” +0 Pn° V,
DQG

PO =PQOn° +P On° 3,
UHVSHFILYHO\  ( [SHFIHG HUURUV LQ §KHVH IRUHFDVIV HTXDO0 JHUR 6LQFH IIRID0 GHPDQG LQ
SHULRG Il FDQ EH VSHFLILHGDV 4,3 4 31° 3,3 431n° 4,3n° v, DQGIRID0
LQYHUVH GHPDQG LQ SHULRG I FDQ EH UHSUHVHQWHG DV
34 34n° <, 4 34n° 3,4n° v, IKHYDULDQFHVRI IKH SUHGLFILRQ HUURUV
DUH GHIHUPLQHG DV

P -Q-PQ=Va>Q Pn° v, =%0=0 Pn° V

DQG



Q-P-Qlb =VaP On° v—9,0 =P On° V&
UHVSHFILYHO\

SWXPLQJ IKDIl IKH H[SHFIHG GHPDQG FXUYH DQG WKH VKDSH RI IKH SUREDELOLA
GLWULEXILRQ RI IIKH IRUHFDVI HUURU DUH NQRZQ XQFHUIDLQ GHPDQG ZKLFK IIKH ILUP
IDFHV LQ IKH SHULRG I Lv FKDUDFIHULTHG EX IKH YDULDQFH RUIKH WDQGDUG GHYLDILRQ RI
IKH SUHGLFILRQ HWRU LH XQFHUIDLQ GHPDQG DQG LQYHUWH GHPDQG FXUYHV LQ IKH
SHULRG |f DUH GHVFULEHG E\ 4, 3 6,1° DQG 3, 4 0,1° UHVSHFILYHO\

7DNLQJ LQIR DFFRXQII WKDII YDULDELOLIN R1 GHPDQG GHFUHDVHV WKH TXDOLIN\ RI RXWSXH

SULFH GHFLVLRQV L H  SULFH RXWSXW GHFLVLRQV GHYLDWH IURP WKH RSILPDO IKDI ZRX0G
EH PDGH LI WKH YDULDQFH ZHUH HTXDO IR JHUR  DQG WIKDW UHVXO0IV RI GHPDQG DQDONVLY FDQ
EH XVHG RQO\ DIHU WKH HQG R1 WKH SHULRG LQ ZKLFK IKH\ ZHUH FRPSXIHG IIKH VP DOOHII
YDULDQFH RI WKH SUHGLFILRQ HUURU FRUUHVSRQGV IR WKH FDVH ZKHQ D00 VRXUFHV RI
GHPDQG DUH DQDONTHG LQ lIKH SUHFHGLQJ SHULRG  7KH DQDONVLV R HKH WIRIID0 GHPDQG LQ
HDFK SHULRG KRZHYHU UHTXLUHV WKDII D QXPEHU RI HFRQRPLF UHVRXUFHV IR GHYRIHG IR
GDHID SURFHWLQJ LQ IKH ILUP LH LW LQGXFHV VLIQLILFDQI FRVIV WKDIl FDQQRI DOZD\V EH
RIVHI EN IKH H[ SHFIHG EHQHILW IURP IKH RXISXII SULFH GHFLVLRQ ZLIK D 0RZHU ULVN RI
HUURU 7KXV LQVIHDG RI H[DPLQLQJ GHPDQG FRPLQJ IURP D00 VRXUFHV LQ HDFK SHULRG

WKH 1LUP FDQ VHTXHQILDOO\ DQDO\ JH GHPDQGV FRPLQJ IURP FHUIDLQ VXEVHIV RT VRXUFHV
RI GHPDQG ,Q KLV FDVH KRZHYHU WKH ILUP KDV IR GHIHUPLQH WKH RSILPD0 QXPEHUV
RI VRXUFHV Rl GHPDQG KD VKRX0G EH DQDONJHG LQ VXFFHHGLQJ SHULRGV

3. Data-Processing in Forecasting Problems

I IRWRZV 1URP IKH SUHYLRXV VHFILRQ IKDW LQ KH PRGH) FRQVLGHUHG IKH SXUSRVH RI
IKH PDUNHI DQDONVLY VHFIRU R1 IKH ILUP LV IR VXPPDULTH IIKH DFIXD) GHYLDILRQV IURP
IKH PHDQ YDOXHV RI LQGLYLGXD0 GHPDQGV FRPLQJ IURP D FHUIDLQ QXPEHU R1 VRXUFHV
Q Q<1 ZKHUH 1 LV IKH IRID0 QXPEHU RI VRXUFHV RI GHPDQG  7DNLQJ LOIR DFFRXQI
IKDI DGGLILRQ LV WKH DVVRFLDILYH RSHUDILRQ FRPSXIDILRQD0 SURFHWHV LQ HIKH
IRUHFDVILQJ SUREOHPV FDQ EH GHVFULEHG EX IKH G\QDPLF SDUDOOH) SURFHWLQJ PRGH0
Rl DVWRFLDILYH FRPSXIDILRQ XVHG IRU §IKH PRGHILQJ LQIRUPDILRQ SURFHWLOJ LQ
HOIHUSULVHV  VHH SDGQHU DQG 5DGQHU DQG 9DQ =DQG DQG

RU ZLSPDQ

,Q WKLV PRGH0 FRPSXIDILRQDO SURFHVVHV LQ IIKH ILUP DUH UHSUHVHQIHG DV LQ DQ
LGHDOL]JHG SDUDOOHO FRPSXWHU LH LIl LV DVWXPHG WKDIl HDFK FRPSXIDHLRQDO FHQIHU
GDID SURFHWLQJ HHPHQI LQ IKH ILUP LV PRGHIOHG DV D SURFHVWRU ZKLFK FRQIDLQV



DQ LQILQLIH PHPRUN\ ZKHUH GDID DUH VIRUHG FDOOHG D EXIIHU DQG D UHILVIHU ZKHUH
VXPPDILRQV DUH PDGH (DFK SURFHWRU FDQ UHDG D VLQJOH LIHP RI GDID IURP LiV
PHPRU\ PX0ILSON IKH YDOXH E\ RQH RU DO\ RIKHU FRQVIDQH DQG DGG IKH UHVXON IR IKH
UHILVIHU UHVHINLQJ LIl HTXDO IR IKH UHVXOILQJ VXP /RDGLOJ DOG DGGLQJ D VLQJOH GDIXP
IR KH FROIHQIV RI WKH UHJLVIHU LV FDOOHG DQ RSHUDILRQ  7KH ILPH LV DWXPHG IR EH IIKH
VDPH ZKDIHYHU UIKH YDOXHV RI GDID DGGHG DUH RU ZKHQ D GDIXP LV DGGHG IR IIKH
FOHDUHG UHJLVIHU LH IR JHUR ORUHRYHU D SURFHVVRU FDQ VHQG IIKH FRQIHQIV RI LilV
UHILVIHU IR DQ RXISXH RU WR WKH EXIIHU RI DO\ RIKHU SURFHWRU IKURXJK D
FRPPXQLFDILRQ FKDQQH) LQ JHUR ILPH VHH SDGQHU DQG 9DQ =DQGH IRU
GHIDLOV

(DFK SURFHVWVRU KDV D OLPLIHG FDSDFLIN LQ KD IKHUH LV D PD[LPXP QXPEHU RI
RSHUDILRQV LIl FDQ FRPSXIH SHU XQUI RI ILPH +RZHYHU IIKH VSHHG RI FRPSXIDILRQ LQ
HDFK LQGLYLGXD0 SURFHVVRU GHSHQGV RQ IKH UHVRXUFHV DOORFDIHG IR LIl 7KH UHODILRQUKLS
EHIZHHQ IKH UHVRXUFHV DOORFDIHG IR D VLQ.JOH SURFHVVRU DQG IIKH QXPEHU RI RSHUDILRQV
L FDQ FRPSXIHLQ D XQUI RIILPH LV GHIHUPLQHG EX IKH IHFKQRORI\ RI GDID SURFHWLQJ
DQG JLYHQ LQ IXQFILRQDO IRUP DV IKHLQIRUPDILRQ SURFHWLQJ IXQFILRQ ) N 5,-5,
7KLV IXQFILRQ LV XQGHUVIRRG DVD  SURGXFILRQ IXQFILRQ LO LQIRUPDILRQ SURFHWLQJ
DQG VSHFLILHV IKH QXPEHU R1 RSHUDILRQV SHU XQUI RI WLPH KD FDQ EH PDGH LQ D
VLOJOH SURFHVWRU IR ZKLFK UHVRXUFHV N DUH DOORFDIHG IR VLPSOLIN IIKH DQDONVLY ZH
DVWXPH UIKDI IKHUH LV RQU\ RQH IDFIRU RI SURGXFILRQ  $Q LPSRUIDQI DWXPSILRQ
JHQHUDIO\ PDGH DERXHl SURGXFILRQ IXQFILRQ LV GLPLQLVKLQJ PDUJLOD0 SURGXFI RI
LQSXIl ,Q IIKH DQDOVLY EHIRZ ZH ZL00 DWXPH HIKDIl KLV LV DOVR D SURSHUN RI 1IKH
LQIRUPDILRQ SURFHWLQJ IXQFILRQ 7KHUHIRUH ZH ZL00 DWWXPH KD IKH LQIRUPDILRQ
SURFHWLQJ IXQFILRQ LV VIULFION LQFUHDVLQJ DQG FRQFDYH LQ N LH G) N G N 1
G) N GN?

7KH GXUDILRQ RI D VLQJOH RSHUDILRQ G FDQ EH GHIHUPLQHG DV ) N DQG
FRQVHTXHQION LI/ LV DOVR D IXQFULRQ RI WKH UHVRXUFHV N HPSOR\HG LQ IIKH SURFHVVRU
FROVGHIHG GN ) N ,Q JHQHUDO GLIIHUHQN DPRXQIV RI IKH UHVRXUFHV FRX0G EH
DOORFDIHG IR HDFK LQGLYLGXDO SURFHWRU VHH &XNURZVNL KRZHYHU LQ RUGHU
IR VLPSOLI\ WKH DQDO\VLY DQG IRFXV RQ IIKH HIIHFIV R GHPDQG IRUHFDVILQJ RQ HIKH
PRQRSRILVILF HTXLOLEULXP ZH ZL00 DWXPH IKDI D00 SURFHVVRUV DUH LGHQILFDO DQG IKHLU
QXPEHU LV H[RIHQRXVO\ JLYHQ

(DFK SURFHWRU DGGV GDID LWHPV LQ D VHULDO IDVKLRQ 7KXV W#R VSHHG XS WKH
FRPSXIDILRQDO SURFHVV GDID SURFHWLQJ FDQ EH GRQH LQ SDUDOHO XVLQJ PRUH WKDQ
RQH SURFHWRU LH LQ D GHFHQIUDOLJHG FRPSXIDILRQDO VWUXFIXUH  *LEERQV DQG
S\HU VKRZ VHH DOVR SDGQHU KD WKH 0HQJIWK R WIKH VKRUIHVW
VHTXHQFH RI RSHUDILRQV QHHGHA IR DGG Q GDIID LIHPV LQ GHFHQIUDOLJHG VIUXFIXUH ZLIIK
5 LGHQILFDO SURFHVVRUV LV GHIHRPLQHG EN IIKH IRORZLQJ H[SUHVWVLRQ



Cu() H RJ, R nPRGR]

ZKHUH EUDFNHIV | 1 DQG [ 1 GHQRIH URXQGLQJ GRZQ DQG XS IR WKH QHDUHVII LQIHIH
UHVSHFILYHON

5DGQHU VKRZVIKDILIQ S DQG Q 5 DUH D00 0DUJH WKHQ lIKH 0HQJIIK R1 WKH
VKRUIHVI VHTXHQFH R1 RSHUDILRQV QHHGHG R VXP PDUL]H Q GDIID LIHPV LQ IKH VIUXFIXUH
ZUIK 5 SURFHWRUV FDQ EH DSSUR[LPDIHG DV

A

Cyn = + (RIR

n
R
7DNLQJ LQIR DFFRXQU IKDI HDFK RSHUDILRQ IDNHV G N XQUIV RI ILPH 1IKH GHOD\ LQ lIKH
FRPSXIDILRQDO SURFHW LQ WKH VWUXFIXUH ZLWK LGHQWLFDO SURFHVWRUW FDQ EH
DSSUR[LPDIHG DV

) C

D,n = P

Fk

A TROORZY IURP DQG IKDW WIKH QXPEHU RI GDID LIHPV ZKLFK FDQ EH
VXPPDULJHG LQ RQH SHULRG FDQ EH VSHFLILHG DV

Q 5)N - 50RJ5

7KH FRVI RI UHVRXUFHV QHHGHG IR VXPPDUL]H Q GDID LIHPV LQ WKH VIUXFIXUH ZLIK 5
SURFHVRWV HTXDOV

50N 5p)' Q5 (RJ,5

ZKHUH p LV IKH XQLI FRVIl RI IKH UHVRXUFHY DOORFDIHG R FRP SXIDHLRQDO SURFHW  7KH
#RWDO FRVIRT GDID SURFHWLQJ LQ D VLQJOH SHULRG LV

9:Q Qv 5p)'Q5 (RI5

ZKHUH Qy LV IKH FRVI RI' JIDIKHULQJ GDID XVHG LQ FRPSXIDILRQ -y LV IKH XQLI FRVIl RI
GDID LIHPV

,0 IKH DQDONVLY EHIRZ ZH ZL00 WKLQN RI Q DV D FRQILQXRXV YDULDEQH UDIKHU WKDQ
LQIHJHU YDOXHG  DQG  FRQVHTXHOION ZH ZL00 FRQVLGHU iKH GDID SURFHWLQJ FRVH
IXQFILRQ 9, Q DV D FRQILQXRXV IXQFILRQ RI Q 7KH VKDSH RI KLV IXQFILRQ LV
GHIHUPLQHG E\ IKH IRUP RI IKHLQIRUPDILRQ SURFHWLQJ IXQFILRQ) N ,Q SDUILFX0DU
L1 IKH LQIRUPDILRQ SURFHWLOJ IXQFILRQ ) N LV FRQFDYH LQ N HKHQ IKH IXQFILRQ



9, O LVVILLFIO\ LQFUHDVLQI DQG FRQYH[LOQ LH GO, O GQ! G?9, Q GQ*I 7KLV
IRUP RI IKH GDID SURFHWLOJ FRVI IXQFILRQ ZL00 EH DWXPHG LQ IKH DQDONVLY EHORZ

4. Monopoly Under Uncertainty

= H QRZ PRYH RQ IR RXU PDLQ IRFXV RI LQUHUHVI WKH EHKDYLRU RI D PRQRSROLVILF
ILUP RSHUDILQJ LQ XQILPLIHG ILPH LQ WKH ZRUIG ZLIK XQFHUIDLQ GHPDQG DV GHVFULEHG
LQ 6HFILRQ  ZKHQ IIKH JDIKHULQJ DQG SURFHWLQJ RI LQIRUPDILRQ DUH FRVIO\ 7R
FRQFHQHIUDIH RQ WKH QRUPDILYH LVWXH RI WKH SULFH RXIISXW GHFLVLRQV RI WKH ILUP  ZH
DWXPH IIKDW WKHUH LV QR VSOLI EHIIZHHQ VKDUHKROGHUWY DQG PDQDJHPHQW XILOLIN
IXQFILRQV LH PDQDJHW RI IIKH IWP PD[LPL]H WKH H[SHFIHG XILOLI\ Rl WKHLU
VKDUHKROGHUV DV D UHVXOI IKH SULQFLSDO0 DIHQN SUREQHP LV DYRLGHG  DQG WKH GHFLVLRQV
LQ WKH ILUP DUH PDGH E\ D JURXS RI GHFLVLRQ PDNHWV ZLUIK VXILFLHQION VLPLODU
SUHIHUHQFHV iR JXDUDQIHH KH H[LVIHQFH R1 D JURXS SUHIHUHQFH IXQFILRQ * Il HQVXUHV
WKDII iIKH EHKDYLRU R1 WKH ILUP XQGHU GHPDQG UDQGRPQHW REH\V IIKH D[LRPV RI WKH
1HXPDQ ORUJHQVHHUQ XHLOLIN WKHRU\

7DNLQJ LQIR DFFRXQI UKD IKH OLIH RI IKH ILUP LV XQOLPLIHG IKH ILUP V RSILPL]DILRQ
SUREOHP FDQ EH UHSUHVHQIHG DV IKH IRWRZLQJ LOILQLIH KRULJRQ GLVFRXQIHG G\QDPLF
SURJUDPPLQJ SUREIHP

POLY BEL > ILQ,0,n°n, 0}
O, n t=

ZKHH o, Jo0,Q, ZUKo, Lw*'?

E LV DQ H[SHFIDILRQ RSHUDIRU

8 - GHQRIHV IIKH XILOLI\ IXQFILRQ RI IKH UHSUHVHQIDILYH VKDUHKROGHU

IT, - LVIKH SURILVRIIKH ILUP LQ WKH SHULRG W 1

4, LV D TXDQILIN SURGXFHG LQ WKH SHULRG I W

Q, GHQRIHV IIKH QXPEHU RI LQGLYLGXD0 GHPDQGV DQDO\]JHG LQ WKH SHULRG I
[

o, LV IKH VIDQGDUG GHYLDILRQ RI WKH HUURU LQ IKH SUHGLFILRQ RI IKH iRIDO

GHYLDILRQ RI #KH UDQGRP YDULDEOHV m;, L 1 I1URP WKHLU PHDQV
LQ WKH SHULRG W W
n° LVIKH VXP RIIKH PHDQ YDOXHV RI UDQGRP YDULDEOHV n;, L 1

1 LV WKH IIRID0O QXPEHU RI VRXUFHV Rl GHPDQG
w? LV IKH YDULDQFH RI WKH VIRFKDVILF SURFHVV XQGHUO\LQJ HDFK LQGLYLGXDO

o See, for example, Sandmo (1971) for a detail discussion.



GHPDQG DURXQG LV PHDQ
B LVWKH GLVFRXQI IDFIRU Pe

7KH FRVI RI JDIKHULQJ DQG SURFHWLQJ LOIRUPDILRQ LQ D JLYHQ SHULRG DQG KH
EHQHILIV IURP WKLY DFILYLIN LQ KH IXIXUH SHURGY LH VPDOOHU YDULDQFH RI HIKH
SUHGLFILRQ HUURU VSHFLIN iKH OLON ZKLFK FRQQHFIV IKH SUHVHOH ZLIK WKH IXIXUH ,Q
RIKHU ZRUGV LQ IKH PRGH) FRQULGHUHG IKHUH LV DQ LQIHUIHPSRUDO IUDGH RII EHIZHHQ
KLIKHU FRVIV RI GDID SURFHWLQJ IRGD\ DQG IKH IXIXUH EHQHILIV LQ IKH IRUP RI D
KLIKHU H[SHFIHG XILOU\ 7KXV DORQJ WKH RSILPDO SDIK IKH FRVI RI DQDO\]LQJ RQH
DGGLILRQDO VRXUFH R1 GHPDQG LQ D SHULRG Il I KDV IR EH HTXDOLJHG ZLIK IKH
VXP RI IKH GLYFRXQIHG PDUJLQDO EHQHILIV LQ DI IXIXUH SHULRGV L H



dVpn, Z"": Bt@E{U>Ht 0,0,n° n, il do,
on,

dnj [:j+ 80t 'j

SWXPLQJ IKDH DO IKH SDUDPHIHUV RIIKH PRGH) DUH VIDILRQDU\ RYHU ILPH IIKH RSILPDO
VROXILRQ IR DQ LOILOLIH KRULJRQ GLVFRXQIHG G\QDPLF SURJUDPPLQJ SUREHP LV
ILPH LQYDULDQI VHH HJ  6DUJHQI 7KXV LQ IKH SUREOHP FRQVLGHUHG KH
RSILPD0 RXISXI DQG GHPDQG SUHGLFILQJ VIUDIHI\ DUH VIDILRQDU\  LH
4, 4. 4,  4°DQ6Q, Q," Q,° Q" ,WLPSOLHVIKDIKH RSILPDO YDOXH RI IKH
VIDQGDUG GHYLDILRQ o” RIIKH HUURU LQ IIKH SUHGLFILRQ RI IKH IRIDO GHYLDILRQ RI KH
UDQGRP YDULDEGHV ;. L 1 IURP IIKHLU PHDQV LV VIDILRQDU\ DQG GHSHQGV RQO\
RQ IKH QXPEHU RI LQGLYLGXD0 GHPDQGV DQDONJHG LQ HYHU\ SHURG o* o Q° I
IRWRZV IIKDI IR HDFK YDOXH RI IKH VIDQGDUG GHYLDILRQ o Q° IKH XQLTXH RQH SHULRG
FRVII RI GDID SURFHWLQJ FDQ EH UHODIHG LH KH FRVIV RI GDID SURFHWLQJ LQ HDFK
SHULRG FDQ EH UHSUHVHQIHG DV D IXQFILRQ RI IKH VIDQGDUG GHYLDILRQ LQ WKH WHDG\
VIDIH

*0Q 0=9;Q

BLOFH IKH WIDILRQDU\ VIDQGDUG GHYLDIRQ o Q" GHFUHDVHV LI IKH QXPEHU RI
LQGLYLGXD) GHPDQGY DQDON]HG LQ HDFK SHULRG LOFUHDVHV IKH FRVIRI GDID SURFHVWLQJ
LV D GHFUHDVLQJ IXQFILRQ RI KH VIHDG\ VIDIH VIDQGDUG GHYLDILRQ GLITHUHQILDILQJ
ZUIK UHVSHFIIR Q° JLYHV GO, Q' GQ" 0% 90" Go GQ° 1 VLQFHGO, Q° GQ'1 DQG
Go GQ" LW IRNRZVKDI 6* 0o ORUHRYHU IIKH VKDSH RI IKH IXQFILRQ 9, Q'
G9, Q" GQ'! GO, Q" GQ21 VHHGHFILRQ LPSILHVIKDI*LVD FRQYH[ IXQFILRQ
Rlo LH **>0 Q" § 90!

7KH FRQULGHUDILRQ DERYH VKRZV WIKDIlIKH RSILPL]DILRQ SUREGHP XQGHU VIXG\ FDQ EH
VROYHG LQ #ZR VIHSV LMI WKH RSILPDO RXISXI 4 DQG IKH RSILPD) YDOXH RI
VIDQGDUG GHYLDILRQ " FDQ EH GHIHUPLQHG DQG VHFRQG NQRZLQJ 6” WIKH RSILPDO
VLJH RI FRKRUIV R1 GDID VXPPDULJHG LQ HDFK SHULRG FDQ EH IRXQG

7KXV LQWKH ILUWVWVWIDJH IKH ILUP FKRRVHV IKH VIHDG\ VIIDWH TXDQILIN RI RXISXI 4 DQG
IKH YDOXH RI IKH VIDQGDUG GHYLDILRQ o ZKLFK PD[LPL]H WKH IRI0RZLQJ RENHFILYH
IXQFILRQ

Y QOon® =EWIQon° i

ZKHH
IT 4 6n° LVIKHVWHDG\ VIDIH SURILW RI iKH ILUP



M4on° 4340n° -&4 -=-*o0

3 4 0n° GHQRIHV DQ XQFHUIDLQ LQYHUVH GHPDQG FXUYH

& 4 LV D YDULDEOH FRVH

=LV D IL[HG FRWI

* o LVIKHFRW RI GDID SURFHWLQJ ZKLFK FRUUHVSRQGV IR lIKH VIHDG\
VIDIH VIDQGDUG GHYLDILRQ 0 G* 0 Go  DQG G** ¢ Go?!

7R VLPSOLI\ WKH DQDONVLY DVVXPH IIKDW IKH VIHDG\ VIIDIH HUURU LQ SUHGLFILRQ RI WKH
IRIDO GHYLDWLRQ IURP IKH PHDQ YDOXHn°® v = ¥, = v, — ¥RUDQ\ Il LV D QRUPDION\
GLVIULEXIIHG UDQGRP YDULDECH ZLIK THUR PHDQ DQG YDULDQFH o LIl FRUUHVSRQGV IR IIKH
FOVH ZKHQ UDQGRP GHYLDILRQV I1RWRZ WIRFKDVILF SURFHWHV ZLIK QRUPDOO\
GLVIULEXIHG UDQGRP IIHUPV VXFK DV IRUH[DPSOH HKH DXHRUHJUHVVLYH SURFHWV R1 DQ\
RUGHU "

8QGHU KLV DWXPSILRQ IIKH H[SHFIHG LQYHUVH GHPDQG FXUYH ZKHQ HiKH DFIIXD0
GHPDQG LV XQGHUHVILPDIHG v LV VSHFLILHG DV
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6LPLDUON  IKH H[SHFIHG LQYHUWH GHPDQG FXUYH ZKHQ WKH DFIXD0 GHPDQG LV
RYHUHVILPDIHG v > HTXDOV
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191t should be stressed that, although the assumption of normal distribution of the random
deviations from the expected demand corresponds to the wide class of stochastic processes that
would govern stochastic demand, it is chosen solely for simplicity and clarity, and no attempt
is made at generality. We believe, however, that many of the qualitative results would hold
also in more general, and consequently, more complicated models.



7KH H[SHFIHG YDOXHV Rl WKH IWP V SURILIV ZKHQ WKH DFIXD0 GHPDQG LV
XQGHUHVILPDIHG 0RZ SURILI DQG RYHUHWILPDIHG KLJK SURILIF HTXDO
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7KH SUREDELOLIN\ RI' KLIK SURILIFHTXDOV VLPLODUO\ IIKH SUREDELOLIN RI 0RZ SURILU
HTXDOV DQG WKHUHIRUH WKH H[SUHVVLRQ FDQ EH HVILPDIHG DV
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)LQDOON WKH ILUP KDV IIR I1LQG ERIK WKH TXDQILIN RI RXISXI 4" DQG WKH VIDQGDUG
GHYLDILRQ ¢ IIKDW PD[LPL]H IKH IRWRZLQJ REIHFILYH IXQFILRQ
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LVIIKH SURILW IXQFILRQ RIWKH ILUP L1 IKH LQYHUVH GHPDQG FXUYHLV 3 4 nn° LH ZKHQ
WKHUH LV QR XQFHUIDLQIN RI GHPDQG IRU DQ\ IL[HG YDOXH RI m° WKLV IXQFILRQ LV
DWXPHG iR EH VIULFION FRQFDYHLQ 4 II, 4n° ' DQGII,, 4 n°®
= KHQ IIKH RSILPD0 YDOXHV 4" 6" DUH FRPSXIHG IIKH RSILPDO VLJH RI IKH FRKRUIV
SURFHVVHG LQ HDFK SHULRG Q" FDQ EH GHIHUPLQHG DV Q" 9, »>*' ¢" @
5. Optimal Steady-State Behavior

7R GHIHUPLQH IKH RSILPD0 VIHDG\. VIIDIH YDOXHV R1IKH TXDQILIN SURGXFHG 4" DQG lIKH
RSILPD0 YDOXH RI'KH VIDQGDUG GHYLDILRQ 6™ GLITHUHQILDIH KH RENHFILYH IXQFILRQ



ZLUIK UHVSHFI'IR 4 DQG o DQG UHSUHVHQI IIKH ILUVIl RUGHU FRQGLILRQV RI IIKH ILUP V
RSILPL]DILRQ SUREOHP DV
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LV WKH GLITHUHQFH EHIZHHQ IKH YDOXH RI PDUJLQDO UHYHQXH DQG PDUJLQDO FRVH LI IKH
GHPDQG LV NQRZQ ZLIK FHUIDLQIN DQG
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7KH VHFRQG RUGHU FRQGLILRQV IRU WKLV PDJLPL]DILRQ UHTXLUHV WKH +HVVLDQ RI IKH
REVHFILYH 1XQFILRQ

Y,40n° Y,40n°
‘1’1,24011" l1’2,24011"

IR EH QHJDILYH GHILQUIH LW JXDUDQWHHV WKDIl KH REWHFILYH IXQFILRQ LV VIULFIO\
FROFDYH 2QH FDQ VKRZ IKDH LI IKH SURILI IXQFILRQ ZUIKRXH GHPDQG XQFHUIDLQIN

LV VIULFIO\ FRQFDYH DQG IKH GDID SURFHWLQJ FRVI IXQFILRQ IV FRQYH[
G>* ¢ Go®>  WKHQ IKH VHFRQG RUGHU FRQGLILRQ KROGV IRU IKH 0LQHDU DQG FRQFDYH
XILOUN IXQFILRQV VHH IKH $SSHQGL[ IRU D GHIDLO DQDONVLY ~ &RQVHTXHQION IKH
RSILPDO VROXILRQ IR IKH RSILPLIDILRQ SUREOHP XQGHU FRQULGHUDILRQ DOZD\V H[LVIV
DQG LV XQLTXH

JURP WKH ILUWVIF RUGHU FRQGLILR Z(b&@@ HGLDIHON GHULY{ Q MHpEHY RI UHVXOIV
SHSUHVHQI ~ MBQG MCDw Y ok —
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UHVSHFILYHON SHFDO) UKD IKH FRVIl RI GDID SURFHWLQJ GHFUHDVHY ZLIK WIKH VIDQGDUG
GHYLDILRQ R1 IKH SUHGLFILRQ HWRU LH G* ¢ Go Il IRWRZV IKDIl FRQGLILRQ
FDQ EH VDILVILHG RQU\ LI #KH ULJK KDQG VLGH RI IKH H[SUHVWVLRQ DERYH LV QHJIDILYH
7DNLQJ LQIR DFFRXQIIKDI IL Qo m°® T Qo n°IRUDQ\ 6!  KH FRQGLILRQ
LV VDILVILHG RQO\ LI WKH XILOLN IXQFILRQ 8 TI LV VILLFIO\ FRQFDYH LH G8 II GII!

DQGG*8 II GII* RIKHUZLVH WKH RENHFILYH IXQFILRQ ¥ 4 0 m° DOZD\V LQFUHDVHV
ZIIKo LH 0¥ 40n° do!

7KH FXUYDIXUH Rl 8 II  UHIOHFIV IKH VKDUHKROGHUV DWILIXGH §IRZDUGV ULVN  GHULFIION\
FRQFDYH XILOLI\ IXQFILRQ G8 II GII! DQG G*8 II GII*>  FRUUHVSRQGV IR ULUN
DYHUVH EHKDYLRU OLQHDU XILOLI\ G8 II GIT! DQG G*8 IT GIT>  GHVFULEHV ULVN
QHXIUDOLIN ~ DQG  WKH VWULFHO\  FRQYHL XWLOLN\  IXQFILRQ G8 II GII!  DQG
G*°8 II GII*! FRUHVSRQGVIR ULVN 0RYLQJ HFRQRPLF DIHQIV L RIH IKDH LI WKH XHLOLIN
IXQFILRQ LV 0LQHDU RU VIULFIO\ FRQYH[ WKHQ Lif LV VXUHO\ QRII'LQ WKH ILUP V LQUHUHVI IR
IRUHFDVF GHPDQG  &RQVHTXHQION RQON D ULVN DYHUVH ILUP ZL00 EH ZL00LQJ WR DOORFDIH
UHVRXUFHV IR LQIRUPDILRQ SURFHWLQJ LQ RUGHU R SUHGLFIF GHPDQG *<LYHQ KDl IVPV
DUH PDQDJHG DFFRUGLQJ R IIKH ZLVKHV R WKHLU RZQHW ZKR DUH INSLFDOON\ DVVHW
KROGHW ZH PD\ DWXPHIIKDW D INSLFDO ILUP LV ULVN DYHWH VHH HJ 6DQGPR

RU ZHODQG IRU GHIDLO GLVFXVVLRQV

$Q RSILPDO RXISXH Rl WKH ULVN DYHUWH PRQRSRILVILF ILUP HQJDJHG LQ GDID
SURFHWLQJ IRU WKH SXUSRVH RI GHPDQG IRUHFDVILQJ LV WKH VDPH DV iKH PRQRSROLVILF
RXISXH ZLIKRXI XQFHUIDLQIN LI O5-0O&  VPDIHU LI O5-0O&! DQG JUHDIHU
RIKHUZLVH I LPSOLHV IIKDH KH ULVN DYHUVH PRQRSRON SURGXFHV 0HVV WKDQ LI ZRX0G
XQGHU FHUIDLQIN LI IKH ULJKI KDQG VLGH RI KH FRQGLILRQ LV SRVUILYH LH LI IKH
SDUILDO GHULYDILYH RI iKH PDUJLQD0 UHYHQXH ZLIK UHVSHFW IR  HYDOXDWHG Dl n° D
PDUJLQDO ULVN SUHPLXP PP 01°

MR On° = 30

LV JUHDWHU WKDQ JHUR WKH VDPH DV #KH PRQRSROLVILF RXHSXW ZLIKRXW XQFHUIDLQIN L1 IKLY
SDUILDO GHULYDHLYH LV HTXDO IR JHUR DQG PRUH RIKHUZLVH

,Q JHQHUDO D00 RXIFRPHV DUH SRVVLEOH DQG WIKH VLJQ RI IKH PDUJLQDO ULVN SUHPLXP
VKRX0G EH DQDO\JHG IRUHDFK SDUILFX0DU IRUP RI VIRFKDVILF GHPDQG 1RIH KRZHYHU



IKDI LI WKH VIRFKDVILF GHPDQG IXQFILRQ VDILVILHV WKH  principle of increasing
uncertainty "' JHDQG IKHQ WKH RXISXH R1 IIKH SUHGLFILQJ GHPDQG PRQRSRO\
LV DOZD\V VPDOOHU IKDQ Ll ZRX0G EH ZLIKRXH XQFHUIDLQIN D QHFHVWDU\ DQG VXIILFLHQH
FROGLILRQ IRU KLV SULQFLSOH IR KROG LV IKH VDPH VLJQ RI IKH PDUJLQDO UHYHQXH DQG
IKH PDUJLQDO ULVN SUHPLXP "2 DQG FRQVHTXHQUON IIKH UHVXOW DERYH DUH IIR VRPH
H[IHQG FRQULVIHQI ZLIK UHVXOIV GHULYHG EX ZHIDQG 20 IKH RIKHU KDQG LI iKH
VIRFKDVILF GHPDQG IXQFILRQ GRHV QR VDILVI\ WKH SULQFLSOH RI LQFUHDVLQJ XQFHUIDLQIN
IRUH[DPSOH LI IKH LQYHUH GHPDQG IXQFILRQ LV VSHFLILHG DV 3 m 47'-D  ZKHUH
DI 4 D' 31  JKHQ UKH SDUILDO GHULYDILYH RI §iKH PDUJLQDO UHYHQXH ZLIK
UHVSHFI IR 1) HYDOXDIHG Dif m° LV HTXDO UR JHUR RU LV QHIDILYH DQG WKH ULVN DYHUVH
PRQRSRO\ SURGXFHV IIKH VDPH DV UHVSHFILYHON PRUH WKDQ LI ZRX0G SURGXFH
ZUIKRXI GHPDQG XQFHUIDLQIN

A RIH WKDWIKH DEVROXWH YDOXH R1IKH ULJKW KDQG VLGH RIIKH H[ SUHVWVLRQ GHFUHDVHV
LI IKH VIDQGDUG GHYLDILRQ RI IKH SUHGLFILRQ HUWRU o GHFUHDVHV LQ WKH OLPLIl L1 WKH
VIDQGDUG GHYLDILRQ o JRHV IR JHUR WKH RSILPDO RXISXW R1 IKH ULVN DYHUVH PRQRSRO\
ZLIK GHPDQG XQFHUIDLQIN\ FRQYHUJHV R §KH RSILPDO RXWSXI ZLIKRXI XQFHUIDLQIN W
FRQILUPVKDII LQ DQ\ FDVH EHIlIHU IRUHFDVIV PDNH WKH RSILPDO0 SULFH RXIISXI GHFLVLRQV
RI WKH ULYN DYHUVH PRQRSRO\ FORVHU IR WKRVH WKDI ZRX0G EH PDGH XQGHU FHUIDLQIN

DQG LI LPSOLHV IIKDW GHPDQG DQDONVLY LQ D PRQRSROILVILF ILUP ZKLFK DITHFIV WKH YDOXH
RI' VIDQGDUG GHYLDILRQ RI IKH SUHGLFILRQ HUWRU o LQIOXHQFHY WKH GLVILLEXILRQ R1 WKH
ZHOIDUH LQ IKH HFRQRP\

6. Implications on Social Welfare

MLV ZH00 NQRZQ KD ZKHQ DQ LQGXVIIU\ LV RUJDQL]HG DV D PRQRSRON\ LQVIHDG RI DV
PDQ\ FRPSHILILYH IWPV VRPH RI IKH FRPSHILILYH FRQVXPHU V DQG SURGXFHU V
VXUSOXV LV ORVI DIf IKH PRQRSRON RXWSXW FKRLFH 6RPH RIKDII VXUSOXV JHIV INDQVIHUUHG
IR WKH PRQRSROLWI LQ WIKH IRUP RI DGGLILRQDO SURILIV: EXIl VRPH LV ORVIl DOIRJHIKHU

/HI 4 EHIKH RXISXII SURGXFHG ( &6 EH WKH H[SHFIHG FRQVXPHU VXUSOXV ( 36 EH
WKH H[SHFIHG SURGXFHU VXUSOXV ( * =/ EHWKH H[SHFIHG GHDGZHLJKI ORVV DQG OHW
VXSHUVFULSIV € ™ ©° DQG " FRUHVSRQG IR IKH FRPSHILILYH ILUP ZLIKRXIl XQFHUIDLQIN
IKH PRQRSROLVILF ILUP ZLIKRXW XQFHUIDLQIN RI GHPDQG WKHULVN DYHUVH PRQRSROLVILF

' The principle of increasing uncertainty states that the riskiness (or dispersion) of total
revenue increases if total expected revenue increases (see Leland, 1972, for a detail
discussion).

12 See Leland (1972), Appendix.



ILUP IDFLQJ XQFHUIDLQ GHPDQG ZLIKRXII IRUHFDVILQJ DFILYLILHV DQG WKH ULVN DYHUVH
PRQRSRO\ SUHGLFILQJ XQFHUIDLQ GHPDQG UHVSHFILYHON )RU D QHJDILYH VORSLQJ
LQYHUVH GHPDQG FXUYH ZH KDYH WKH IRI0RZLQJ UHODILRQVKLSV

G( &6 G41 LH WKHH[SHFIHG YDOXH RI WKH FRQVXPHU V VXUSOXV
LQFUHDVHV ZLIK WKH RXWSXI SURGXFHG

G( 36 G |4-4"| LH UKH H[SHFIHG YDOXH RI lIKH SURGXFHU V VXUSOXV
LQFUHDVHV LI IKH GHYLDILRQ IURP WKH RSHLPD0 PRQRSROILVILF RXISXH
ZLIKRXW XQFHUIDLQIN GHFUHDVHV

G(”:z/ G|4-4° Y LH IKH H[SHFIHG YDOXH RI WKH GHDGZHLIKH ORW
GHFUHDVHV LI WKH GHYLDHLRQ IURP IKH FRPSHILILYH RXISXII GHFUHDVHV

A IRWORZV 1URP IIKH FRQVLGHUDILRQ SUHVHQIHG LQ IKH SUHFHGLQJ VHFILRQ WKDW LI WKH
SULQFLSOH R1 LQFUHDVLQJ XQFHUIDLQIN KROGV IKHQ IIKH IRWRZLQJ FRQGLILRQ

4° 4" 4™ 4

LV DOZD\V VDHLVILHG  VHH )LIXUH ORUHRYHU GHPDQG IRUHFDVILQJ LQFUHDVHV WKH
RXISXIRI'WKH PRQRSRILVILF ILUP 1DFLQJ XQFHUWIDLQ GHPDQG 7KDWLV LI GHFUHDVHV |KH
GLITHUHQFHV EHWZHHQ IIKH RSHILPDO RXWSXI RI WKH ULVN DYHUWH PRQRSROLVILF ILUP
IRUHFDVILQJ GHPDQG DQG WKH RSILPDI PRQRSROLVILF DQG FRPSHILILYH RXWSXIV ZLIKRXW
XQFHUIDLQIN 4™-4" DQG 4¢-4" UHVSHFILYHO\ 7KHUHIRUH ZH FDQ FRQFOXGH WKDI LI
WKH SULQFLSOH R LQFUHDVLQJ XQFHUIDLQIN LV VDILVILHG WKHQ iKH GHPDQG IRUHFDVILQJ LQ
WKH ULVN DYHUVH PRQRSRON\ LQFUHDVHV lIKH H[ SHFWHG YDOXH RI IKH FRQVXPHU V VXUSOXV
LQFUHDVHV WKH H[ SHFIHG YDOXH R1 WKH SURGXFHU V VXUSOXV DQG GHFUHDVHV WKH H [ SHFIHG
YDOXH RI WKH GHDGZHLJKW 0RW

, 1 IKH SULQFLSOH R1 LQFUHDVLQJ XQFHUIDLQIN GRHVQ W KROG IIKHQ WKH RSHLPD0 YROXPH R
RXISXIl RI IKH ULVN DYHUVH PRQRSRO\ IRUHFDVILQJ GHPDQG 4" LV JUHDIHU #KDQ IIKH
RSILPD0 PRQRSROLVILF RXHSXI 4™ +RZHYHU LIl LV D0ZD\V VPDOOHU IKDQ LI ZRX0G EH
LI GHPDQG LV QRN SUHGLFIHG LH 4™ 4" 4° 7KXV LQ WKLY FDVH GHPDQG

IRUHFDVILQJ DFILYLILHV GHFUHDVH IIKH RXISXIIR T IKH PRQRSROLVILF ILUP IDFLQJ XQFHUIDLQ
GHPDQG LH GHFUHDVH4 DQG |4"-4™| DQG FRQVHTXHQIO\ GHFUHDVH IKH H[SHFIHG
FRQVXPHU VXUSOXV DQG LQFUHDVH IIKH H[SHFIHG SURGXFHU VXUSOXV 7KH HIIHFIV RI
GHPDQG IRUHFDVILQJ RQ WKH H[ SHFIHG GHDGZHLJKIi 0RVV RI IIKH HFRQRP\ FDQQRI EH
RQFH IRU D00 XQDPELIXRXVO\ GHIHUPLQHG 22QH FRX0G QRIH KRZHYHU WKDI LI IKH
SULQFLSOH RI LQFUHDVLQJ XQFHUIDLQIN GRHVQ W KROG IKHQ LQ WKH FDVH ZKHQ GHPDQG
I0XFIXDILRQV DUH UHODILYHON VPDOO LH LI 4™ 4" 4° 4° GHPDQG IRUHFDVILQJ
LQFUHDVHV WKH GHYLDILRQ RI WKH RXISXW SURGXFHG IURP WKH H[SHFWHG FRPSHILILYH
RXKISXIl DQG FRQVHTXHQIO\ LQFUHDVHV H[ SHFIHG GHDGZHLIKI0RVV 2Q IKH RIKHU KDQG

LI WIKH 10XFIXDILRQV Rl GHPDQG DUH ELJJHU LH LI 4™ 4° 4° |KHQ D VPD0 VKLI



LQ WKH PRQRSRILVILF FKRLFH UHVX0ILQJ IURP GHPDQG IRUHFDVILQJ DOZD\V GHFUHDVHV
WKH H[SHFIHG YDOXH RI IKH GHDGZHLIKI 0RVV VLQFH WKH GHYLDHLRQ IURP IIKH RSILPDO
FRPSHILILYH RXISXIl GHFUHDVHV ~ +RZHYHU LI lIKH UHVXOHILQJ VKLIW LV VR 0DUJH WKDII iIKH
RSILPD0 PRQRSROLVILF RXISXI ZLIK GHPDQG IRUHFDVILQJ 4"  DFKLHYHV IKH
FRPSHILILYH RXISXI 4, WKHQ IXUIKHU H[SDQVLRQV RI IRUHFDVILQJ DFHLYLILHV ZKLFK
OHDG IR WKH RXWSXW FORVHU IR IKH RSHLPD0 PRQRSROLVILF RXWSXI FDQ RQON\ LQFUHDVH WKH
H[SHFIHG YDOXH RI1 IKH GHDGZHLJIKII 0RVV



ILIXUH

(IIHFIVRI GHPDQG GHPDQG IRUHFDVILQJ RQ ZHOIDUH IRU OLQHDU GHPDQG ZLIK DGGLILYH

UDQGRP IHUP OS5, 4n° I LH WKH SULQFLSOH RI LQFUHDVLQJ XQFHUIDLQIN KROGV
WKH H[ SHFIHG YDOXH RI lIKH FRQVXPHU V VXUSOXV

( &6™ DUHD %(+ ! ( &6 DUHD &(* ! ( &6° DUHD ~ Q)
IKH H[SHFIHG YDOXH RI IKH SURGXFHU V VXUSOXV
( 36™ DUHD $,+% ! ( 36" DUHD $-*& 1 ( 36° DD $.)~
WKH H[SHFIHG YDOXH R1 IKH GHDGZHLIK! (RWV
> -/ DD, 2+ > =/ DD -2* > =/° DIHD .2)
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7KXV IIKH RYHUDOO ZHOIDUH HIIHFIV Rl GHPDQG IRUHFDVILQJ LQ WKH ULVN DYHUVH
PRQRSROLVILF ILUP FDQ EH VXPPDUL]HG LQ WKH IR00RZLQJ IKUHH VIDWHPHQIV )LUVW
GHPDQG IRUHFDVILQJ LQ D PRQRSROLVILF ILUP DOZD\V LQFUHDVHV H[SHFIHG SURGXFHU
VXUSOXV 6HFRQG LW LQFUHDVHV H[SHFIHG FRQVXPHU VXUSOXV LI WKH SULQFLSOH RI
LQFUHDVLQJ XQFHUIDLQIN LV VDILVILHG DQG GHFUHDVHV RIKHUZLVH 7KLUG IKH HITHFI RI
GHPDQG IRUHFDVILQJ RQ IKH H[ SHFIHG YDOXH RIWKH GHDGZHLJKII 0RVV GHSHQGY QRI RQO\
RQ WKH IRUP RI'IKH IRFKDVILF GHPDQG FXUYH EXI DOVR RQ KH PDJQLIXGH RI GHPDQG
[0XFIXDILRQV , 1 WKH SULQFLSOH RI LQFUHDVLQJ XQFHUIDLQIN LV VDILVILHG WKHQ GHPDQG
IRUHFDVILQJ DFILYLWLHV DOZD\V GHFUHDVH WKH H[SHFWHG YDOXH RI WKH GHDGZHLIKI 0RVV
2IIKHUZLVH GDIID SURFHWLQJ IRUWKH SXUSRVH Rl GHPDQG IRUHFDVILQJ PD\ LQFUHDVH
RU GHFUHDVH WKH H [ SHFIHG YDOXH RI WKH GHDGZHLJIKW 0RVV GHSHQGLQJ RQ IKH PDJQLIXGH
RI'IKH GHPDQG 10XFIXDILRQV

Conclusions

%\ XVLQJ D VLPSH PRGH) ZH KDYH WLHG IR H[SIDLQ WKH HFRQRPLF DVSHFIV RI
GHPDQG IRUHFDVILQJ LQ D PRQRSRILVILF ILUP IDFLQJ GHPDQG XQFHUIDLOIN $WXPLQJ
KDV WKH ILUP PDLPL]HV LIV IRID0 GLVFRXQIHG H[SHFIHG XILOUN IURP WKH SURILI LO
LQGHILQLIH ILPH DQG XVHV ILPH VHULHV DQDONVLY IR SUHGLFIl GHPDQG 10XFIXDILRQV ZH
KDYH VKRZQ IIKDH IKH RSILPDO IRUHFDVILQJ SROLF\ LV VIDILRQDUN L H  IKDI WKH ILUP KDV
IR DQDONH IIKH VDPH QXPEHU RI VRXUFHV RI GHPDQG LQ HDFK SHULRG ) XUIKHUPRUH
EDVHG RQ UIKH DQDONVLV RI IIKH RSILPD0 EHKDYLRU RI IKH PRQRSRILVILF ILUPV ZLIK
YDULRXV DILIXGHV IRZDUGY ULVN ZH KDYH VKRZQ IKDIf RQU\ ULVN DYHUVH PRQRSRON LV
FRQFHUQHG DERXII SUHGLFILQJ XQFHUIDLQ GHPDQG ORUHRYHU IIKH UHVXOIV LQGLFDIH UKD
IKH RSILPDO RXISX RI IKH PRQRSRIVILF ILUP ZKLFK XVHV GHPDQG IRUHFDVIV IR
LPSURYH LIV SULFH RXISXI GHFLVLRQV LV D0ZD\V FORVHU IR IKH RSILPD0 YDOXH RI WiKH
RXISXH ZLIKRXII XQFHUIDLQIN IKDQ Ll ZRX0G EH LI GHPDQG LV QR DQDONJHG 7KLV UHVXQIV
1Q D UHGLWULEXILRQ RI VRFLD) ZHOIDUH ,Q SDUILFXODU ZH KDYH VKRZQ WKDI GDID
SURFHWLQJ IRUIKH SXUSRVH RI GHPDQG IRUHFDVILQJ LQ IKH ULVN DYHUVH PRQRSRILVILF
ILUP DOZD\V LQFUHDVHV WKH H[SHFIHG SURGXFHU VXUSOXV LQFUHDVHV WKH H[SHFIHG
FRQUXPHU VXUSOXV LI IKH WWRFKDVILE GHPDQG IXQFILRQ VDILVILHV WKH SULQFLSCH RI
LQFUHDVLQJ XQFHUIDLQIN DQG GHFUHDVHV RIKHUZLVH 7KH HIIHFIRI GHPDQG IRUHFDVILQJ
RQ IKH H[SHFIHG YDOXH RI WKH GHDGZHLIKN 0RW KDV IR EH GHIHUPLQHG IRU HDFK
SDUILFXODU FDVH IDNLQJ LQIR DFFRXQINIKH IRUP RI IKH VIRFKDVILF GHPDQG IXQFILRQ DQG
IKH PDJQLIXGH RI GHPDQG 10XFIXDILRQV

7KH UHVHDUFK SUHVHQIHG LQ #KH SDSHU FDQ EH H[WHQGHG LQ VHYHUDO GLUHFILRQV )RU
H[DPSOH WKH HITHFW RI GHPDQG 1RUHFDVILQJ RQ HQWU\ GHIHUUHQFH LQ WKH PDUNHII ZLIK
XQFHUIDLQ GHPDQG VHHPV IR EH ZRUIK\ RI GHIDLOHG LQYHVILIDILRQV I IROORZV IURP
WKH DQDO\VLY DERYH IIKDIf GDWD SURFHWVLQJ IRU WKH SXUSRVH RI SUHGLFILQJ GHPDQG KDV



D FKDUDFIIHU R1 IL[HG FRW WKHUHIRUH LI GHPDQG IRUHFDVILQJ LV UHTXLUHG LW KDV IIKH
HITHFW R FUHDILQJ HFRQRPLHV RI VFDOH ,Q DGGLILRQ VLQFH SDVIl UHVXOIV RI GHPDQG
DQDONVLY FDQ EH XVHG LQ SUHVHQI IRUHFDVIV IKH LQFXPEHQII ILUP KDV D FRWI DGYDQIDJH
RYHU IIKH SRIHQILDO HQIUDQK IR EH LQ WKH VDPH SRVLILRQ DQ HQIUDQW ZRX0G KDYH IR
DQDON]H GHPDQG SULRU R IIKH SHULRG LQ ZKLFK Lif HQIHUV WKH LQGXVIU\ Il VHHPV
QDWXUDO IKDH LQ VXFK D VLIXDILRQ WKH HVIDEOLVKHG PRQRSRO\ IDFLQJ IIKH IKUHDII RI HQIU\
PLIKINLQG LI SRYLECH DQG RSHLPDO IR GHIHU HQWUN EN VHINLQJ LIV VHOOLQJ SULFHV DERYH
IKH PLQLPXP DYHUDJH FRVI OHYH0 ZLIKRXI LQGXFLQJ SRIHQHLDO HQIUDQHV IR HQWHU IKH
LQGXVIUN  EXH WKLV SUREOHP ZL00 EH LQYHVILIDIHG LQ D IRWKFRPLQJ SDSHU
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&RQVLGHU WKH RENHFILYH IXQFILRQ JLYHQ EN IKH H[SUHWLRQ ARIH KD L1 WKH
RENHFILYH IXQFILRQ XQGHU FRQVLGHUDILRQ LV VWULFHON FRQFDYH IRU D OLQHDU XHLOLIN
IXQFILRQ ULVN QHXWDOILUP 8 II T 8 1II WKHQ LW LV DOVR VHULFIO\ FRQFDYH IRU
WKH FRQFDYH XILOLI\ IXQFILRQ DULVN DYHWHILUP 8 111 8 1II 7KHUHIRUH IR
VKRZ WKDW IKH VHFRQG RUGHU FRQGLILRQ KROGV IRU D ULVN DYHUVH ILUP LIl LV HQRXJK IR
SURYH WKDII LI KROGV TRU D ULVN QHXIWUDO ILUP

$VWXPH ULVN QHXIUDOLIN\ DQG FRQVLGHU WKH +HVVLDQ RI IKH REIHFILYH IXQFILRQ JLYHQ
EN\ WKH H[ SUHWLRQ

7KLV +HWLDQ LV QHIDILYH GHILQLIH WiKH RENHFILYH IXQFILRQ LV VWULFION FRQFDYH LI
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7KH VHFRQG SDUILDO GHULYDHLYH R1WKH RENHFILYH IXQFILRQ ZLWK UHVSHFIIR WKH VIDQGDUG
GHYLDILRQ RI'IKH SUHGLFILRQ HUWURU o FDQ EH UHSUHVHQWHG DV
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7KH VHFRQG SDUIILDO GHULYDILYH RI WKH REIHFILYH IXQFILRQ ¥ 4 ¢ ZLIK UHVSHFI IR
RXISXI 4 FDQ EH UHSUHVHQIHG DV
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7KHUHIRUH IIKH 0DVl WHUP LV HTXDO0 WR JHUR DQG WKH H[SUHWLRQ DERYH FDQ EH
UHSUHVHQIHG DV
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FRQGLILRQ DERYH LV DOZD\V VDILVILHG

W LPSOLHV IKDW VHFRQG RUGHU FRQGLILRQ DOZD\V KROGV IRU WKH 0LQHDU XHLOLIN IXQFILRQ
WKH ULVN QHXWUDO ILUP  DQG FRQVHTXHQWO\ DOVR IRU IKH FRQFDYH XWLOLIN\  WKH ULVN
DYHUVH IUP
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