CHARLES UNIVERSITY
FACULTY OF SOCIAL SCIENCES

Center for Economic Research and Graduate Education

Dissertation Thesis

2026 Artem Razumovskii



CHARLES UNIVERSITY
FACULTY OF SOCIAL SCIENCES

Center for Economic Research and Graduate Education

Artem Razumovskii

Essays in Economic Theory

Dissertation Thesis

Prague 2026



Dissertation Committee:

Doc. PhDr. Jan Zapal, Ph.D. (CERGE-EI, Chair)
Yiman Sun, Ph.D. (CERGE-EI)

Ole Jann, Ph.D. (CERGE-EI)

Referees:
Ludmila Matyskovéa, Ph.D. (University of Alicante)

Orestis Troumpounis, Ph.D. (Ca’ Foscari University of Venice)

Author: Artem Razumovskii
Supervisor: Doc. PhDr. Jan Zapal, Ph.D.

Year of the defense: 2026



Abstract

The first chapter of the dissertation focuses on optimal and self-imposed interim deadlines
for naive, sophisticated, and partially-sophisticated agents in a single-project context. I find
that for each type, there is a unique design for an exogenous interim deadline that maximizes
the agent’s welfare. However, only the sophisticated agent would self-impose an optimal
interim deadline, while the naive agent would not apply a self-imposed deadline at all. The
partially-sophisticated agent sets a nonoptimal self-imposed deadline, which can actually
decrease her own welfare. The main result is that the partially-sophisticated agent who
is relatively less present-biased would decrease her own welfare by setting a self-imposed
deadline, and the partially-sophisticated agent who is relatively more present-biased would
increase her welfare given the same degree of sophistication.

The second chapter studies the symmetry and uniqueness of the optimal pair of interim
deadlines in the case of two parallel projects. I find that imposing an interim deadline in
one project may shift the optimal timing for the interim deadline in the parallel project to
earlier or later. The size of the effect and the uniqueness of the optimal pair of timings for
interim deadlines in both projects depend on the agent’s present bias. The optimal pair is
not unique, and the distance between deadlines in the parallel project is higher for a less
present-biased agent.

The third chapter, co-authored with Misha Gipsman|and Artyom Jelnow] investigates the
removal of trade barriers by the toll collector under the threat of conflict with a central
authority. We show that the toll collector relaxes the barriers and allows more merchants to
reach the market when under the threat of conflict. However, the toll collector allows only a
few merchants to cross, maintaining a significant restriction on trade.

Abstrakt

Prvni kapitola se zamétuje na optimalni a osobné uvalené pribézné terminy pro naivni,
sofistikované a ¢astecné sofistikované agenty v kontextu jednoho projektu. Zjistuji, ze pro

kazdy typ existuje jedine¢ny navrh exogenniho mezitimniho terminu, ktery maximalizuje
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blahobyt agenta. Pouze sofistikovany agent by si vSak sam stanovil optimalni mezitimni ter-
min, zatimco naivn{ agent by osobné uvéleny termin neuplatnil vitbec. Castetné sofistikovany
agent stanovi neoptimalni osobné uvaleny termin a jejim zavedenim muze dokonce snizit sviij
vlastni blahobyt. Hlavnim vysledkem je, Ze ¢astecné sofistikovany agent, ktery je relativné
méné orientovan na pritomnost, by pouzitim osobné uvaleného terminu snizil sviij vlastni
blahobyt a castecné sofistikovany agent, ktery je relativné vice orientovan na pritomnost, by
pri stejné mire sofistikovanosti sviij blahobyt zvysil.

Druhé kapitola zkouma symetrii a jedine¢nost optimalni dvojice pritbéznych termint v pripadé
dvou paralelnich projekti. Zjistuji, ze ulozeni prubézného terminu v jednom projektu muze
posunout optimélni nacasovani pribézného terminu v paralelnim projektu diive nebo pozdéji.
Velikost tohoto efektu a jedinecénost optimélni dvojice nacasovani prubéznych termint v
obou projektech zavisi na soucasném vychyleni agenta. Optimélni dvojice neni jedineéna,
stejné jako vzdalenost mezi terminy v paralelnim projektu je vétsi pro méné pritomnostné
vychyleného agenta.

Treti kapitola zkouméa odstranovani obchodnich prekazek vybéréim myta pod hrozbou kon-
fliktu s tstfednim organem. Ukazuji, ze vybérci mytného uvoliiuje bariéry a umoznuje vétsimu
poc¢tu obchodnikl dostat se na trh pod hrozbou konfliktu. Vybéréi mytného vsak umozni

prechod pouze nékolika malo obchodniktim, ¢imz zachovava vyznamné omezeni obchodu.
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Introduction

The first two chapters of the dissertation investigate the behavior of a time-inconsistent agent
under interim deadlines, her welfare, and the optimal design of deadlines. The first chapter
focuses on optimal interim deadlines for naive, sophisticated, and partially-sophisticated
agents in a single-project context, while the second chapter studies the symmetry and
uniqueness of the optimal pair of interim deadlines in the case of two parallel projects. The
third chapter investigates the removal of trade barriers by a toll collector under the threat of
conflict with a central authority.

People are partially time inconsistent, and many have difficulties committing to a detailed
schedule for a project. In the first chapter, I study optimal interim deadlines and how they
affect the behavior and resulting welfare of a present-biased agent. I consider a model in
which there are three types of agent in terms of how the agent understands her present bias:
naive, sophisticated, and partially-sophisticated. For each type, there is a unique design
for an exogenous interim deadline that maximizes the agent’s welfare. However, only the
sophisticated agent would self-impose an optimal interim deadline, while the naive agent
would not apply a self-imposed deadline at all. The partially-sophisticated agent sets a
nonoptimal self-imposed deadline that can even decrease her own welfare. The main result
is that the partially-sophisticated agent who is relatively less present-biased would decrease
her own welfare by using a self-imposed deadline, and the partially-sophisticated agent
who is relatively more present-biased would increase her welfare given the same degree of
sophistication.

In the second chapter, I study optimal interim deadlines for a procrastinator in the context
of multiple parallel projects. While deadlines are well studied in the context of single and
repeated projects, I focus on the spillover effects of imposing an interim deadline in one
project on optimal timing for the interim deadline in the parallel project. I study how the
timing for the interim deadline in one project affects the procrastinator’s behavior, her welfare,
and the optimal timing for the interim deadline in the parallel project. I find that imposing

the interim deadline in one project may shift the optimal timing for the interim deadline



in the parallel project to earlier or later. If the interim deadline in one project is imposed
earlier than the optimal timing for the interim deadline in the parallel project before the
interim deadline in the first project is imposed, this optimal timing (in the parallel project)
shifts to later. Similarly, if the interim deadline in the first project is imposed later than the
optimal timing, the second shifts to earlier. Further, the size of the effect and the uniqueness
of the optimal pair of timings for interim deadlines in both projects depend on the agent’s
present bias. For the more present-biased agents and for the agents who are close to being
time-consistent, there is a unique pair of optimal timings, and it is optimal to impose the
interim deadlines in the same period. However, there are less present-biased agents, for whom
it is optimal to delay the interim deadline in one of the projects, and there are two symmetric
pairs of optimal timings.

In the third chapter, my co-authors Misha Gipsman, Artyom Jelnov, and I explore removing
trade barriers. As a historical example, we consider merchants who must pay a landlord
(the Lord) to cross the Lord’s land to gain access to a market. The Lord controls how many
merchants will cross his land by imposing a toll payment. On the other side, a central
authority (the King) is interested in social welfare and thus is inclined to eliminate this
barrier. We show that the Lord relaxes the barriers and allows more merchants to reach
the market under the threat of conflict with the King. However, the Lord allows only a few
merchants to cross, maintaining a significant restriction on trade. The probability that the
King will win the conflict and remove barriers remains low. The presence of multiple Lords
on the same road leads to a monopoly or to an oligopoly. The situation changes rapidly only
when several roads are present and the Lords have to compete with each other on tolls: they

voluntarily remove the barriers.



1 Interim Deadline for Procrastinators

Published as CERGE-EI Working Paper Series No 769

1.1 Introduction

Procrastination is common and by deﬁnitionﬂ suboptimal. Many of those who have engaged
in procrastination would have preferred in hindsight to stick to their original project plan to
produce better outcomes. In this paper, I analyze the behavior of a procrastinator under
differently designed interim deadlines, describe the optimal deadline that maximizes an agent’s
welfare, and study how the agent would self-impose an interim deadline. In real life, different
situations are considered procrastination. In this paper, I focus on the present-biased agent
who works on a project for several periods. In each period, the agent chooses how much effort
to invest in the project. The amount of effort invested is associated with immediate costs and
increases the reward the agent receives at the end of the project. The setup is simple and
ubiquitous, so most life activities can be connected to the framework. For example, any job
can be divided into intervals in which we work on a project every working day in a month,
and then we receive a salary based on the effort we have invested. Students study every day
at school during a semester to receive the final grades at the end, and runners train daily to
achieve the best possible results in a competition. In all these situations, people invest effort
across several periods and earn an outcome at the end based on their accumulated effort

expended.

An agent who is a procrastinator invests less effort than she planned in advance. Persons

who experience self-control problemd] use different tools, such as deadlines, commitment

31 follow the definition provided by |Ericson & Laibson, 2019 (page 29): “we will define someone as
procrastinating if, when completing a costly task, there is a delay that appears suboptimal from their own
perspective.”

4To describe this behavior, I assume the agent has time-inconsistent preferences. In other words, the
agent’s preferences change over time, which can lead to the difference between planned effort for future



contracts, and self-control penaltiesﬂ to overcome procrastination. I describe and analyze
the present-biased agent’s behavior under an interim deadline and shed new light on how
the partially-sophisticated agent affects her welfare by setting a self-imposed deadline. I
investigate the effect of an interim deadline on the agent’s behavior and welfare, leaving aside
other instruments and incentives to overcome procrastination. I consider an interim deadline
to be a unique instrument that can be used to improve the agent’s performance and welfare.
In my model, the deadline specifies the goal and the periodﬁ To meet the deadline, the
agent has to achieve a goal by this period. Deadlines are common in modern life: students’
homework, preparing for exams, and job contracts all involve deadlines. Often, we restrict
our future selves by setting deadlines on purpose to increase our performance or to achieve a
certain goal. Thus, the questions of how an imposed deadline will affect us and how to set

deadlines optimally are important and relevant in the modern world.

A deadline can be a powerful restriction on future actions and the effect of a deadline on the
agent’s welfare can be negative. While some experimental papers document a positive effect
of deadlines on agents’ performance and welfare (e.g., Ariely & Wertenbroch|, 2002), others
document no effect (e.g., Bisin & Hyndman| [2020) or even a negative effect (e.g., Burger,
Charness, & Lynham), [2011)). In this paper, first, I investigate how the design of an interim
deadline affects the agent’s behavior and the resulting welfare, and characterize the optimal
interim deadline that maximizes the agent’s welfare. Second, I study how the agent would

self-impose a interim deadline and how this would affect her resulting welfare.

periods and actual expended effort when that period comes. The agent’s behavior is suboptimal from the
current period perspective (current preferences) but differs from the optimal behavior from the general
perspective. Because the agent’s preferences change from period to period, optimal agent’s behavior also
changes across periods and the agent evaluates her overall performance differently in different periods. For
models similar to the one in this paper, it is standard to take so-called “long-run” preferences to evaluate the
agent’s performance (e.g., [Herweg & Miiller} 2011; |O’Donoghue & Rabin| [1999a; (O Donoghue, Rabin, et al.l
2006)). The idea is to consider the situation when the entire project is in the future and the agent evaluates
different periods in the project similarly. Typically, the optimal agent’s behavior in this situation coincides
with the behavior of the time-consistent agent.

5See |Giné, Karlan, and Zinman| (2010); Houser, Schunk, Winter, and Xiao| (2018)); [Trope and Fishbach
(2000).

SFor the formal definition, see [Definition 3



The agent can be one of three types based on how she understands her present bias: naive,
sophisticated, and partially-sophisticated. The naive agent is not aware of her time inconsis-
tency and does not realize that she will suffer from self-control problems in the future (believes
she is time-consistent), while sophisticated and partially-sophisticated agents are aware. The
sophisticated agent correctly knows her present bias and fully predicts her future behavior.
The partially-sophisticated agent underestimates her present bias, but cannot correctly predict
her future. This is the framework in which I study how the agent would self-impose the

deadline and how this deadline would affect her welfare. The analysis is divided into two parts.

Firstly, I investigate how the imposed deadline affects the agent’s behavior and welfare. I
consider the situation when the interim deadline is imposed exogenously for the purpose of
maximizing the agent’s welfare. Because my aim is to analyze how the imposed deadline
affects the agent, I focus on the situation when the agent is restricted to satisfying the
deadline condition, leaving aside the question of who the person might be who is interested
in maximizing the agent’s welfare, and assuming that the agent has relatively significant
losses when she does not meet the deadline.ﬂ In this setup, I find that the agent continually
procrastinates from the beginning of the project to the deadline. In other words, the agent
postpones effort from earlier periods to later periods that are closer to the deadline. As a
result, the later interim deadline can accumulate a larger amount of effort in the last periods
and even decrease the agent’s welfare. Thus, depending on the design, the interim deadline
may increase or decrease the agent’s welfare. I find that there exists a unique interim deadline
that maximizes the agent’s welfare and that the design for this deadline depends only on the
degree of the agent’s present bias. Under the same interim deadline, the naive agent would

postpone more effort for future periods compared to sophisticated and partially-sophisticated

7One might think about specific principal-agent problems or the social planner problem. While I study
how the imposed deadline affects the agent and focus on when the agent has to meet the deadline, the results
are valid when the agent has a zero outside option. Because all results correspond to the agent’s behavior
that yields positive welfare, it is sufficient to set the reward to zero when the agent misses the deadline to
motivate the agent to meet the deadline.



agents. Thus, the naive agent’s welfare will be the lowest. The sophisticated agent would
behave more like the time-consistent agent than naive and partially-sophisticated agents, and
would gain the highest welfare. The partially-sophisticated agent will fall between naive and
sophisticated agents. As a result, the optimal deadline for the naive agent is in the earlier
period, for the sophisticated agent it is in the later period, and for the partially-sophisticated

agent it is in between.

Second, I study how the agent would self-impose the interim deadline and how the deadline
would affect the agent’s welfare compared to when the agent behaves with no deadline. Be-
cause the naive agent believes she is time-consistent, she has no incentive to impose a deadline
on herself and she would not set any self-imposed deadline. By contrast, both sophisticated
and partially-sophisticated agents are aware of their self-control problems and would use a
self-imposed deadline to affect their future selves. While the sophisticated agent always uses
the self-imposed deadline that improves her welfare and sets the deadline optimally, I find
that the self-imposed deadline may increase or decrease the agent’s welfare (compared to no
deadline) depending on the combination of the agent’s present bias and sophistication levelﬁ
Fixing the sophistication level, the agent who is relatively less present-biased would be worse
off with a self-imposed deadline, while the agent who is relatively more present-biased would

be better off.

The results contribute to the existing literature on behavioral economics, time-inconsistent
preferences, and deadlines. To my knowledge, this is the first theoretical paper that considers
how an interim deadline affects the agent’s effort choice across several periods, and the
resulting welfare. This paper characterizes the agent’s behavior under the imposed deadline
and the optimal design for the interim deadline that maximizes the agent’s welfare. The

paper also presents a novel finding regarding the impact of a self-imposed deadline on the

8The partially-sophisticated agent’s underestimation of her present bias can be different. Under the
sophistication level, I understand the parameter that describes how close the agent’s beliefs about her present

bias are to reality. For the formal definition, see



welfare of a partially-sophisticated agent. The paper’s findings are useful for understanding

how deadlines affect behavior and welfare.

The rest of the paper is organized as follows. describes related literature and con-
textualizes this paper into the existing research. lays out the model of effort choice
with an interim deadline for all agent types. analyzes the agents’ behavior across
periods with and without a deadline. provides the results on the optimal exogenous
interim deadline for different types. describes the results of the self-imposed interim
deadline. discusses generalizations, limitations, and possible extensions.

concludes.

1.2 Related Literature

This paper contributes to the literature on time-inconsistent behaviors starting from
El in particular on the quasi-hyperbolic mode]El ((B,0) - preferences) originally sug-
gested by Phelps and Pollak (1968) and developed by [Laibson| (1994} |1997)) and |O’'Donoghue|
and Rabin| (1999al, |1999b)). I use a finite-horizon model with discrete time and present-biased

preferences similar to [Herweg and Miiller| (2011) and Kaur, Kremer, and Mullainathan|

(2015) 7]

Strotz| (1955)) and [Pollak| (1968)) distinguish naive and sophisticated agents, according to how

a present-biased agent understands her bias. A naive agent believes she will behave according

9IEricson and Laibson| q2019D provides an exhaustive review on the topic of intertemporal choice models.

10Researchers aim to describe and explain time-inconsistent behavior by proposing general models and
models with specific functional forms. Several researchers have used general models to describe time-
inconsistent behavior (e.g., (Goldman, 1979, 1980; Peleg & Yaari, 1973; Phelps & Pollak, 1968; [Pollak, 1968
Yaari, 1977)), while others propose specific functional forms (e.g., |Ainslie, (1991} 1992; Ainslie & Haslam, 1992
Ainslie & Herrnsteinl [1981; [Chung & Herrnstein) [1967; [Loewenstein & Prelec, [1992). This paper contributes
to the second stream of literature.

"The model has undergone many variations and generalizations over past decades (e.g.,
2016; Harris & Laibson, 2012).

10



to her current preferences in the future, and is not aware of her self-control problems, while
a sophisticated agent is fully aware of her present bias and perfectly predicts her future
behavior. Initially, in subsequent work, most researchers assume that the agent has either
naive or sophisticated beliefsz_?] however, recent studies tend to compare the behavior of naive,
sophisticated, and partially-sophisticated agents (e.g., Herweg & Miuller, [2011; Hyndman &
Bisin, [2022; |[Kaur et al., [2015). The partially-sophisticated agent is aware of her self-control
problem, but underestimates her present bias and cannot correctly foresee her future behavior.
In this paper, I analyze and compare the behavior of all three types of agents under exogenous
and self-imposed interim deadlines. I characterize the optimal interim deadline for each type
and shed new light on how the partially-sophisticated agent would affect her own welfare by

using a self-imposed deadline.

In the related literature, deadlines are considered a tool or a commitment device to overcome
procrastination which improves the agent’s performance. Substantial work has been done on
the experimental side, and while the results document a significant demand for the deadlinesfﬂ
the effect on performance is different. |Ariely and Wertenbroch| (2002) show a positive effect on
the agent’s performance, and claim that the participants are partially-sophisticated. Burger
et al.| (2011) document a negative effect, and |Bisin and Hyndman, (2020)) find no effect on
the performance. Bisin and Hyndman| (2020)) studied the effect of deadlines on students
who have to complete a single task. The agents must choose the optimal time to exert the
immediate costly effort before the deadline. They find that students do not set deadlines
optimally and as a result, their deadlines can negatively affect them. This is in line with
my results on how partially-sophisticated agents set self-imposed deadlines. Because the
partially-sophisticated agent underestimates her present bias, she might set a self-imposed

deadline so that it decreases her welfare.

12For example, |Akerlof (1991) assume naive beliefs, but [Fischer}, [2001}; Laibsonl, {1994, 1996, 1997 assume
sophisticated beliefs.
13This can be interpreted as a support for the fact that the agents are sophisticated or partially-sophisticated.

11



In addition to studies of deadlines, many researchers have documented demand for other
types of commitment devices (e.g.,|Giné et al., 2010; Houser et al., 2018; Trope & Fishbach,
2000), which supports the assumption that agents are aware of their self-control problems,
and emphasizes the importance of studying how commitment devices affect the agent. |Kaur
et al.| (2015) conduct a one-year field experiment to study the workers’ behavior under
the possibility of taking the dominated contract which elicits future efforts. They found a
significant demand for dominated contracts and a positive effect of paydays on effort. They
also use the model to predict the agent’s behavior. While their model of the agent is similar
to mine, they use the model to predict the agent’s choice between two contracts. In this
paper, I extend the model to describe and analyze the agent’s effort choice under the deadline

in every period and to analyze the welfare effects.

From the theoretical literature, the |Phelps and Pollak (1968)) and |Laibson| (1994) model
includes several generalizations and is used in different studies. Harris and Laibson| (2012])
introduce a continuous time version, and |Hyndman and Bisin (2022)) provide an adaptation
for studying the optimal stopping time problem. Hsiaw| (2013) studies the interaction between
goal and self-control and |Grenadier and Wangj (2007) model investment-timing decisions with
time-inconsistent preferences. (Cao and Werning| (2016)) generalize the Harris and Laibson
(2012) model to study flexible dynamic savings in continuous time. My model is similar to
Herweg and Muller| (2011)), who study the agent’s effort choice in two projects during two
periods. Instead of two projects and two periods, I consider an N-period model with an agent

pursuing a single project.

Deadlines in theoretical literature are often presented as a time when the agent loses the
possibility to complete a task with immediate costs and delayed reward. The problem then is
in finding the optimal stopping time when the agent has to stop waiting and complete the
task instantly (e.g., Hyndman & Bisin, 2022; (O’Donoghue & Rabin, 1999b). Other papers

consider the agent who invests a certain level of effort in the task during several periods and

12



then is rewarded according to the accumulated efforts after the deadline. Herweg and Miller
(2011)) study a two-period model with a time-inconsistent agent and compare the behavior of
the agents with naive and sophisticated beliefs. Instead of imposing deadlines, Kaur et al.
(2015) provide a choice between two contracts that specify the pay rates based on whether
the agent achieves the goal by the predefined moment. Their contracts can be considered as
a deadline that specifies the goal and time when the agent is incentivized to achieve his goal.
In this paper, I define the deadline in a similar way: the interim deadline specifies the period

and goal the agent is supposed to achieve by that period.

The results of the experimental papers suggest that deadlines can differently affect perfor-
mance and agents’ welfare, which is in line with the results of this paper. Most of the existing
theoretical literature considers situations different from the setup in this paper, while a few
papers study similar setups but different extensions. This paper is a logical continuation of
the existing studies. Its results can be used in future research and its conjectures in different

fields, including behavioral economics, management, and contract design.

1.3 Model
1.3.1 Agent

The agent has to perform a project for several () periods. In each period t € {1,..., N}, she
chooses an effort level e; > 0 that she expends in the current period. In period ¢, she also
forms the effort plan for the future periods: e, > 0, n € {t + 1,..., N}. However, the agent
does not have to follow the formed plan when future periods come. The expended effort level
e; in the current period is associated with the immediate costs c(e;) and the reward after
the end of the project for the agent. The cost function is assumed to be the same for every

period and is taken in a quadratic form:

13



The agent is rewarded after the end of the project in period N + 1 according to the reward

function R (Zivzl et). The reward function is assumed to be in an additive form:
N N
R (Z €t> = Z (& (2)
t=1 t=1

The convex cost function represents the fact that the agent becomes tired when she works
more hours on a given day. The quadratic form is the simplest and most popular to model
the convex costs. However, the agent is rested and faces the same marginal cost at the
beginning of any day. At the end of the project, the agent is paid according to her total
expended effort. It is assumed that one unit of expended effort is associated with one utility

unit at the end of the project. This motivates the choice of the additive linear reward function.

I study the agent’s behavior with time-inconsistent preferences with quasi-hyperbolic discount-
ing or so-called (3, d) — preferences (Laibson, 1997, |(O’Donoghue & Rabin, [1999a; O’Donoghue
& Rabin, 1999b)E Precisely, the agent’s intertemporal preferences at the chosen period

14(B,5) — preferences in period ¢ can be presented as the following utility function:

Ut = U + B(SUHJ + 552ut+2 + ﬂd?’ut+3 + 654ut+4 + ...

Here f is a present bias parameter and § is a long-run discount factor, U; is total utility, and w; is the
utility in period ¢. Under these preferences, the agent chooses the current and future consumption/effort
in period t maximizing total utility U;. Moving to period t + 1, the agent’s preferences change and can be
described with:

Ut+1 = Ut+1 + [36ut+2 + ﬂ52ut+3 + B53ut+4 + ...
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t € {1,..., N} can be represented by intertemporal utility function U;:

U=u+p [ Ni:l 5ntun] (3)

n=t+1

u; represents the agent’s instantaneous utility from period ¢; § € (0,1] — is a standard discount
factor; and 5 € (0,1] — is a present bias parameter. The present bias parameter here is crucial
and presents the time inconsistency in the model. In any fixed period ¢, the agent weights
the current period more than the future when § < 1.@ In order to focus on the agent’s
procrastination problem, I abstract away from the standard exponential discounting and
set 0 = l.ﬁ Because the agent faces the cost functions in each period ¢t € {1,..., N} and
the reward function after the project at period N + 1, her preferences in period ¢t can be

presented by intertemporal utility Uy:

N N o2 N 2 N
U=—cle)+8|— > c(en)+R<Zen>]:—2t~l—B[— > 5"4—2675 (4)
n=t+1 n=1 n=t+1 n=t

The agent is modeled as a sequence of intertemporal selves at each period ¢t € {1,..., N}. At

any chosen period ¢, the agent maximizes her intertemporal utility U; by choosing the effort

Again, the agent chooses current and future consumption/effort in period ¢ 4+ 1 maximizing the total utility
Uir1. In period t+1, the intertemporal substitution between periods ¢+ 1 and any further period has changed
compared to period t. Specifically, under assumption 0 < 8 < 1, the agent prefers to consume more and puts
in less effort in period ¢t 4+ 1 compared to her plan for the period ¢t + 1 in period ¢; in other words, the agent
procrastinates.

153 is a present bias parameter that describes how differently the agent weights the future compared to the
current moment (today). S = 1 describes the time-consistent agent, while 0 < 5 < 1 corresponds to the agent
who weighs today relatively more than the future. That agent would prefer to work less and enjoy leisure
more today and work more and enjoy leisure less tomorrow.

16Tn the section, I discuss how the results change when § < 1.
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level for the current period e; and forming the effort plan for future periods, {eg)}i\;tﬂ,
given the effort history and her beliefs about the behavior of her future selves in the next
periods. The superscript denotes the period t for the intertemporal agent’s self who maximizes
the intertemporal utility U;. In other words, the agent behaves according to the optimal

. NOLGE .
intertemporal strategy {eT } _, period t.

Definition 1: The agent’s optimal intertemporal strategy at period t is the profile
of the optimal actions for current and future periods from the perspective of the agent’s

intertemporal self at period t.

The optimal intertemporal strategy consists of the actions for the current and future periods
which maximize the agent’s intertemporal utility Uy, given the agent’s beliefs about the
behavior of her future selves. Thus, the agent behaves according to the current optimal
intertemporal strategy and invests é@ into the project in every period t € {1,..., N}. Therefore,
the resulted agent’s action profile during the project consists of the current actions from the

. . . AN N
optimal intertemporal strategies: {et }t:f

1.3.2 Agent Types

The agent can be one of three types, based on how she understands her present bias (f3):
naive, sophisticated, or partially-sophisticated. The naive agent is not aware of her time
inconsistency and believes she is time-consistent. The sophisticated agent correctly knows
her present bias and fully predicts her future behavior. While the partially-sophisticated

agent is aware of her self-control problems, she underestimates her present bias.

In the current period ¢, the agent invests only the effort level égt) into the project. Because

the naive, the sophisticated, and the partially-sophisticated agents differ in terms of how they
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understand their present bias, they have different beliefs about their future behavior. The

naive agent believes she will behave according to the current optimal intertemporal strategy
N

{ég)} Cn in the future or, in other words, that g will be equal to 1 in all future next period.

Thus, the optimal intertemporal strategy for the naive agent (without a deadline) is the

solution to the following utility maximization problem (UMP):

DI e} SR
el € arg max ¢ —— + 3 |— -+ e]} g
{ }T:t g {e‘r}i\]:t { 2 [ n;l 2 nZ:t t ( )
s.t.: {en}f:l are given

On the contrary, the sophisticated agent fully understands her present bias and correctly
predicts the behavior of her future selves. In period ¢, she knows that she will face the same
problem in every future period. The partially-sophisticated agent anticipates her future
behavior, however, she underestimates her present bias in period ¢ and believes she will face
a similar UMP as from period t 4+ 1 onwards, but with the present bias parameter equal
to 3 instead of /3, where 5 < 3 < 1:

N 2 . -
{éf“)} € arg max {_C(et+1> + B [— Y clen) +R (Z en)] } (6)
T=t+1 {ef}qj—\]:t+1 n=t+2 n=1
s.t.: {en}f:l are given

Thus, the partially-sophisticated agent forms the effort plan for future periods depending on

her sophistication level ~.
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Definition 2: A sophistication level is the parameter v which characterizes how incor-

rectly the agent estimates her present bias parameter 5 and is defined by:

1.3.3 Welfare Criteria

Because the agent’s preferences change over the periods, the agent evaluates her overall
performance differently in different periods. The same agent’s action profile gives different
utility levels for different intertemporal selves during the project. Therefore, to analyze the
agent’s welfare, it is standard to take the so-called “long-run” preferences to evaluate the

agent’s performance:

o= |- S cen+ 1 (Y] 0

t=1

This approach is in line with (O’Donoghue and Rabin| (1999a)), (O Donoghue et al.| (2006)
and Herweg and Miller| (2011). Additionally, these preferences represent the agent who
considers the entire project in advance (how she evaluates the performance in a 0-period).

The difference then is in multiplication by the constant .
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1.3.4 Interim Deadline

In this paper, I study the agent’s behavior under an exogenously imposed deadline to investi-
gate the effect of the deadline on the agent’s behavior and welfare. Then I study how the
agent sets the self-imposed deadline and how this deadline affects her welfare.ﬂ However, in
both cases, the interim deadline is an instrument used to maximize the agent’s welfare; the

agent’s “long-run” utility .

Definition 3: An interim deadline (ID) is the constraint on the agent’s behavior defined
by two parameters: timing k € {1,..., N} and goal A > 0. The agent is restricted to investing

the total level of effort greater or equal to A by the end of period k.

In other words, if the agent faces an interim deadline /D = (A, k), then her intertemporal

selves face the following constraint in every period 1,...)k:

iet > A (9)

In the case of the exogenous deadline, the agent is informed about the interim deadline
before the project starts and has to meet it. Similarly, in the case of the self-imposed interim
deadline, the agent has the possibility to choose the interim deadline ID = (A, k) before the

project starts. After the interim deadline is chosen, the agent has no possibility to adjust or

17 Additionally, in the case of the exogenous deadline, the results of this paper can potentially be useful in
different setups. For example, one might think about the situation when there is a principal who designs a
deadline contract before a project starts. The agent then has to sign it if she is interested in the project.
An incentive for the agent to strictly meet the deadline could be very significant losses (or penalties) if the
deadline is not met. For example, a student’s cost of one more hour of study needed to pass an exam is
incomparable to the loss of failing a course and potentially losing their place on a study program.
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cancel it, and must satisfy the deadline as in the endogenous case. Because the agent chooses
the interim deadline before the project starts, she chooses the I D = (A, k) to maximize her
“long-run” utility . Thus, the deadlines are used to maximize the same objective in both

cases.

Under the interim deadline, the agent can affect her future selves through her choice of the
current effort, and this choice depends on her effort history. Because the different types
of agent have different beliefs about their future selves’ behavior, the behavior of naive,
sophisticated, and partially-sophisticated agents will be different. After the interim deadline
is met at period k, the agent behaves according to the optimal intertemporal strategies when

no deadline is imposed .

1.4 Analysis

The analysis is made in the following order. Firstly, I identify the optimal behavior for
the agent with “long-run” preferences, or in other words, I analyze how the time-consistent
agent would behave. This would be the first-best outcome, which is not achievable for a
time-inconsistent agent. Second, I analyze the behavior of the time-inconsistent agent under
no deadline and compare the results with those of a time-consistent agent to measure the
present bias effect. Further, I study how the agent would change her behavior under the
exogenous interim deadline @ Based on the agent’s response to the imposed deadline, I
characterize the parameters (A,k) which maximize the agent’s welfare. Finally, I study how
the partially-sophisticated agent would set the self-imposed deadline and analyze how the

deadline would affect the resulting behavior and welfare.
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1.4.1 Time-Consistent Agent

The time-consistent agent (with 5 = 1) would behave according to her “long-run” preferences
because the optimal strategy would not change across different periods. Thus, the agent
behaves according to the solution for the UMP with objective , cost function , and
reward functions :

max {—éeriet} (10)

{et}i\,:1
The first-order conditions are:

—e+1=0 ,Vte{l.. N} (11)

As a result, the time-consistent agent expends 1 effort at every period during the entire project,
(.}, = {1,...,1}. The optimal intertemporal strategy for the agent with the “long-run”
preferences (agent’s self at period 0) then is {égo)}il = {1,...,1}. This behavior maximizes
the agent’s “long-run” preferences and the corresponding utility level U, ({égo)}i\;l) = % is
the upper bound and the unachievable target for the problem with a time-inconsistent agent

and an interim deadline.
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1.4.2 Time-Inconsistent Agent Under No Deadline

When no deadline is imposed, sophisticated and partially-sophisticated agents have no com-
mitment devices to affect their future selves as the preferences are additive separablem Thus,

the resulting agents’ action profiles coincide for different agent types.

In period ¢, the naive agent solves the UMP (5) and her optimal intertemporal strat-
egy is to expend [ effort in the current period t and 1 effort in every future period:
{éf)(ND)}iV:t = {f,1,...,1}. ND denotes here that No Deadline is imposed. The so-
phisticated agent correctly predicts her future behavior and is aware that she will face the
same UMP in every future period. Thus, her optimal intertemporal strategy consists
of B effort to expend in the current period and foreseen [ effort in every future period:
{ég)(]\/' D)}it = {05, B3,..., B}. The partially-sophisticated agent predicts her future behavior
incorrectly and believes that she will face the UMP @ in every future period. Thus, her
optimal intertemporal strategy in period t is to expend [ effort in the current period and

3 - iod: [s® N 1885
plan to expend [ effort in every future period: {eT (ND)} = {8, 5,..., B}

All agent types expend 3 effort in the current period ¢t. Because there is no instrument to
commit to future behavior, the resulting agent’s action profile is {f, f,...,4} regardless of
the agent type. Because [ < 1, she expends less effort at every period. This behavior is not
optimal from the perspective of the agent with “long-run” preferences. The agent expends less
effort in every period than the time-consistent agent would expend. This behavior represents
procrastination. The resulting agent’s welfare then is U, ({égt)(ND)}i\il) = [(2 — 6)%,

which is lower than the time-consistent agent’s welfare (%) for any § < 1.

18Generally, the agent can affect the behavior of her future self through the reward function by changing
the marginal benefit in future periods when choosing effort in the current period. Herweg and Miiller| (2011))
show that the agent would decrease her effort in the current period to incentivize her future self to invest
more effort in the next period under their assumptions on cost and reward functions. However, in this paper,
I focus on the effects of deadlines and choose the additive structure of the reward function, so the agent
cannot affect the marginal benefit in future periods by choosing the current effort.
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1.4.3 Time-Inconsistent Agent Under an Exogenous Interim Deadline

When the exogenous interim deadline ID = (A, k) is imposed, the agent faces the constraint

@ at every period 1,..., k. Therefore, the agent’s UMP in period ¢ € {1,..., k} can be written as:

max {—2'5%—5[— > 2"+Z€n]} (12)

{67}71—\]:15

n=t+1 n=1
k t—1
sto Y er= A=) en
T=t n=1

{e Yo are given

I assume that the goal A is chosen such that the deadline constraint binds from the first
period and consider the situation when the deadline does not bind in the first period further
in this section. This means that the agent’s optimal intertemporal strategy in period 1 with

N
No Deadline, {égl)(]\/’ D>}t—1’ does not satisfy the deadline constraint:

fj eM(ND) < A (13)

t=1

In [Appendix I} T show that if the deadline constraint binds at some period ¢, then it binds at
any future period t + 1,..., k.

Under the interim deadline, the agent’s behavior depends on her type, because now the agent

can affect her future selves’ behavior by investing more or less effort in the current period.
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However, the naive agent would not do that, because she always believes that she will stick

to the current effort plan in future periods.

Naive Agent The naive agent believes that her preferences are time-consistent and that
she will behave according to the current effort plan. Then, she behaves in the current period
t < k according to the optimal intertemporal strategy as a function of imposed I D @ and

her effort history:

n=

{é(Tt) (ID, {égn)}ti)}]v € arg ma}\}i {—62? + [— % 221 + i 64 } (14)

ID here denotes that the agent solves for the optimal intertemporal strategies under the

interim deadline. I omit the dependence on the effort history further in the notations so as
t—1

not to create complications in the equations. I write &%) (ID) instead of & (I D, {éfln)} 1)
n=

keeping in mind that the agent’s choice of effort always depends on her effort history under

the interim deadline.

Because the naive agent is not aware of her time inconsistency and does not anticipate her
future behavior, the agent behaves according to the first-order conditions for UMP and

keeps the effort ratio the same for the optimal intertemporal strategy in every period ¢:
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ee=pPe, ,Vne{t+1,.. .k} (15)

However, in different period ¢, the agent has to redistribute different total amounts of effort
(A - en) across periods. Note that the naive agent has the same effort ratio for

her optimal intertemporal strategy when she behaves under no deadline.

Proposition 1: When the naive agent faces the interim deadline ID = (A, k), she behaves
in periods {1,....,k} as follows:

o the agent postpones a certain amount of effort to later periods;

o the agent expends greater effort in every subsequent period;

o the expended effort satisfies equation @);

Bl (=) Cte{l k-1
e (ID) = { anlf? (ikiy) = St (UD) L b=k (16)
B , te{k+1,.,N}

where a = A/k.

Parameter « here corresponds to the average level of effort expended in every period under

the interim deadline during periods 1,..., k. I provide the proof for Proposition 1 in
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The choice of A is equivalent to the choice of a. I assume that goal A = @ (or a = 1),
because « is a common coefficient for all effort from period 1 to k. I call this interim deadline
natural. First, I consider the agent’s behavior under the natural interim deadline and then

discuss how the choice of o (or A) affects the agent’s behavior and welfare later in this section.

Definition 4: An interim deadline 1D = (A, k) is called natural when goal A is chosen
such that the agent is restricted to expend at least the same amount of total effort by period k

that a time-consistent agent would expend.

The interim deadline imposed in period k does not affect the agent’s behavior in periods k + 1
to N, thus, I focus only on the first k periods in the project further in this subsection. In the
first period, the agent expends égl) (ID) = Bﬁ, which is greater than what the agent
would expend without the imposed deadline (égl)(N D)= 6). However, égl)(I D) <1=a«for
any k > 2. This means that the agent still procrastinates at the beginning of the project.
On the other hand, the agent has to satisfy the deadline (expend on average o = 1 level of
effort per period during periods {1,..., k}), thus, expending a lower level of effort than 1 at
the beginning of the project means that she must invest greater effort (> «) in the periods

close to k. In other words, the agent continues to procrastinate and then accumulates effort

just prior to the deadline. Note that the expended effort in period t € {1,....k — 1} is the

multiplication of fa and t constants: k_(’f_ﬁ), k_lk__(i_ﬂ), e #j(%_g) Each of these
constants is greater than 1, because #&l_ﬁ) > 1 for any [ € {1,...,k — 1}. Precisely, the

effort expended in period t 4 1 is equal to the effort expended in period ¢, but multiplied by
#ﬁt—ﬁ) > 1. Thus, in every subsequent period, the agent expends more effort than in the

prior period.

The agent’s present bias parameter § continues to play the main role in the procrastination

19When A is set to be equal to k, the agent is restricted to expend at least 1 effort in every period on average
before the deadline. Thus, on average, the total effort expended coincides with what the time-consistent
agent would expend (first-best behavior). Note, when A is chosen to be equal to k, the deadline constraint
binds in period 1, because § < 1.
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process before the deadline. When  — 1 (agent is close to time-consistent), the effort
expended in every period tends to 1. In case § — 0, the agent expends 0 effort in every
period before k and ak = A effort in period k, which is the most inefficient behavior from

the “long-run” perspective.

The interim deadline ID = (k, k) increases the expended effort in total from period 1 to
period k according to the first-best: the agent now expends Y.F_, égt)(f D) = k effort in total
by period k instead of 2F el (ND) = Bk. However, the interim deadline allows the agent to
redistribute her effort across periods {1,..., k} according to the time-inconsistent preferences.

At every period t € {1,..., k}, the agent’s optimal intertemporal strategy satisfies the F.O.C.s:

1
=g i+ 1 k) (17)

That is, the agent always expends less (times () effort today than she will in future periods
closer to the deadline (period k). In the current period, she plans to expend equal effort in
every future period. However, she does less when the next period comes and again postpones
some effort to future periods. If the interim deadline ID = (k, k) is imposed at a relatively
later period, it increases the total effort expended relatively more. However, the later interim
deadline gives more space for the agent to procrastinate. If k increases, the agent expends
less effort in the first period and accumulates a relatively greater degree of effort is necessary
in periods closer to the deadline. When k — oo (assuming N — oo, t00), the agent expends
el(ID) — f3 in period 1, which is equal to what the time-inconsistent agent under no deadline
would expend. If k decreases, the agent expends a relatively higher (closer to 1, as the
time-consistent agent would expend) level of effort in period 1 and postpones relatively less

effort for future periods.
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Coming back to the effect of A on the agent’s behavior, the deadline binds if A satisfies .
If the opposite, the interim deadline ID = (A, k) does not affect the agent’s behavior in
period 1. Thus, the agent behaves according to the optimal intertemporal strategy when No

Deadline is imposed:
R N
{e?)(ND)}t:1 ={81,..1} (18)

As a result, the agent expends égl)(ID) = égl)(ND) = [ in period 1 and moves to the second

period. In period 2, the agent still faces the interim deadline constraint, but now she has al-

ready expended égl) (ID) = p effort in period 1, and the interim deadline constraint changes to:

k
Z e > A—p3 (19)
t=2

The expression A — 3 can be denoted as a new interim deadline goal A’ = A — 3 and the
problem comes down to the previous one in period 1. If the deadline binds in period 2,
then the agent behaves according to in periods {2,...,k}, but with new A" = A — 5 and
k' = k — 1. If the deadline again does not bind in period 2, then the agent behaves according
to the optimal intertemporal strategy in period 2 under No Deadline and moves to period
3, and so on. Therefore, if the interim deadline does not bind for the first n periods and
binds in period n + 1, the agent behaves as a procrastinator during these n periods and then

according to (|16) with A=A —nf and k' =k —n:
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B =e"(ND) ,te{l,..n)
Ba' Ty (7) , te{n+1,..k—1}
e(ID) = (20)
/I ’_ ~(k—1
o (i) = 5l UD) =k
B , ted{k+1,..,N}

The resulting behavior is equivalent to the situation in which the agent behaves under the
interim deadline ID = (A’, k') but with permutations: the agent procrastinates n periods,
then expends greater effort from period n + 1 to k, and continues to procrastinate from
period k + 1 till period N, which is equivalent to expending greater effort from period 1 to
k" = k —n and procrastinating from period k" + 1 till period N. Thus, further in the paper, I
abstract from the cases when the interim deadline does not bind in period 1 and assume A

satisfies the condition m

Sophisticated Agent The sophisticated agent (SA) is aware of her time inconsistency
and correctly predicts her future behavior. In period ¢t < k, the agent solves the UMP
by backward induction and considers future efforts as functions of the effort choice for the
current period. Because the sophisticated agent correctly estimates her present bias, she
correctly predicts her future behavior and follows her optimal intertemporal strategy from
the beginning of the projects. In other words, her optimal intertemporal strategy does not

change from period to period:

20In the general case with § < 1, the agent would prefer to expend effort closer to the end of the project.
However, the time-consistent agent would change the behavior and expend less effort at the beginning of the
project and more effort in the final periods before the deadline.
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N 2

&t (ID) € arg max {—62% + 3 [_ 3 €n(26t> +y en(et)] } (21)

n=t+1 n=1

k t—1
s.t.: ZeT > A— Zég")
T=t n=1

t—1
{eg")} | are given
n=

As a result, the sophisticated agent’s optimal intertemporal strategy in period ¢ consists of
k
e (ID) and {2, (&” (ID))}

o The problem is complicated and there is no analytical

solution, however, the resulting agent’s action profile can be described as follows:

Proposition 2: If the sophisticated agent faces the binding interim deadline ID = (A, k) in
period t and has to expend at least A' = A — S0 e, effort till period k, she expends wy* A’

effort in the current period t. The agent expends less effort than the time-consistent agent

would expend and postpones some amount of effort to future periods (share wP? is lower than

ﬁt—i—l ). The share w2 can be found by:

WA =3 (O (D (.. D (1)..)) (22)

k—t times

where ®(x) =

(23)
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I provide the proof for [Proposition 2| in [Appendix IIIl In period 1, the agent expends
eY4(ID) = w4 A and then, in period 2, she expends &54(ID) = w§4(1 — wi4)A. Thus, in

period n < k, the agent expends &54(ID) = w34(1 — w34))...(1 — w5*)(1 — w¥4) A. However,

n—1

this is correct if the interim deadline binds in period 1. In other words, the sophisticated
agent would affect her future behavior by the choice of the current effort when the goal A is

greater than the total effort expended under no deadline:

kB < A (24)

Because the agent perfectly anticipates her future behavior, the deadline does not bind in every
period if it does not bind in the first period. If the deadline binds and A satisfies equation ([24)),
the agent affects the behavior of her future selves by expending effort according to
. However, the sophisticated agent would expend e; = 3 if &7 A(I D) = wj4A < B. Similar to
the naive agent case, the goal in the second period adjusts to A" = (A — ) and the situation
repeats: the agent behaves as though she is facing the interim deadline ID = (A’ k — 1) and
expends ey = [ if 854 (A’ k—1) < . As a result, the sophisticated agent expends e; = 3 while
the effort calculated according to is less than or equal to 3. Because A > k3, the
average effort per period that the agent has to expend is increasing in every subsequent period

and there is a period n+1 when the agent switches her behavior to conform with [Proposition 2}

6] , te{l,..n}
&, (ID) = {wts_Aan;?_l (1 - waﬂ (A—npB) , te{n+1,.k} (25)
54 , te{k+1,.. N}
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B=0.65,v=0.8, k =20,N = 25

T
Time-Consistent Agent
Time-Inconsistent Agent
—o6— Naive Agent
—o— Sophisticated Agent
—=o6— Partially-Sophisticated Agent

effort

20 25

period

Figure 1.1: The comparison of behavior for different types of agent under the same interim deadline
ID = (20,20) with present bias parameter § = 0.65 and sophistication level v = 0.8 for the partially-
sophisticated agent. The black and red lines present the behavior of time-consistent and time-inconsistent
agents. The blue line presents the naive agent’s behavior, the green presents the sophisticated agent’s behavior,
and the magenta line presents the partially-sophisticated agent’s behavior.

As a result, the sophisticated agent does better than the naive agent under the same interim
deadline ID = (A, k). Because the agent anticipates the effect of her current choice of
expenditure of effort on future behavior, she postpones relatively less effort to later periods

than does the naive agent.

Figure presents a comparison of the behavior of different agent types over the entire
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project, given that the other parameters and interim deadline are fixed. The green line with
cycles describes the sophisticated agent’s behavior. The blue line depicts the behavior of the
naive agent under the same interim deadline and with the same present bias parameter .
The sophisticated agent invests more effort in the earlier periods and less in the later periods.
While both agents expend more effort than without any interim deadline (red line on the
graph), their behavior significantly differs from that of the time-consistent agent (black line
on the graph). Thus, the sophisticated agent effectively uses the interim deadline to affect her
future selves and performs better overall than the naive agent. However, the sophisticated

agent still procrastinates and postpones effort to the final periods before the deadline.

Partially-Sophisticated Agent The partially-sophisticated agent (PSA) is aware of her
time inconsistency but predicts her future behavior incorrectly. She believes that her future
selves will behave according to the present bias parameter 5 = 1 — (1 — 3). Thus, the
partially-sophisticated agent would behave similarly to a sophisticated and solve the problem
by backward induction, but with a slightly different algorithm for calculating coefficient w4
in period t. The agent’s belief about how her current choice of effort affects future decisions
depends on her sophistication level v. This affects both her choice regarding the current

effort and her plan for future efforts. In period ¢t < k, the partially-sophisticated agent solves
for egt)(ID, v):

N N
égt) (ID,~) € arg max {—62? + l— Z 6”(62“7) + Z enler, 7)] } (26)

n=t+1 n=1
k t—1
st.r Y e, >A— Zég”)
T=t n=1
t—1
{é(")} are given
n=1

n
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As a result, the partially-sophisticated agent’s choice of current effort depends on her effort
history, interim deadline, and sophistication level «. Then, the partially-sophisticated agent’s
optimal intertemporal strategy in period t consists of the current period effort égt) (ID) and
her effort plan on future periods {én (’y, égt) (1 D)) }]:L:tﬂ. Because the agent’s beliefs about
her future behavior are incorrect, she expends égt) (ID) in the current period, but her optimal
intertemporal strategy in the next period does not coincide with the current one. The resulting

agent’s action profile can be described as follows:

Proposition 3: If the partially-sophisticated agent faces the binding interim deadline
ID = (A, k) in period t and has to expend at least A' = A — 11 e, effort till period k, she

n

expends wl3A A’ effort in the current period t. There w4 can be found as:

W =0 [ @ (0 (.0 (1)..)) (27)

k—t—1 times

where ®(z) = (28)

The function ®(z) is the same as for the sophisticated agent and is defined by equation (23)).
Since 8 < 8 < 1, the partially-sophisticated agent expends a lower share of A’ compared to the
sophisticated agent under the same interim deadline. In period ¢, the partially-sophisticated

agent believes she will expend f effort in every subsequent period under no deadline. Thus,
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the deadline binds in period 1 if:

B+(k-1)B<A (29)

Because the agent has incorrect beliefs about her future behavior, the deadline may not bind

in the first n periods and binds from period n + 1:

B4 (k=n)f>A~(n-1)3
(30)

B4+ (k—n—-1)<A—np

From the period when the interim deadline begins to bind, the partially-sophisticated agent
behaves according to if her calculated effort is greater than . Similar to a so-

phisticated agent, the deadline might not affect the agent’s behavior during the first m periods:

6] , te{l,..m}

FSNID) = § [wfSA = (L wf S (A=mB) e fmtt k) G

g , te{k+1,...,N}

The magenta line in Figure|l.1|presents the behavior of the partially-sophisticated agent in com-
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parison to the naive and sophisticated agents. As expected, the partially-sophisticated agent
performs somewhere in between naive and sophisticated agents. The partially-sophisticated
agent uses the interim deadline to affect her future selves as a sophisticated agent does, but due

to her incorrect estimation of present bias, she does it less efficiently than a sophisticated agent.

For all types of time-inconsistent agents, the interim deadline significantly affects the agent’s
behavior. However, the agent behaves differently from a time-consistent agent, and postpones
effort to the final periods before the deadline. Obviously, from the “long-run” perspective,
such behavior is not optimal. Thus, while the interim deadline increases the total amount of

effort expended, the effect on the agent’s welfare is not clear.

1.5 Optimal Natural Interim Deadline

The interim deadline in period k does not affect the agent’s behavior in periods £+ 1 to N.
For periods 1 to k, the agent expends a greater degree of effort in each period than she would
with no deadline. However, the agent continues to procrastinate and postpones a certain
amount of effort to future periods according to the present-bias parameter 5. As a result,
the interim deadline in period k increases the effort spent on the project in periods 1 to k,
while an accumulated greater amount of effort is expended in the final periods before the
deadline. The effect of the imposed interim deadline on the agent’s welfare is ambiguous.
The results I provide in this and the next sections are for the agent’s behavior under the
natural interim deadline ID = (k, k). Nevertheless, results hold for the general case and 1

consider the optimal choice of goal A in the section.

In the past, it was generally agreed that deadlines help agents to minimize or avoid procrasti-
nation and therefore increase agent welfare, because procrastination lowers it. As discussed

above, an imposed deadline increases effort expended in the periods before the period k and
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accumulates the effort in the last periods before the period when imposed. On the one hand,
the increase in effort helps to overcome procrastination and positively affects the agent’s
welfare due to greater effort expended on the project. I call this effect the “increase in effort”
effect. Under the natural interim deadline the “increase in effort” would only positively affect
the agent’s welfare if the increase in effort were the same for every period {1,....,k}. On the
other hand, the agent distributes the effort across periods not equally: less than optimally in
the beginning and greater than optimally in the final periods before period k. Because the
agent is restricted to expend, on average, a = 1 effort in every period, unequal distribution
of effort across periods {1,...,k} decreases the agent’s welfare. I call this the “redistribution

of effort” effect.

The interim deadline ID = (k, k) increases the total effort expended from >V e, = AN to
SN e, = BN + (1 — B)k. During periods {1,...,k}, the agent expends k effort, and it would
be optimal to expend 1 effort per period from the “long-run” perspective. However, the agent
procrastinates and due to the “redistribution of effort” effect expends less effort in earlier
periods and more effort in later periods. This effect does not affect the reward function,
because the agent expends the same effort in total, but it does change the total costs. While
less effort in the earlier periods decreases costs in those periods, greater effort in later periods

increases costs relatively more because the cost function is convex.

Proposition 4: There is a genem’call unique pem’odl% such that the agent’s behavior

induced according to |Proposition 1 @ @ (depending on her type) under the natural interim

deadline ID = (l%, l%) yields the highest agent welfare (among all possible natural interim
deadlines ID = (k,k), k € {1,..., N}). The number of this period k depends only on the

present-bias parameter  and the sophistication level v (for partially-sophisticated agents).

2IThere is a set of measure zero of specific values of present bias parameter 3, such that there are two
natural interim deadline in periods k£ and k + 1 which maximize the agent’s welfare.
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I provide the proof in [Appendix IV] and here I describe the general intuition and logic.

Generally, the later interim deadline helps the agent to expend greater effort overall. Thus, it
would be optimal to impose the interim deadline in the last period if the agent distributes
effort equally across all periods. From one side, the increase in reward function (“increase
in effort” effect) is the same when the interim deadline is moved from the first period to
the second or from the 11th to the 12th. However, the agent accumulates greater effort
for the final period before the deadline for the later interim deadline. In other words, the
“redistribution of effort” effect increases in k. The logic is that it is profitable to postpone
the interim deadline to the later periods while the “increase in effort” effect is greater than
the “redistribution of effort” effect. Because the first effect is constant in k£ and the second is
increasing in k, there is k = k after which the later interim deadline decreases the agent’s
welfare. This natural interim deadline /D = (]2‘,/2‘) can be described as one under which the

agent’s welfare is higher than with the interim deadline imposed in periods k—1ork+1:

(32)

Any natural interim deadline 1D = (k,k) affects the agent’s behavior only in periods {1,...,k},
but in later periods, the agent expends effort equal to 5. Thus, the optimal period k does not
depend on the length of the project NE and inequalities contain only parameter [ and
k. Therefore, the optimal interim deadline ID = (l%,l%) is defined only by the present-bias
parameter 5. However, there is a set of measure zero of specific values of present bias
parameter (3, such that Uy ({égt)(/%,l%)}iJ = Uy ({égt)(l;‘ + 1,k + 1)}11) In that case, both

natural interim deadlines in period k and period k 4+ 1 maximize the agent’s welfare. These

22Tf N is large enough. If the optimal k according to is greater than N, then it is optimal to impose
the interim deadline in the last period or k = N.
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Dependence of Welfare on period k, 8 = 0.65, v =0.8, N = 25
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—6— Sophisticated Tl Agent

—6— Partially-Sophisticated Tl Agent
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Figure 1.2: The dependence of the agent’s utility level on the period k when the natural interim deadline
ID = (k,k) is imposed. The blue, green, and magenta lines present the dependence for naive, sophisticated,
and partially-sophisticated agents respectively. The red line presents the utility level of the time-inconsistent
agent (regardless of the agent’s type) pursuing the project under no deadline.

cases do not affect the results and conclusions of this paper and it can be assumed that the

agent prefers the earlier deadline when she is indifferent between these two.

Figure presents the dependence of the agent’s welfare on the period k when the interim
deadline ID = (k,k) is imposed for all three agent types. Similar to Figure the other

parameters are ﬁxedEl The red line shows the agent’s welfare when no deadline is imposed

23The meaning of the present bias parameter 3 is chosen such all the necessary effects are observed on the
graph for the 25-period project for all types of agents. Empirical studies provide mixed results of estimations
of the present-bias parameter 3. [Laibson, Repetto, and Tobacman| (2007) estimate that the parameter 3 is
equal to 0.50, while DellaVigna and Paserman| (2005)) find § = 0.9. Paserman| (2008) estimates 3 = 0.5 for
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and the agent expends [ effort in every period. The blue, green, and purple lines present how
the welfare of the naive, sophisticated, and partially-sophisticated time-inconsistent agent
correspondingly depends on the choice of & when the agent behaves under the natural interim

deadline ID = (k,k).

Moving the interim deadline from the first period to the second significantly increases the
agent’s welfare, while setting it in later periods increases welfare less and less and eventually
begins to decrease it. Further relocation of the natural interim deadline to later periods only
decreases the agent’s welfare. The interim deadline can even cause lower welfare than in a
situation without any deadline. In Figure [I.2] this occurs after the intersections with the red
line (in different periods for different types). These intersections of colored lines with the red

line are defined by inequalities similar to and depend only on the agent’s present-biased
parameter 3. I discuss this specifically in [Appendix TV]

As a result, when the agent’s present-bias parameter § is known, it is always possible to
impose a natural interim deadline 7D = (k,k) that will maximize the agent’s welfare. Such k
can be found from the inequalities 1) In case k > N, it is optimal to impose the interim

deadline in the last period N.

1.6 Self-Imposed Interim Deadline

The agent sets the natural interim deadline 1D = (k,k) before the project starts (in period 0)
and then has to satisfy the deadline constraint. The agent has no possibility to change, adjust,
or cancel the interim deadline in later periods during the project. In this framework, the
naive agent believes she will behave according to current preferences and has no incentive to

impose any restrictions on her future self, while the sophisticated and partially-sophisticated

low-income workers and 3 = 0.9 for high-income workers. For the exhaustive review on the topic of measuring
time preferences, see |(Cohen, Ericson, Laibson, and White, (2020).

40



agents do. Thus, the naive agent would choose not to impose any interim deadline@

In contrast to the naive agent, the sophisticated agent anticipates her future behavior and
would prefer to use a self-imposed deadline to affect her future self. Since the sophisticated
agent correctly predicts her future behavior, she can set the interim deadline optimally and
imposes it according to the previous section. Therefore, the most interesting case is when the
agent is partially-sophisticated and underestimates her present bias. She is aware of her time
inconsistency and would use a self-imposed deadline to affect her future self, however, she

cannot use the interim deadline as optimally as a sophisticated agent can.

In period 0, the partially-sophisticated agent with sophistication level v believes she will be-
have as a sophisticated agent with a present bias parameter equal to BPSA =1—7(1—pP%4),
Thus, the partially-sophisticated agent would set her self-imposed deadline equal to the
optimal interim deadline for the sophisticated agent with 354 = BPSA. Because the optimal
period for the natural interim deadline is increasing in £ for all types of the time-inconsistent
agent and BPSA > BPS4_ the partially-sophisticated agent would set the interim deadline

5PSA

later than the optimal one. As a result, depending on parameters and 7, the agent sets

her self-imposed deadline such that it might increase or decrease her welfare.

Figure presents the regions of pairs of parameters (8794, ) for the partially-sophisticated
agent where the self-imposed deadline (which is set by the agent with these parameters)
would increase or decrease the agent’s welfare. The white region presents the pairs of param-
eters with which the agent sets the self-imposed deadline such it will decrease her welfare.
Respectively, the blue region presents the pair of parameters with which the agent sets the

self-imposed deadline so that it will increase her welfare.

24Gtrictly speaking, in period 0, the naive agent is indifferent between not imposing the interim deadline
and any natural interim deadline because she believes she will behave as a time-consistent agent. I assume
that the agent prefers not to impose the interim deadline if she is indifferent between imposing the interim
deadline or not.
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Figure 1.3: The regions of pairs 8 —~ with which the agent would increase or decrease her welfare by
setting the self-imposed deadline. The white area corresponds to the parameters’ pairs with which the agent
would decrease her welfare by setting the self-imposed deadline, while she would increase her welfare with
parameters from the blue area.

The agent who is relatively less present-biased (with high present bias parameter (3, the top
half of Figure would decrease her welfare by setting an interim deadline, while the agent
who is relatively more present-biased (with low present bias parameter /3, the bottom half of
Figure would increase her welfare, given the same sophistication level. However, the effect
exists only for the relatively high sophistication level (the right half of Figure and the
agent with a relatively low high sophistication level (the left half of Figure|1.3)) would decrease
her welfare by setting a self-imposed deadline regardless her present bias parameter 5. In
other words, even for agents with high sophistication levels, the self-imposed deadline is a

useful instrument only for agents with serious self-control problems. The agents who are close
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to time-consistent may suffer from setting the self-imposed deadline. The intuition here is in
the fact that the same underestimation of present bias leads to different delays in the interim
deadline compared to the optimal deadline for partially-sophisticated agents with different
present bias parameters. The optimal interim deadline for the agent with a lower present bias
parameter is in the earlier period, while for the agent with a higher present bias parameter,
it is in the later period. When setting a self-imposed deadline, the agent with a lower present
bias parameter sets the deadline relatively closer to the optimal one, as the agent with a higher
present bias parameter does. As a result, the large delay in the imposed deadline leads to high
induced costs in the final periods before the deadline which outweigh all benefits of setting a
deadline for the agent with a higher present bias parameter. The small delay in the imposed
deadline for the agent with a lower present bias parameter decreases the efficiency of setting
a deadline, but benefits stay higher than costs. Thus, the partially-sophisticated agent with

a larger present bias parameter [ suffers relatively more from setting the self-imposed deadline.

1.7 Discussion
1.7.1 Choice of Goal A

Next, I consider how the choice of goal A (# k) affects the agent’s behavior and welfare.

When interim deadline ID = (ak,k) is imposed in period k, the agent’s welfare is:

(33)

Taking the first-order condition, the optimal & as a function of £ is defined by:
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<1 (34)

The optimal & characterizes how inefficiently the agent redistributes efforts across periods.
By the definition of the interim deadline, 3% | &!(k,k) = k. It is optimal to distribute effort
equally across periods with a convex cost function and expend 1 effort in each period (as the
time-consistent agent would do). Thus, the maximum @& is for the time-consistent agent and
equal to 1, while & is increasing in  (a higher [ corresponds to a less present-biased agent)

for the time-inconsistent agent. Plugging the optimal &(k) back into the agent’s welfare :

Where A(k) = a(k)k. The optimal goal or & is a function of the chosen period k and the
problem comes down to the choice of k. Thus, both parameters of optimal interim deadline
1D = (@fc, lAc) are defined by the agent’s present-bias parameter 3, because the optimal timing
k is defined by 8.

However, the choice of a according to equation does not guarantee that the interim
deadline will bind in the first periods. For the naive agent, this may occur when [ is low
and the agent postpones too much effort for the last periods, that & is low enough and A

does not satisfy condition . On the other hand, the optimal k is increasing in and

25When 8 — 1, the agent is close to time-consistent and postpones less effort for future periods. Thus, the
variance of effort across periods {1,...,k} is low and it is optimal to move k to later periods. When 8 — 0,
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the optimal period k is earlier for the lower present-bias parameter 5. Thus, & must be even
lower to create the situation in which the deadline does not bind in the first period with
earlier k. For the sophisticated and partially-sophisticated agents, the deadline constraint
always binds if it binds for the naive agent. The sophisticated agent would affect her future
selves if the goal A is lower or equal to the total effort under no deadline: k35 > A. The
partially-sophisticated agent believes she will behave according to the present-bias parameter
B in future periods, thus, she would affect her future selves if 3 + (k — I)B < A. Because
kB < B+ (k—1)3 < B+ (k — 1), the deadline constraint binds for sophisticated and
partially-sophisticated agents when it binds for the naive agent. In case, when the interim

deadline does not bind in the first several periods, the agent behaves according to equations

, , and as was described in the previous

In real life, it is easy to imagine a situation in which the period for the interim deadline
is fixed or predefined. For example, the end of a semester for students or pre-specified
deadlines in worker contracts. In that case, only the choice of goal A can affect the agent’s
welfare. When the period k is lower than the optimal period /2:, it is optimal to set «
according to , and no improvement is possible. However, when the interim deadline
is imposed in period k > l%, a can be chosen such that the deadline would not bind for
the first (k — ]Af) periods. Thus, the agent will behave according to , , or , and
her behavior will be equivalent to her behavior under the interim deadline in period k.
For example, the deadline constraint binds for any a such that (1 — )k < (1 — ).
In the opposite case, the naive agent expends egl)(l D) = (g and moves to the next pe-
riod. In the second period, the condition on « changes to (1 — a)k < 2% (1 — /) and so
on with condition (1 — a)k < n* (1 — /) in the nth period. Thus, to induce the naive
agent’s behavior equivalent to that under the interim deadline in period l;’, a can be chosen

such that the deadline does not bind in the first (k — k) periods and binds in period (k—k+1):

the agent postpones almost all effort to the future and it is optimal to set k = 1, otherwise, the agent would
invest 0 effort in periods {1,...,k — 1} and A effort in period k.
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Effect of o on welfare given fixed period for deadline
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Figure 1.4: The dependence of the naive agent’s welfare on the value of parameter « for different fixed
periods for the interim deadline. The black, green, and blue lines present the dependence for cases when the
interim deadline is imposed in periods 4, 12, and 20 respectively. The red line presents the utility level of the
time-inconsistent agent (regardless of the agent’s type) pursuing the project under no deadline, while the

dotted red line corresponds to the maximum possible utility level.

(1—a)k>(k—Fk)(1—-7) (36)
(1-—a)k<(k—Fk+1)(1-7)

Figure shows how the naive agent’s welfare depends on the parameter o in cases with
different periods when the interim deadline is imposed. The red line at the bottom shows the

welfare when there is no deadline imposed and the agent expends 3 effort in every period.
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The green line demonstrates how the naive agent’s welfare depends on a when the interim
deadline is imposed in period k (l% = 12 with chosen parameters). Finally, black and blue
lines present the dependence of the agent’s welfare on a when the interim deadline is imposed

in an earlier (k = 4) or a later (k = 20) period than k.

It is optimal to set & = & when the interim deadline is imposed in period k or earlier, and
making it higher or lower meaning cannot increase the agent’s welfare (green and black lines
on Figure . However, it is possible to increase the agent’s welfare by inducing the agent’s
procrastination in the first several periods with lower a according to (36) when the interim
deadline is imposed in period k > k. The blue line in Figure illustrates this case: the
interim deadline is imposed in period £ = 20 and it is optimal to set « such the deadline
constraint would not bind for the first eight periods. Then the agent behaves in the same
way as under the interim deadline imposed in period k =12 from the 9th period till the 20th
period, which results in the greatest welfare. The periodic waves in Figure [1.4] show when
parameter « becomes too small such the condition (1 — a)k < n * (1 — 3) does not hold and

the deadline constraint does not bind for one more period.

When the interim deadline is imposed in period k or before it, decreasing « such that the
deadline constraint would not bind in the first period yields lower welfare. However, the
case when the interim deadline is set after & can be reduced to the case with optimal i by
choosing a lower «: after procrastinating in several periods (several waves to the left from
a = 1) the maximum point of the blue line on Figure yields the same welfare as the
maximum point of the green line. As a result, it is always possible to find the optimal &(k)

given that the interim deadline is imposed in period k.

Proposition 5: There exists a unique goal A(k‘) (or &(k)) such that, given fized timing for

the interim deadline, k, the interim deadline with goal A(k‘) maximizes the agent’s welfare.
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The value of goal A(k) depends only on the present-bias parameter 3 and on period k when

the interim deadline is imposed (and sophistication level v for the partially-sophisticated agent).

The fact that zzl(k:) depends only on § and k strictly follows from the equation and
inequalities , , and because the number of periods that the sophisticated and partially-
sophisticated agents procrastinate are defined by functions ®(-) and ®(-). Consequently,
combining this fact with [Proposition 4], the optimal period and the corresponding optimal

goal depend only on the present-bias parameter [3.

Because the agent’s behavior when the interim deadline is imposed in period £ and binds is
equivalent to her behavior when the interim deadline is imposed in period k +n and does not
bind for the first n periods (with specifically chosen goal A), the optimal interim deadline
which maximizes the agent welfare is not unique. There exists the earliest period k* such that
the interim deadline 1D = (A(k*), k*) maximizes the agent’s welfare. As discussed above,
the same welfare maximum is achievable by choosing optimal goal A = A(k* +m) when the
interim deadline is imposed in period k* +m < N. Based on simulations, the earliest period
k* either coincides with the period % for the optimal natural interim deadline 1D = (l%, IAC), or
equal to the next one, k* = k+ 1, depending on the present bias parameter . It is never

optimal to impose the interim deadline in an earlier period than £* (and l;;) because it would

yield lower welfare.

A

While the agent’s behavior under interim deadline ID = (A(k*),k*) is equivalent to the
behavior under any later interim deadline 1D = (A(k* + m), k* + m) when the standard
discount factor ¢ is assumed to be equal to 1, the situation differs when § < 1. With § < 1,
the agent strictly prefers to invest greater effort later (or closer to the delayed rewards). Thus,
only the latest interim deadline is optimal, ID = (A(N), N). In other words, it is optimal
to set the interim deadline in the last period and adjust the goal such that the agent would

procrastinate during the optimal number of periods at the beginning of the project.
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As a result, it is optimal to set the interim deadline in the last period (V) of the project for all
types of agents. The optimal deadline induces behavior as follows. The agent procrastinates
at the beginning of the project (expends 3 effort in earlier periods) and postpones significant
effort for later periods. Starting from some period (N — k* + 1), the deadline binds and
the agent begins to expend greater effort in each subsequent period. However, while it is
optimal to impose the deadline in the last period for all types, the optimal goal A(N ) (and
the resulting performance) is different for different types: the lowest for naive and the highest
for sophisticated. On the other hand, imposing the same deadline on all types leads to
different welfare for different types. The sophisticated agent always does better than naive

and partially-sophisticated and naive always does worse than other types.

1.7.2 Generalization

One of the main limitations of this paper is the specific choice of cost and reward functions.
However, it can be shown that the results obtained for the naive agent are valid for the larger
class of the reward and cost functions R(-) and ¢(-). Because I focus on the effects of the
deadline on the agent’s behavior and welfare and chose the reward function such that the
agent cannot affect her future self through it, the general agent’s UMP in period ¢ would
look like:

max {—c(el) — B> cle)+ ﬁ;u (el)} (37)

Where ¢(-) is strictly increasing, strictly convex, and c(0) = 0; R(eq,....en) = S0, u(es); u(-)

is increasing, concave, u(0) = 0, and «’(0) > ¢/(0). The problem is equivalent to:
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max {—f(€l) -8 ) fla) +5Z_:€l} (38)

k
{edi, l=t+1

Where the new “cost function” f(-) is chosen such that:

Under the assumptions on ¢(-) and u(-), the function f(-) is monotone, strictly increasing,
and strictly convex. Thus, the solution exists and is unique. One further assumption on

function f(-) is needed to ensure that the results are valid in the general case:

Bf'(er) = f'(Bexr) (40)
Then the naive agent’s behavior under the binding natural interim deadline is:
-1 =t (k1)
AU W trsy 1st<k
NON -1 I (k=1) _ 41
et (f) (1) Hf;ll(ok‘f(lfﬁ)) ) t - k ( )
(/)7 (8) Jk<t<N
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For the naive agent’s behavior according to (41)), all the propositions hold, because the differ-
ence is in constants. Generalization of the results for sophisticated and partially-sophisticated
agents is complicated and requires further research. However, their behavior is similar to
that of the naive agent and the simulations suggest that it is reasonable to believe that the

results would hold for the general case.

1.7.3 Limitations

Another limitation is in the assumption that the agent has to satisfy the deadline constraint.
Several papers consider penalty functions as an incentive for the agent to meet the deadline
(e.g., |Ariely & Wertenbroch, [2002; |[El-Tannir], 2019)). In other words, if the agent expends
less overall effort than A by the end of period k, she faces the additional costs D(-). In this
paper, the assumption that the agent has to satisfy the deadline constraint is the extreme
case when the additional cost function D(-) instantly grows to an incomparable level to the
costs if the deadline is not met. In my research, the general additional cost function would
only complicate the first-order condition and create an additional trade-off for the agent post-
poning effort to later periods. However, it is enough to assume that D’(-) when the deadline
is missed (the marginal costs of missing the deadline) is greater than ¢/(e) (the marginal

costs in the period where the higher effort is accumulated) to induce the same agent behaviorF_G]

An additional open question is who sets the exogenous interim deadline to maximize the
agent’s welfare. In this paper, I focus on the agent’s behavior and resulting welfare, leaving
aside the discussion of who this entity might be. However, for the exogenous interim deadline
case, it is the social planner who is informed about the agent’s self-control problem. As a
real-life example, this might be a schoolteacher who aims to find a good balance between

giving too much homework and keeping students engaged in the study process or parents

26Under the assumption that D(-) grows faster than c(-).
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who care about their children and push them to do exercises. These examples can motivate
subsequent research when the social planner is aware of the agent’s self-control problems but
cannot correctly estimate her present bias. Another interesting extension would be to consider
the principal-agent problem. The principal aims to maximize the total effort expended and
so imposes an interim deadline. However, the principal can be not fully informed about the
agent’s present bias, can estimate it incorrectly, or has only restricted options for setting
a deadline. This setup is closer to the examples when the agent is an employee and the

principal is an employer who suggested a contract to an agent which she can accept or reject.

All the limitations and possible extensions I discussed above are potential spaces for subse-

quent research.

1.8 Conclusion

In this paper, I study how the design of exogenous and self-imposed interim deadlines affect
an agent’s behavior and welfare. The agent can be one of three types based on how she

understands her present bias: naive, sophisticated, and partially-sophisticated.

Firstly, I consider the situation in which an interim deadline is imposed exogenously with the
purpose of maximizing the agent’s welfare, and when the agent is restricted to meeting the
deadline. I find that the agent continues to procrastinate from the beginning of the project
to the deadline, and postpones her efforts to the final periods before the deadline. A later
interim deadline increases her overall expended effort, while allowing the accumulation of
greater effort in the final periods, and can decrease the agent’s welfare. Thus, an interim
deadline may increase or decrease the agent’s welfare depending on the design. Further, I find
that a unique interim deadline exists that maximizes the agent’s welfare and that the design

of this deadline depends only on the level of the agent’s present bias (and sophistication level
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for the partially-sophisticated agent). Under the same interim deadline, the naive agent would
postpone more effort to future periods than would sophisticated and partially-sophisticated
agents. Thus, the naive agent’s welfare will be the lowest. The sophisticated agent would
act more like a time-consistent agent than would naive and partially-sophisticated agents
and would gain the greatest welfare. The partially-sophisticated agent will fall in between
naive and sophisticated agents. As a result, the optimal deadline for the naive agent is in an
earlier period of the project, for the sophisticated agent, it is in a later period, and for the

partially-sophisticated, it is in between.

Second, I study the behavior of a present-biased agent under a self-imposed interim deadline.
The naive agent has no incentive to impose any restrictions on herself and does not set a
self-imposed deadline. While a sophisticated agent always sets the self-imposed deadline
optimally, the partially-sophisticated agent imposes the deadline such it increases or decreases
her welfare depending on the combination of the agent’s present bias and sophistication
level. An agent with a low sophistication level (v < 0.5) decreases her welfare by setting a
self-imposed deadline for all possible 5. However, given the same high sophistication level
(v 2 0.5), the agent with a relatively high present bias parameter (close to the time-consistent
agent) would decrease her welfare while the agent with a relatively low present bias parameter
(far from the time-consistent agent) would increase her welfare by setting a self-imposed

deadline.

The results contribute to the existing economic literature on the topics of behavioral economics,
time-inconsistent preferences, and deadlines. To my knowledge, this is the first theoretical
paper that considers how an interim deadline affects the agent’s effort choice across sev-
eral periods and impacts the resulting welfare. An additional novel result is about how the
partially-sophisticated agent would affect her welfare by using a self-imposed deadline. The pa-

per’s findings are useful for the understanding of how deadlines affect our behavior and welfare.

93



1.9 Appendix I

For the naive agent, the interim deadline ID = (A,k) binds in period ¢ if the optimal

intertemporal strategy without a deadline does not satisfy the deadline constraint:

k t'—1
t=t’ t=1
A Ay

On average, the agent has to expend o/ = )et during periods {t,....k}.

E—(t—1) —  k—(t/—1
However, the agent expends less than average in period t" because her optimal intertemporal
strategy in period ¢’ has to satisfy first-order condition ey = e;, t € {t’ + 1,...,k}. Thus,
the agent has to expend on average in periods {t' + 1,...,k} more than on average in periods

{t',...,k} and the deadline constraint also binds in period #' + 1 as well:

k t
t=t'+1 t=1

To show this formally, I rewrite the inequalities and in average terms. Because the
inequality is for k — ¢’ + 1 periods, and inequality is for k — t' periods, they can be

rewritten as:

!
A*Zi;; et
k—t'+1

B+(k—t')
k—t'+1

<
(44)

/
Brl=t—1) _ AX, e
k—t k—t/
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The right side of the bottom inequality becomes greater than the right side of the top inequal-
ity due to the first-order conditions. However, the left side obviously becomes lower since
£ < 1. Thus, the inequality always holds, when the inequality holds, and the dead-

line constraint binds in every subsequent period (till period k) if it binds in the current period.

When the interim deadline binds or does not for the sophisticated and partially-sophisticated
agents is discussed in the corresponding parts of the section. However, the agents

behave according to [Proposition 2| and [Proposition 3] when the deadline binds. As discussed

in the agent then expends less effort than she has to on average during the
remaining periods before the deadline. Precisely, the agent’s behavior is defined by function
® (2] Because 2(1 — (1 — B)z) < x for all z € (0,1], function ®(z) is such that if the agent
has to expend at least A total effort during the remaining n periods and interim deadline
binds, the agent expends less than % effort in the current period. Thus, the deadline binds in

the next period and in all subsequent periods (till period k).

1.10 Appendix II: Proof of [Proposition 1]

Proof. 1 prove |Proposition 1| (equation ((16])) using the induction method. Under the imposed

deadline (A, k), in period t, the agent is considered to be her current self and behaves
N
according to the optimal intertemporal strategy {éf)(_f D)} _ This strategy can be found

as a solution to the corresponding agent’s UMP at period t:

n=t {en}n:t

27For a formal definition, see [Proposition 2

{énﬂ(]D)}N = arg max {—ejJrﬁl— f: ej‘+éen1} (45)
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k t—1
s.t.: ZenzA—Zen
n=t n=1

{e Yool are given

Base Requires the agent to behave according to in period t = 1:

e _ 8q4 5 (k — 1) — B k
VUD) = Beg =y |, T M ma =) (46)

In period 1, the agent’s UMP (45)) is:

{2%1{_621+5l_262+26n” o

The deadline constraint binds by the assumption and the first-order conditions give:
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e = ey , te{2,...k}

=)

SE e, =A (48)

n=1

—€t+1:0 y te{k+1,,N}

Then the solution for the UMP is:

A _
Bi—ticpy » t=1

aVID)y=3 A peqo. k) (49)

1 , ted{k+1,..,N}

This is the optimal intertemporal strategy at period 1 and the agent expends égl)(l D)
in the first period:

e(ID) = B

Assumption Next step is to assume that is correct for all periods from 1 to some ¢’ < k:
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ef)

_ I (k — 1) )
(ID) o a—a=g '€ (1,..}

the agent faces the following UMP:

5 2

€?/+1 N 62 N
max ——= 4+ 5 |- 2+ N e,
{e"};\’:tl_',l 2 n; 7;1

k t
s.t.: Z enZA—Zen
n=t'+1 n=1

{en}t_, are given according to (51)

The deadline constraint binds and the first-order conditions give:

_1
€t = gCr'+1

, te{t'+2,..k}

k t
Zn:t’+1 eTL = A - Zn:l eTL

—e+1=0 , ted{k+1,..,N}

Then the deadline equality in can be rewritten as:

o8

(53)

(51)

Induction Step A further step is to show that will be correct for t =t + 1 < k. In period ¢ + 1,



(t+1) pa Hf é(k )
R ) (’“ s (l—ﬂ))D o

After reduction to a common denominator, the denominator in the expression for
éﬁfff) (ID) transforms to IT"*' (k — (I — £)). The nominator then transforms to I, (k—

[) and the optimal action for the current period t' + 1 is:

H(t +1)— 1<k . l)

(D) = Ba—r= (55)
R i (= (= 9)
Then the agent’s optimal intertemporal strategy at period ¢’ + 1 is:
D= () o
Ry  t=td
o AID) = {1 (D) = o M D g py (56)
t+1 Bt +1 Hfl:'ql(k—(l—ﬂ)) ) [ARRS]
1 , te{k+1,..,N}

In period ¢’ + 1, the agent expends etf ) (ID), which satisfies . However, this works
only for t' +1 < k. When ' + 1 = k, the agent has to expend exactly the planned effort
in period ' = k — 1 to meet the deadline.

Period k£ To meet the deadline, in period k, the agent must expend effort at the same level as
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she planned in the previous period. In other words, the agent does not procrastinate

only in period k. In period k& — 1, the agent’s optimal intertemporal strategy is:

it D (k) .
o =t=u-a) , t=k—1
sV (rpy =1 (k1) I | () _
€ ( ) Eek—l (.[D) = Qm s t = k (57)
1 , te{k+1,..,N}

That is, in period k& — 1, the agent planes to expend é,(f_l)(l D) in period k. Therefore,
the agent expends exactly ef(ID) = é,(f_l)(l D) in period k. Thus, the agent behaves
according to in period k.

1.11 Appendix III: Proof of [Proposition 2]

Proof. In period ¢, the agent has to expend A’ = A — >I1 e, effort during the remaining
periods when facing the interim deadline ID = (A, k). Thus the agent solves the following

maximization problem in period t:

max {—62’5+ﬁ[— i 5L+ien]} (58)

{en}ii:t
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Because the agent is sophisticated and correctly anticipates her future behavior, in period ¢,
she knows how her future selves will behave in future periods. For future periods {¢ +1,...,k},
the agent will have to expend (A’ — ¢;). Denote by wit! the part of total effort left (A" — ¢;)
after expended effort e; in period ¢ which agent will expend in period n € {t + 1,....,k}. Then
the effort expended by the agent in the future period n can be rewritten as w/ (A’ —¢;) and

the agent UMP is:

max {—egwl—w zkj (w;+1)2+A’H (59)

{endne 2 2 n=t+1

The first-order condition gives the effort expended by the agent in period t:

, an t+1( t+1> . 1
P _ 2 (60)
1+ B85y (Wi b? L+ W

Then the w! is defined and shares for future periods can be recalculated:

t 1
Wy = 1+—1
BZ::Hl(wﬁlf (61)
wl = (1 — whwitt ,n € {t+1,..k}
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The sum of squared future shares can be rewritten as:

k 2 2 2 K 2
> (@) = (W) + (L-wihh)” 3 (w7)

n=t+1 n=t+2

And using the first part of the equation but for the next period:

zk: <wt+1)2 _ (wt+1)2 n (1 _ wt—i—l) w1
n t+1 1) g

n=t+1

Plugging this relation into the equation , the share w! can be represented as a function of

share wjt1:

1
wf (with) = = . (62)
w1 (1-(1-B)wity)
Or
wf (with) = @ (wit}) (63)
Where
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O(z) = (64)

Because z(1 — (1 — f)z) < x for all z € (0,1], the agent expends less effort than the time-

consistent agent would do. That is, in period ¢, the agent expends e; < k_Ait;l and postpones

some amount of effort to future periods.

1.12 Appendix IV: Proof of |[Proposition 4

Proof. To show that such an interim deadline exists and is generically unique, I consider how
the reward and total cost functions change when the principal imposes the interim deadline
ID = (k+1,k+1) instead of the interim deadline D = (k,k). When the deadline is imposed
one period later, the total expended effort increases by 1 — 3, because the agent is restricted
to expend SN + (1 —f)(k+ 1) instead of SN + (1 — 5)k. Then, the increase in total expended
effort does not depend on period k and is constant when moving the interim deadline from
the 10th period to the 11th or from the 110th period to the 111th. Thus, moving the interim
deadline from period k to k+ 1 increases the agent’s welfare only through the reward function

R (Zé\il et> and this increase in reward function does not depend on k.

The total cost function C' ({et}i\il) = 3N ¢(e;) is a convex function, because ¢(+) is a convex
function. Thus, in contrast to the increase in the reward function, the increase in costs is
growing in k£ when the interim deadline is moved from period k£ to k + 1. Therefore, given the
linearly increasing reward function and convex increasing cost function, there is an intersection

between reward and cost functions when the interim deadline is moved further (increasing

28Because the reward function is linear.
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total effort). When the increase in the total cost function is lower than the increase in the
reward function, it is optimal to move the interim deadline to the next period. However,
when they become equal, the total cost function grows faster and it is not profitable to move
the interim deadline to the next period. This intersection of reward and total cost functions

is unique, because the agent’s present-bias parameter 3 defines the distribution of total effort

across periods according to [Proposition 1|, or |[Proposition 2|, or |Proposition 3| However, k

is an integer, thus this intersection might lie between periods k and k + 1 such that the
agent’s welfare under interim deadline in period k equals the agent’s welfare under interim
deadline in period k+ 1. Then, both natural interim deadlines in period k and in period
k + 1 maximize the agent’s welfare. This happens only for specific values of the present bias
parameter 3 and the set of these values has measure zero. Thus, the interim deadline which

maximizes the agent welfare is generically unique.

From the “long-run" perspective, the interim deadline ID = (l%,l%) is optimal when this
deadline causes the highest possible utility level. This period k can be characterized as
follows: the agent’s behavior under the interim deadline /D = (l;:,l%) yields greater welfare

than the agent’s behavior under interim deadlines ID = (k+1,k+1) and ID = (k—1,k—1):

(65)

Because the interim deadline in period k£ does not affect the agent’s behavior in periods
{k+1,..., N}, the agent behaves identically in periods {k + 2,...,N} in all three cases. Thus,
the inequalities can be rewritten as following:
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I ( o )2 ( O (g 10 )2_
. A &, (kk) N R R &, (k+1,k+1)
M0 (ko) — | - M e (k- 1k 1) - >0
- : (66)
ROy 2 ROPYNE
. R R &y (k—1,k—1) s ~ A &, (k,k)
htl é§t>(k—1,k;—1)—(2) — okt égt)(k:,k)—( ; ) <0
Or
T A 2 A A 2
B (0 + 1+ 1) = (l0b)| > 200~ 5)
(67)

Under the natural interim deadline, the agent’s behavior in periods 1,...,k is defined by

the period k and present bias parameter § according to [Proposition 1 [Proposition 2, and

Proposition 3| (and on sophistication level « for the partially-sophisticated agent). Thus, the
conditions depends only on present-bias parameter (3, because egt) (l%,l;:) and eit) (12:— 1,k— 1)
are the functions of k and £ (and on sophistication level « for partially-sophisticated agent).
Therefore, the agent’s present-bias parameter 3 defines the period k for the optimal interim
deadline among all interim deadlines ID = (k, k). In other words, regardless of the length of
the project (assuming it is long enough), there is a period k such that the agent’s welfare is
higher when the agent unrestrictedly procrastinates after this period k than when the natural

interim deadline is moved to the next period.

O

Moving the natural interim deadline in further periods only decreases the agent’s welfare.
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Moreover, every time the deadline is moved to the next period will decrease welfare even
more due to the convex cost function. Since the increase in costs is growing with k there
is a period k such that the natural interim deadline imposed in any later period leads to
lower agent’s welfare than under no deadline. In other words, any natural interim deadline
ID = (k,k) imposed in period k > k decreases the agent’s welfare (compared to the situation
when the agent behaves under no deadline). This period k can be described with the following

inequalities:

Uo ({e i)}, ) = Uo ({E0V D)} ) > 0

(68)
U, ({éﬁ”(k+ Lk+ )} ) Uy ({ (ND)}“> <0
Using the same logic as in proof, the inequalities can be rewritten as:
Sierer (kk) < k(226 + 57
(69)

Bl eD(k+1k+1)> (k+1)(2—28+ 52)

Thus, similar to /2:, the period k is defined only by the present bias parameter 5 (and so-
phistication level ~ for partially-sophisticated agent). The period k is increasing in 5 and
VA < kPS4 < k94, This period and the corresponding natural interim deadline 1D = (k,k)
show how much someone can push the agent to expend more effort without making the agent
worse off. This can be interesting in the setup in which the person who imposes an interim

deadline is the principal. The principal uses the interim deadline to maximize the agent’s
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welfare, however, for example, the agent then has the outside option and the principal cannot

push the agent to expend as much effort as the principal wishes her to.
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2 Optimal Deadlines for Parallel Projects

2.1 Introduction

Deadlines are common in modern life: students’ homework, preparing for exams, and job
contracts all involve deadlines. Often, we restrict our future selves by setting deadlines on
purpose to increase our performance or to achieve a certain goal. In real life, we focus on
different projects and goals in real life, striving to be successful in all directions and/or
aspects of our lives. Thus, the question of how to impose deadlines optimally in the context

of parallel projects is important and relevant in the modern world.

In hindsight, many who procrastinated would have preferred to stick to their original project
plan to produce better outcomes. In this paper, I analyze the behavior of an agent (procrasti-
nator) who pursues two parallel projects under interim deadlines. I study how the timing of a
single interim deadline in one project affects the optimal timing for the interim deadline in a
parallel project. I also investigate how the optimal timing of deadlines depends on the agent’s
present bias. In real life, different situations can be considered procrastination. In this paper, I
study the behavior of an agent with time-inconsistent preferences to model the procrastinator.

Specifically, I study the behavior of a present-biased agent with quasi-hyperbolic preferences.

A procrastinator invests less effort than she planned to invest. People who are aware that
they experience self-control problems often use different tools, such as deadlines, commitment
contracts, and self-control penalties{?] to overcome procrastination. I describe and analyze
the present-biased agent’s behavior under interim deadlines and shed new light on how best
to impose interim deadlines in the context of parallel projects. I investigate the effect of the
timing chosen for an interim deadline imposed in one project on the agent’s behavior and
optimal timing for the interim deadline in the other project. In my research, I leave aside

other instruments and incentives to overcome procrastination. I consider interim deadlines to

29Gee |Giné et al.| (2010); Houser et al.| (2018); |Trope and Fishbach| (2000).

68



be a unique instrument that can be used to improve the agent’s performance and welfare. In
my model, the deadline specifies the goal and the timing (period)m To meet the deadline,
the agent must achieve the set goal by this period.

Procrastination is a widespread problem that is commonly connected with and explained
by time-inconsistent preferences. However, as Ericson and Laibson| (2019)) mention, there is
no precise and standard definition of procrastination. They suggest the following definition:
“we will define someone as procrastinating if, when completing a costly task, there is a delay
that appears suboptimal from their own perspective.’@ In other words, people prefer to
put substantially less effort into tasks, goals, or projects than they have planned. This
choice is optimal at each moment of time but suboptimal from the perspective of the overall

performance.

In general, the present-biased agent can be one of three types depending on how she un-
derstands her present bias: naive, sophisticated, and partially-sophisticated. In this paper,
I study the behavior of the naive agent and discuss how the results would be different
for sophisticated and partially-sophisticated agents in the section. The naive
agent is not aware of her time inconsistency and does not realize that she will experience
self-control problems in the future (believes she is time-consistent), while sophisticated and
partially-sophisticated agents are aware. The sophisticated agent correctly knows her present
bias and fully predicts her future behavior. The partially-sophisticated agent underestimates

her present bias and cannot correctly predict her future.

In this paper, I investigate how an interim deadline imposed in one project affects the optimal
timing of an interim deadline in a parallel project. I vary the timing for the interim deadline

in one project from the first period to the last. Then I compare the resulting optimal timing

30For the formal definition, see
31Ericson and Laibson| (2019)
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for the interim deadline in the parallel project with the optimal timing if there were no interim
deadline in the first project (I denote this timing as ¢* ). The results suggest that imposing
an interim deadline in one project may shift the optimal timing of the interim deadline in the
parallel project to earlier or later. When the interim deadline in the first project is imposed
before t*, the optimal timing for the interim deadline in the second project shifts to later. In
contrast, the optimal timing is shifted earlier when the interim deadline in the first project
is imposed later than t*. As a result, the pair of optimal timings for interim deadlines in
both projects is not necessarily unique. The symmetric pairs of timings are optimal at the
same time when one interim deadline is imposed later than the other interim deadline in the

parallel project.

Additionally, I study how the size of the effect and the uniqueness of the optimal pair
of timings depend on the agent’s present bias. The pair of optimal timings is unique for
agents with relatively lower present bias parameters (those who experience more self-control
problems) and for the agents who are almost time-consistent. In other words, it is optimal to
impose interim deadlines with the same timing in both projects. However, there is a mass of
agents with a relatively high present bias parameter (those with mild-to-moderate self-control
problems ) for whom it is optimal to impose the interim deadline in one project later than
the interim deadline in the other project, and for whom the pair of optimal timings is not
unique. The distance between optimal timings for interim deadlines also depends on the
agent’s present bias. Generally, the distance increases with present bias when it is optimal to
impose interim deadlines in the parallel projects in the same period. However, it is optimal to
impose deadlines in the last periods when the agent is close to time-consistent (5 = 1). Thus,

the distance between optimal timings moves to zero when present bias approaches zero.

Time-inconsistent preferences is an important direction in economic literature (Ericson and
Laibson (2019))). The topic arises from the phenomenon in which people change their choices

from a fixed choice set in time (e.g., one thought yesterday that he would go to the gym today,
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but today he prefers to stay at home). Economists observe how agents prefer different actions
or choices at different points in time in the data or in the behavior of experiment participants

(e.g., [Augenblick & Rabinl 2019; |O’Donoghue & Rabin, [1999al). This phenomenon can be

explained by the concept of time-inconsistent preferences or, in other words, when an agent’s

preferences differ at some different points in time (e.g., Ainslie, 1975, 2012; |Ainslie & Haslam),
11992; [Laibson, [1997; [Loewenstein & Preled|, 1992 |(O’Donoghue & Rabin, [1999a), [1999b} [Strotz,

. Nevertheless, the phenomenon can also be explained by time-consistent preferences,
according to several concepts. Examples include the concept of a myopic agent (e.g., ,
2005; (Gabaix & Laibson, 2017; Kdszegi & Szeidl, 2013; Steele & Josephs, |1990) or the concept
of temptation (e.g., Bernheim & Rangel, 2004; Dekel, Lipman, & Rustichini, 2001}, 2009; Gul
& Pesendorfer] 2001, 2004} [Laibsonl, 2001} [Lipman, Pesendorfer, et al., 2013}, Noor, 2007,

2011)). In this paper, I focus on time-inconsistent preferences, leaving aside the other concepts
and models (for a comprehensive literature review of different concepts and models, see

Ericson and Laibson (2019)).

The results contribute to the existing literature on behavioral economics, time-inconsistent
preferences, and deadlines. To my knowledge, this is the first theoretical paper that considers
how an interim deadline in one project affects the optimal timing for the interim deadline
in another project in the context of parallel projects. This paper characterizes the optimal
pair of timings for interim deadlines in both projects that maximize the agent’s welfare. The
paper also presents how the effects and the distance between optimal timings depend on the
agent’s present bias. The findings of the paper are useful for understanding how deadlines

affect an agent’s behavior and welfare.

The remainder of the paper is organized as follows. describes related literature and
contextualizes this paper in existing research. lays out the model of effort choice
under the interim deadline. analyzes the agents’ behavior and the resulting agent
welfare under deadlines in different periods. provides the results on the optimal pair
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of interim deadlines. [Section 6| discusses generalizations, limitations, and possible extensions
of the research. concludes.

2.2 Related Literature

Deadlines are among the commonly used tools to overcome procrastination and are widely
studied in experimental literature. While some papers have shown a positive effect of deadlines
on performance (e.g., |Ariely & Wertenbroch, 2002; Herweg & Miiller, [2011; Knowles, Servatka,
Sullivan, & Geng|, 2017)), other experiments document no effect (e.g., Bisin & Hyndman,
2020)) or even negative effects (e.g., Burger et al., 2011). The main concern I raise in this
paper is that imposing deadlines in one project will affect not only decisions on effort spent
on that project, but also on all other activities in the same time period. Indeed, conducting
the experiment on how imposed deadlines affect performance and manipulating deadline
settings can lead not only to variations in behavior inside the experiment, but to changes
in behavior outside the experiment as well. For example, |[Burger et al. (2011) conducted
an experiment asking participants (students) to spend at least 75 hours on studying over a
five-week period. The treatment was a restriction for students to spend at least an additional
15 hours by the end of each week: 15 hours by the end of the first week, 30 hours by the
end of the second week, etc. In these conditions, students who were pushed to smooth their
effort across a five-week period could redistribute their other tasks and activities during
this period. Consequently, the results were able to reflect not only the effect of deadlines
on procrastination but also time flexibility across different tasks for a particular student.
Therefore, studying the effects of deadlines by considering one task, goal, or project could
lead to overestimating the effect of deadlines on procrastination. In this study, I suggest a
model that aims to describe the effects of interim deadlines in a multiple-project context and

to find the optimal design of interim deadlines for parallel projects.

Few studies consider multiple goals in the topic of deadlines and/or time-inconsistent pref-

72



erences. [Bisin and Hyndman| (2020)) conduct a field experiment and compare the effects of
final deadlines (I define final deadlines as those imposed at the end of a project/the available
time left to achieve the goal) in a single task and repeated tasks settings. They find that
present-biased students successfully manage to self-control in repeated task settings, while
there is no effect of deadlines on the completion rates of experiment tasks. Herweg and
Miiller| (2011)) present a model of effort choice and extend it to a multiple-task case. They
consider two-period settings with a final deadline for one task at the end of the first period
and a final deadline for the other task at the end of the second period. Their model shows
that it is optimal to invest only in the task with a shorter final deadline in the first period
for present-bias agents. In other words, it is optimal to approach tasks sequentially, not
simultaneously. However, it is important to underline that this result is only relevant under
specific assumptions on utility and cost functions (e.g., additive utility function). In contrast,
I model projects that are being pursued simultaneously. [Ballard, Vancouver, and Neal (2018))
study agents’ effort choice across two goals by conducting an experiment and estimating
their model’s parameters on data. They focus on time pressure and distance to the goal
deadline. In contrast to my idea, their model does not imply time-inconsistent preferences.
Additionally, the authors did not consider the question of optimal deadlines, but state that it
would be an important extension of their model to develop a scheduling algorithm that helps

people to allocate their time more efficiently.

In the context of time-inconsistent preferences, researchers commonly consider three types
of agents: naive agents, sophisticated agents, and partially naive (partially sophisticated)
agents. Naive agents are unaware of their time inconsistency and always think that they will
behave according to their current preferences. In contrast, sophisticated agents are correctly
informed about their present bias and consequently would prefer to impose restrictions on
their future themselves. Partially-naive (partially-sophisticated) agents are aware of their
time inconsistency, but they underestimate their present bias. For economic reasons, it is

important to understand the agents’ type, since that would significantly affect the predictions
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of their behavior.

Several studies have aimed to identify the type of agents and/or to distinguish and describe
the behavior of different types (e.g., |Ariely & Wertenbroch, 2002 Bisin & Hyndman), 2020;
Burger et al., [2011)). |Ariely and Wertenbroch| (2002) find evidence of partially naive agents
by comparing the effects of self-imposed vs exogenously imposed deadlines on performance.
In their experiment, self-imposed deadlines resulted in lower performance than evenly-spaced
exogenous ones, which is interpreted as evidence of agents’ underestimation of present bias
(that the agents are partially-naive). Nevertheless, self-imposed deadlines could remain
optimal in a multiple-project context. In the experiment, this extension makes it challenging
to exclude the possibility that agents are sophisticated. Bisin and Hyndman! (2020)) document
partially naive agents at the deadline setting stage in their field experiment. They find no
effect of deadlines on performance in single task treatment, while the participants in the
repeating task treatment successfully manage to self-control. |Burger et al. (2011) conduct
field and online experiments on self-control and find that interim deadlines lead to even
lower completion rates (contrary to their expectations) in their study. They also report
that the degree of present bias is low across the participants, which could be interpreted
as evidence for agents being time-consistent. However, in theory, deadlines only negatively
affect time-consistent agents. While most of these studies document widespread present-bias
problems and strong demand for commitment, the effect of deadlines on performance remains

ambiguous and highly dependent on settings.

In this study, I show that it is not correct to generalize the results from a single-project
environment to a multiple-project environment using an example with two parallel comple-
mentary projects. I develop an appropriate model that accounts for all the issues described
above, and I find the optimal timing for interim deadlines in the context of procrastination,
time-inconsistent preferences, and parallel complementary projects. This study can contribute

to the broad literature on time-inconsistent preferences and provide a more precise algorithm
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for effort allocation choice and effort commitment in multiple goals/tasks/projects context.

2.3 Model
2.3.1 Agent

The agent has to perform two projects for several (V) periods. In each period ¢t € {1,..., N},
she chooses an effort level e;; > 0 for project ¢ € {1,2} that she expends in the current period.
In period t, she also forms an effort plan for the future periods: e;, > 0, n € {t +1,..., N},
i € {1,2}. However, the agent is not obliged to follow her plan when future periods arrive.
The expended effort levels e;; in the current period are associated with the immediate costs
c(eyg,e9) and the agent’s reward after the project is over (after period N). The cost function

is assumed to be the same for every period and is taken in a quadratic form:

cley) = B (70)

The convex cost function represents the fact that the agent becomes tired when she works
more hours on a given day. When switching to another project, the agent switches to different
“type” task and faces the same initial marginal costs of expending effort. The quadratic form
is the simplest and most popular for modeling convex costs. The agent is rested and faces

the same marginal cost at the beginning of any period.

The agent is rewarded after the end of the project in period N + 1 according to the reward
function R (Zi\il e1¢, Zi\il th). The reward function is assumed to be complementary, so an

increase in effort spent on one project increases the marginal return from expending effort on
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the second project:

N N
R (Z e, Y €2t> =
=1 =1

[ study the agent’s behavior with time-inconsistent preferences with quasi-hyperbolic discount-
ing or so-called (3, d) — preferences (Laibson, 1997, |(O’Donoghue & Rabin, [1999a; O’Donoghue
& Rabin, 1999b)ﬂ Precisely, the agent’s intertemporal preferences at the chosen period
t € {1,..., N} can be represented by the intertemporal utility function U;:

N+1
Uy =u + B3 [ > 5"tun] (72)

n=t+1

u; represents the agent’s instantaneous utility from period ¢; § € (0,1] — is a standard discount
factor; and 5 € (0,1] — is a present bias parameter. The present bias parameter here is crucial

and represents the time inconsistency in the model. In any fixed period ¢, the agent weights

32(3,9) — preferences in period t can be presented as the following utility function:

Ut = U + B(S’U,H_l + [352ut+2 + ﬂégut+3 + ﬂ54ut+4 + ...

Here f is a present bias parameter and J is a long-run discount factor, U, is total utility, and u; is the
utility in period t. Under these preferences, the agent chooses the current and future consumption/effort
in period ¢ to maximize total utility U;. Moving to period ¢ + 1, the agent’s preferences change and can be
described as:

Ut+1 = Ut+1 + 65ut+2 + 562ut+3 + ﬁ53ut+4 + ...

Again, the agent chooses current and future consumption/effort in period ¢ + 1 maximizing the total utility
Ui1. In period t+1, the intertemporal substitution between periods ¢t +1 and any further period has changed
compared to period t. Specifically, under the assumption 0 < 8 < 1, the agent prefers to consume more and
puts in less effort in period ¢ + 1 compared to her plan for the period ¢t + 1 in period ¢; in other words, the
agent procrastinates.
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the current period more than the future when § < 1.@ In order to focus on the agent’s
procrastination problem, I abstract away from the standard exponential discounting and set
d = 1. Because the agent faces the cost functions in each period ¢ € {1,..., N} and encounters
the reward function after the project at period N + 1, her preferences in period ¢ can be

represented by intertemporal utility U;:

U= _C(€1t7€2t) + 3 [— fo:m C(eln7€2n) +R (Zi}f:l €1n, 22721 eln)} =
(73)

2 2 2 2
- e1;,+es N el,tes N N
- t4 £+ 5 |:_ n=t+1 n4 iy anl €1in anl €on

The agent is modeled as a sequence of intertemporal selves at each period ¢t € {1,..., N}.
At any chosen period t, the agent maximizes her intertemporal utility U; by choosing the
effort level for the current period (eyses) and forming an effort plan for future periods,
{652, e(QQ}iVZtH, given her effort history and her beliefs about the behavior of her future selves
in the next periods. The superscript denotes the period ¢ for the intertemporal agent’s self
who maximizes the intertemporal utility U;. In other words, the agent behaves according to

. . NOBROL .
the optimal intertemporal strategy {ey/, &5/ _, period t.

Definition 1: The agent’s optimal intertemporal strategy at period t is the profile
of the optimal actions for current and future periods from the perspective of the agent’s

intertemporal self at period t.

The optimal intertemporal strategy consists of the actions for the current and future periods

333 is a present bias parameter that describes how differently the agent weights the future compared to the
current moment (today). S = 1 describes the time-consistent agent, while 0 < 5 < 1 corresponds to the agent
who weighs today relatively higher than the future. That agent would prefer to work less and enjoy leisure
more today, and work more and enjoy leisure less tomorrow.
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that maximize the agent’s intertemporal utility Uy, given the agent’s beliefs about the behavior

of her future selves. Thus, the agent behaves according to the current optimal intertemporal

strategy and invests (ég?, ég?) into projects in every period t € {1,..., N}. Therefore, the

resultant agent’s action profile during the project consists of her current actions from the
() A1)

N
optimal intertemporal strategies: {élt » €2t }t=1'

2.3.2 Agent Type

In this paper, I focus on the analysis of the behavior of the naive agentﬁ The naive agent is
not aware of her time inconsistency and believes she is time-consistent. In the current period
t, the agent invests only effort levels (é(l?, ég?) into projects. The naive agent believes she is
time-consistent and will behave according to the effort plan that maximizes her intertemporal
utility U, or, in other words, that 5 will be equal to 1 in all future periods. Thus, the optimal

intertemporal strategy for the naive agent (without a deadline) is the solution to the following

utility maximization problem (UMP):

{elTﬁe2T}£—V:t n=t+1

2 2 N 2 2 N N
ROBNOYB €1y T €5 €in t €2,
{elT,eQT} , €arg  max {—4 + [— > — 1 + J;mn;ezn] } (74)

t—1 .
st.: {em,em},_, are given

34In general, the agent can be naive, sophisticated, or partially-sophisticated. I discuss the behavior of

other types in the section.
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2.3.3 Welfare Criteria

Because the agent’s preferences change over the periods, the agent evaluates her overall
performance differently in different periods. The same agent’s action profile gives different
utility levels for different intertemporal selves during the project. Therefore, to analyze the
agent’s welfare, it is standard to take the so-called “long-run” preferences to evaluate the

agent’s performance:

Up= |- clew,en) + R (; e, 2_:1 e2t>‘| (75)

t=1

This approach is in line with (O’Donoghue and Rabin| (1999a)), (O Donoghue et al.| (2006)
and Herweg and Miiller| (2011). Additionally, these preferences represent the agent who
considers the entire project in advance (how she evaluates her performance in a 0-period).

The difference then is in multiplication by the constant .

2.3.4 Interim Deadline

In this paper, I study the agent’s behavior under exogenously imposed interim deadlines to
investigate the effect of deadlines on the agent’s behavior and welfare. It is possible to impose
only one interim deadline for one project. I focus on the optimality of imposing the interim
deadline in one project, given that the interim deadline in the second project is fixed. In all

cases, the flexible interim deadline is an instrument used to maximize the agent’s welfare, the

agent’s “long-run” utility .
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Definition 2: An interim deadline (ID) is the constraint on the agent’s behavior defined
by two parameters: timing k € {1,..., N} and goal A > 0. The agent is restricted to investing

a total level of effort greater than or equal to A by the end of period k.

In other words, if the agent faces an interim deadline ID = (A, k) in project ¢ € {1,2}, then

her intertemporal selves face the following constraint in every period 1,...,k:

k
t=1

The deadline is exogenous, and the agent is informed about the interim deadline before the
project starts, and she must meet it. After the interim deadline is imposed, the agent has no
option to adjust or cancel it and must satisfy the deadline. Under the interim deadline, the
agent can affect her future selves through her choice of the current effort, and this choice
depends on her effort historyﬂ After the interim deadline is met at period k, the agent

behaves according to the optimal intertemporal strategies when no deadline is imposed.

2.4 Analysis
2.4.1 Time-Consistent Agent

The time-consistent agent behaves according to the optimal solution for the “long-run” prefer-
ences from the first period to the last, even without any interim deadlines. Indeed, the agent’s
preferences remain the same during projects (5 = 1). Thus, in every period ¢ € {1,...,N}, the

agent optimizes the same utility function ((75)):

35Note that different types of agents hold different beliefs about their future selves’ behavior. Thus, the
behavior of naive, sophisticated, and partially-sophisticated agents will be different.
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max =Y cleir,es) + R (Z; e1t, ; 6215)] (77)

{6177627}71—\;t =t

-1 ,
{e1n, eantnoy are given

The first-order conditions are:

N
el = 21]5\,:1 et , VT1e {t7,N}

N
eor = | 22 V7 et N}

As a result, the time-consistent agent implements e;; = eo; = 1 in every period.

2.4.2 Time-Inconsistent Agent Under No Deadline

The time-inconsistent agent has changing preferences over periods. Under no interim deadline,

in every period ¢, the agent maximizes the intertemporal utility:

N N N
‘ maiiN {_C(elta ex) + [_ Z c(eir, e2r) + R (Z €1ts Z 6275)1 } (79)
€17,€2 7=t t=1 t=1

T=t+1

t—1 :
{€1n, e2n}n—y are given

81



The first-order conditions are:

S PInL. ] vVred{t.,N}
(80)

Solving for the first-order conditions, the time-inconsistent agent implements ey; = ey; = 8
in the current periods ¢t and plans to implement e;, = e5, = 1 in every future period
T € {t+1,...,N}. However, the agent faces the same problem in the next period. As a
result, the agent implements only [ in every period in every project. Because § < 1, the
time-inconsistent agent (procrastinator) spends less effort on the project than does the

time-consistent agent.

2.4.3 Time-Inconsistent Agent Under Interim Deadlines

I consider the agent’s behavior under interim deadlines in both projects. Only one interim
deadline can be imposed on one project. Thus, the agent faces the following constraints on

her maximization problem in every period:
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ZZ:l €1n 2 A
(81)
21:1 €on Z B

While the deadline is an instrument to increase the agent’s welfare when procrastinating, in
this paper, I focus on studying the optimal timings & and m, leaving aside the question of
optimal goals A and B. For any interim deadlines in periods & and m, I set the goals such
that the agent must invest efforts according to time-consistent behavior: A =k, B = m.@

Thus, in period ¢, the agent solves the following maximization problem:

max {—c(elt, eat) + 3 [— i ceir,e2;) + R (nil 1n, nivjl egnﬂ } (82)

{517'762}5:75 T=t+1

k t—1
s.t.: Zeank’—Zeln
n=t n=1

m t—1
deaw=m—> e
n=t n=1

t—1 :
{€1n, ean}n_y are given

Note that the interim deadlines bind from the first period, because without deadlines, the
agent would expend [ effort for each project, and under deadlines, she has to expend 1 effort
per period on average for each project. Thus, the constraints of the interim deadlines can be

rewritten as equalities and can be used to express the efforts for the current period in terms

36When relaxing this assumption, the solution for agent’s choice of effort will be multiplied by A/k for the
first project in periods {1,...,k} and by B/m for the second project in periods {1,...m} (if A >1and B > 1).
For details and cases when A < 1 (or B < 1); see |Razumovskii (2023).
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of efforts for future periods:

t—1 k
e =k — 3,21 €in — Xp—ii1 Cln

(83)
€ar =M — Y5 €20 — ity €on
The first-order conditions for ¢ < min(k,m) are thenf|
ey = perr , Vre{t+1,..k}
en=k—Y" e —F e
_ m+zg:m+1 €2n
ey = e Vie{k+1,.,N}
(84)

eq = Pes, , VT E{t+1,....m}

t—1 m
€y =M — 3 1€y — 21, €9
k+zg_ €ln
og = | iy f 1N

m+2n:m+1 €2n

Directly from the first-order conditions, the effort expended for the first project in periods

(1,...,k) and in the second project in periods (1,...,m) can be found from:

3TNote that the ID binds during all periods from the 1st to the kth (the mth) because the f.o.c.s show that
the agent spends less in the current period than she has to spend on average during the remaining periods
before the deadline (e;; = fe;r, ¢ € {1,2}). Thus the equalities hold for any t before the deadlines
periods k and m.
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oS g
el = f3 kz_?__,_fg -

_ k_Z::ll €in

C1r = h—t1f s V1e {t-’-l,,k}

t—1
m— _.e2
e = ﬂimz_’;—lﬁ .

_ m=>"'" ez,

o Vre{t+1,..,m}

€ar

While the effort expended on the project after the interim deadlines can be found from the
following part of f.o.c.s:

m-+(N—m)eaq
ey = /W . Vie{k+1,..N}, ge{m+1,.N}

(86)
€2 = || mrini Vi€ {k+1,.,N}, g€ {m+1,.,N}

These equations can be reduced to one equation of the 4th degree for ey; or eg,:

ettaed +ee+d=0

Where a, ¢, and d for e = ey can be found as following:
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The equation (87)) always has at least one positive real solution and can be solved using

Ferrari’s solution and Cardano’s method.

The equations and describe the agent’s behavior and her plan for the future in the
current period ¢t. Thus, the agent implements only ey; and ey in period ¢ and then moves to
the next period ¢ =t 4 1. In period ¢/, the agent faces the maximization problem similar
to , however, the solution will be different from equations and because her
preferences will have changed. According to Razumovskii (2023), the agent’s behavior before

the interim deadline is met in each project can be found from:

ey = P, (#ﬁ_ﬁ)) , te{l,...k—1}
w= o= (etitg) 1=
(83)
ey = P, (#ﬁ_ﬁ)) , te{l,..m—1}
Cam = gezr = I%,° (ﬁiﬁ)) , t=m

When one interim deadline is met, the first-order conditions in period ¢t : m <t < k change

to (w.lo.g. I assume m < k):
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€1t = 6617- y V1e {t + 1,,]{}

e =k — Y0 el — ZE:t+1 e1r
_ e
ey = k+25:1+161n , Vie{k+1,.,N} (89)

€t = 5€2l ) Vie {t + 177N}

N
k+Zn:k+l €in
N

€9 = 2762 3 VlE{t—i-l,,N}
n=1 n

The current period effort e;; can be found as before, according to equations , while

effort ey, can be found as ey, = PBeg;. €q; is a real positive solution of the equation with

parameters:

L ey, k N —k

N—t+p " N—t+p “T N_t+8

When both interim deadlines are met, the first-order conditions in period ¢ : k£ < ¢t change to:
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e = 5611 , Vie {t + 1,,N}

N

e = %N  Vilef{t+1,..N}

n=1 €1n

eo = Pey , VIE {t + 1,,N}

N
oo = |22 e {t+1,..,N}

Thus, the current period effort (ey, es;) can be found by ey, = §/eq and ey = [ey. eg is a

real positive solution of the equation with parameters:

t—1 t—1
=1 €2n =1 €in
q = =n=17en —_&m=l7n g

" N-t+8 T N-t+p

As a result, the agent’s behavior before the interim deadlines are met is defined by the choice
of k and m according to equations . However, the agent’s behavior after the interim
deadlines (in each project) also depends on parameters k and m, because it depends on the

total sum of effort before the current period through parameters a, ¢, and d in equation (87).

2.5 Simulations and Results

The agent’s effort choice in the periods before the interim deadlines are met (in each project)
is defined by equations . As [Razumovskii (2023)) shows, the agent accumulates effort
before the interim deadline and experiences increased costs (due to a convex cost function) in

the last periods before the interim deadline. Figure (2.1)) provides an example of the agent’s
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Figure 2.1

behavior with interim deadlines in periods 9 and 14 (k =9, m = 14) when she is engaged in
two 25-period projects. On the left graph of Figure , the green line shows the agent’s
effort on the first project for periods t € {1,...,N}. According to equation , the agent
postpones effort towards the deadline (k = 9) and accumulates effort in the last periods
before the interim deadline. The blue line on the right graph presents the agent’s effort for
the second project. The red lines on both graphs present the agent’s effort choice without

any deadlines in the projects (ey; = eqr = f3).

When neither interim deadline is met, the agent accumulates effort on projects towards the
interim deadlines (k and m) according to equation (88). When one interim deadline is met
(e.g., in the first project), the agent’s effort in the second project is still described by the
equation , however, the effort in the first project (where the interim deadline is already
met) increases (the relatively small increase of green line on the left graph of Figure
between the 10th and the 14th periods). For these periods, the first-order condition for effort

in the current period in the first project is:
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o o ZnNzl €on
elt_ﬁelT_/B N Te{t+17""N} (91>

n=1 eln

When the agent moves from period ¢ to period t' =t + 1, the first-order condition for effort

ij:l €2n .
=N to:
Zn:l €ln

in period t' in the first project changes from equation ey ; =

N
Zn:l 6271,

N
Zn:]_ eln

1y = B (92)

There are several effects here. First, the agent spends less effort than she planned due to her
present bias (8 < 1). However, there are indirect effects as well. Because the interim deadline
in the first project is already met, the agent keeps expending less than time-consistent effort
on the first project due to present bias. Thus, the total sum of effort expended (and planned
to be expended in future periods) on the first project, -, ey, decreases. This indirectly
increases the effort spent on the first project, because the sum of effort is in the denominator

in equation ((92)).

Note that there is no direct effect on the total sum of effort spent (and planned for the
future periods) on the second project, because the interim deadline in the second project
is not met and the sum of effort between the 1st and the mth periods is fixed. The indi-
rect (second-order) effect (caused by the decrease of e, in the total sum of effort spent on

the first project) decreases the effort planned for the future periods in the second project:
e o Zile €ln
e 25:1 €2n

moves to later periods and it prevails over the indirect effects. Thus, the effort spent on the

, 7€ {m+1,...,N}. However, the direct effect accumulates when the agent

first project increases from the period when the interim deadline is met in the first project
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till the period when the interim deadline is met in the second project (the green line between

the 10th and the 14th periods on the left graph of Figure ({2.1))).

After the interim deadline in the second project is also met, the agent’s behavior is defined
by the difference between the currently spent effort on projects. Because the effort for the
current period in projects needs to satisfy equality eseq; = 3% and first-order conditions ,
the effort spent on the first project is greater, due to a later interim deadline in the second

project and greater effort already spent on the second project.

According to Razumovskii (2023)), there is only one unique optimal period for an interim
deadline for the procrastinator pursuing one project. However, in the case of two projects,
the optimal period for the interim deadline in one project depends on the period in which
the interim deadline in the other project is imposed. Figure presents the agent’s welfare
as a function of the periods when the interim deadlines are imposed (k and m). Fixing the
interim deadline for one project, there is only one unique optimal period for the interim
deadline in another project. While the figure is symmetric to the plane k = m, there is no
unique optimal choice of periods for the interim deadline in projects. Figure has two
symmetrical maximums when the interim deadline in one project is imposed earlier and the
interim deadline in another project is imposed later than would be optimal if the interim

deadline can be imposed in only one of the two projects.

In Figure , the blue line presents the optimal period for the interim deadline in the
second project (m) depending on the period when the interim deadline in the first project is
imposed (k). The green line presents the optimal period for the interim deadline in the first
(k), depending on when the interim deadline in the second project is imposed (m). The red
line is a symmetric line when £ = m. Figure shows that the interim deadline in one
project affects the optimal timing for the interim deadline in another project if it is imposed

relatively closer in time. For example, it is optimal to impose the interim deadline in the
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Dependence of Welfare on £ and m, 8 = 0.95, N = 25

Figure 2.2

second project in the 12th period (m = 12) when there is no interim deadline in the first
project (k = O)ﬂ It is still optimal to set m = 12 when the interim deadline in the first
project is imposed relatively earlier or later (k € {1,...,5,19,...24}). However, it is optimal
to move the interim deadline in the second project to the 13th period (m = 13) when the
interim deadline in the first project is imposed closer but earlier (k € {6,...,11}) and to the
11th period (m = 11) when closer but later (k € {12,...,18}). Due to symmetry, the best
response choice of the period for the interim deadline in the first project depends on the
period when the interim deadline in the second project is imposed. Similarly, the optimal &

moves from the 12th period to the 11th or the 13th if the chosen m is close to k.

38With the chosen parameters 8 = 0.95 and N = 25.
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Best responses depending on ID in the other project, 3 = 0.95, N = 25
o8 \ \ \ \

Figure 2.3: g =0.95

Proposition: The optimal timing for the interim deadline in one project depends on the
timing of the interim deadline in the other project when the present-biased agent is pursuing
two complementary projects. When the interim deadline in one project is set close to the
interim deadline in the other, the optimal timing might be earlier or later than if there were

no interim deadline in the parallel project.

The intuition comes from the marginal effects. Without loss of generality, consider the case
when the interim deadline in the first project is set optimally (in the example provided,
k = 12), and there is no interim deadline in the second project (m = 0). Adding the interim

deadline in the second project will have two direct effects: an increase in the reward function
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due to the increase in total effort spent in the second project, and a corresponding increase
in costs. While the increase in effort is almost hnearﬂ the increase in costs grows when the

interim deadline is moved later, as discussed in Razumovskii (2023)).

When the increase in marginal returns from the effort expended on the first project,

N
€ . . . .
MR, = % = % %”N_l?t, are large enough and the increase in cost is still low (ear-
n=1 €1t

lier periods), it is optimal to move the interim deadline in the first project to a later period
(k=12 — k = 13) due to higher marginal returns. Moving the interim deadline further in
the second project induces another effect when the timing reaches the optimal period for the
interim deadline in only one project (t = 12). At that point, it is optimal to move the interim
deadline in the first project to an earlier period, such that it will be in an earlier period
than the interim deadline in the second project (k < m). I denote this in the remaining
text as a “switching effect”. Then, according to first-order conditions after both interim
deadlines are met , the agent expends relatively more effort on the first project than on
the second. This effect keeps a high degree of total effort spent on the first project while low-

ering the corresponding costs (due to earlier timing for the interim deadline in the first project).

The presence and size of these effects depend on the agent’s present bias parameter 5. In
Figure , when 8 = 0.95, the blue line shows that there is a marginal effect on the optimal
timing for the interim deadline in the second project when the interim deadline in the first
project is moved from period 5 to 6 and when moving from period 18 to 19 (optimal m
changes from m = 12 to m = 13 and from m = 11 to m = 12 correspondingly). When the
interim deadline in the first project is set in the 12th period (k = 12), it is optimal to move
the interim deadline in the second project to an earlier period (m = 11 < 12 = k) to induce

greater effort spent on the second project after both interim deadlines are met and to reduce

39The direct effect on effort is linear, similar to [Razumovskii (2023). However, the increase in total effort in
the second project has a marginal effect on the effort spent on the first project. Even if the interim deadline
in the first project is fixed, there is a positive marginal effect on the effort spent after the interim deadline
in the first project is met. Thus, this decreases the effort spent on the second project after both interim
deadlines are met according to f.o.c.s.
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Best responses depending on ID in the other project, 3 = 0.65, N = 25
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Figure 2.4: g = 0.65

the costs before the deadline (“switching effect”).

Figures and present the best responses for the agent with different present biases.
In Figure , the agent is relatively more present-biased (8 = 0.65). There is only one
marginal effect when the interim deadline in one project is moved from period £ = 8 to period
k =9. It is optimal to move the interim deadline in the other project from period m = 2
to m = 3. In Figure (2.5), the agent is close to being time-consistent (3 = 0.97), there is a

cascade of marginal effects, and there is a “switching effect” in the later periods of the projects.

As a result, the optimal timing for the interim deadline in one project significantly depends
on the timing for the interim deadline in the other project. Adding the interim deadline in

the second project (or moving it to sooner or to later) may move the optimal timing for the
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Best responses depending on ID in the other project, 3 = 0.97, N = 25
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Figure 2.5: = 0.97

interim deadline in the first project backward or forward from the previously optimal period
(with no interim deadline in the parallel project) depending on the timing chosen for the
interim deadline in the second project. The optimal pair of timings for both interim deadlines
is not necessarily unique. For an agent with a low present bias parameter [ (relatively more
present-biased agent), there is a unique symmetric (k* = m*) optimal pair of timings for
interim deadlines (e.g., Figure (2.4)). However, for an agent with a higher present bias
parameter [ (relatively less present-biased agent), the are two that are symmetric to each
other optimal pairs of timings ((k},m}), (k3,m}) : ki = m}, m} = k3) (e.g., Figures (2.3),
23).
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2.6 Discussion

2.6.1 Uniqueness and Distance

As discussed in the [Simulations and Results| section, the optimal pair of timings for the

interim deadline in both projects (k,m) is not necessarily unique. For example, Figure ([2.4])
presents the case when the optimal pair is unique for an agent with a present bias parameter
of § = 0.65, while Figure ({2.5]) presents the case when there are two pairs that yield maximal

welfare for an agent with a present bias parameter of 5 = 0.97).

Dependence of the number of optimal pairs for deadlines on
present bias parameter 3 for projects with N = 25 periods

g T T T T T T
+  #of optimal pairs
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Figure 2.6

Figure (2.6 presents the dependence of the number of optimal timing pairs for interim

deadlines on the agent’s present bias parameter 5[] While there is a unique optimal pair

40The graph presents the results for present bias parameter 3 from 3 = 0.6000 to 3 = 0.9900 with a 0.0025
step.
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of timings for the relatively low present bias parameter and two optimal timings for the
relatively high present bias parameter, the dependence is not monotone. In general, the
optimal timing is later for the agent with a higher present bias parameter § (Razumovskii,
2023). Thus, for the almost time-consistent agent ([ is close to 1), the optimal timings for
both projects are in the last period. At the same time, the optimal timings for both projects
are in the first period for the agent with a low present bias parameter. When the agent’s
present bias parameter increases, the optimal timing moves from the first period to the
second and beyond. Because of the discrete time, it may be optimal to move only one interim
deadline to the next period rather than moving both later simultaneously when increasing 5.
Then the uniqueness of the optimal timings is broken solely due to the discrete nature of
time, and the optimal pairs of timing become (k}, ¢7) = (t*,t* + 1) and (k},q¢5) = (* + 1,t%).
When the present bias parameter is increased further, the optimal pair becomes unique again.
However, the optimal timings for interim deadlines in different projects are far away from

each other when the present bias parameter is high enough (e.g., on Figure ({2.5))).

Figure presents how the distance between optimal timings for interim deadlines in
parallel projects depends on the agent’s present bias. When it becomes optimal to distinguish
deadlines in time, the distance decreases with the agent’s present bias (i.e., is increasing in
the agent’s present bias parameter [3). However, it goes back to zero when the agent becomes
close to time-consistent, and it is optimal to impose both interim deadlines in the last periods

of the projects.

As a result, the agent who suffers relatively more from self-control problems does not need
to distinguish the interim deadlines for concurrent projects in time, while the agent who is
close to being time consistent would benefit from separating deadlines in time for different

projects.
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Dependence of the distance between optimal interim deadlines in parallel
projects on present bias parameter 3 for projects with ¥ = 2b periods

distance between optimal deadlines

06 065 a7 a7s

W S

Figure 2.7

2.6.2 Agent Types

As stated in the section, in this paper, I focus on the behavior of the naive agent. In
general, the agent can be one of three types, based on how she understands her present bias
(8): naive, sophisticated, or partially-sophisticated. The naive agent is not aware of her time
inconsistency and believes she is time-consistent. The sophisticated agent correctly knows
her present bias and fully predicts her future behavior. While the partially-sophisticated

agent is aware of her self-control problems, she underestimates her present bias.

In the current period ¢, the agent invests only effort levels (égtt), ég?) into projects. Because

the naive, sophisticated, and partially-sophisticated agents differ in terms of how they under-
stand their present bias, they have different beliefs about their future behavior. As already

discussed, the naive agent believes she is time-consistent and will behave according to the
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effort plan which maximizes her intertemporal utility U; or, in other words, that g will be
equal to 1 in all upcoming next periods. Thus, the optimal intertemporal strategy for the

naive agent (without a deadline) is the solution to the UMP ([74]).

On the contrary, the sophisticated agent fully understands her present bias and correctly
predicts the behavior of her future selves. In period ¢, she knows that she will face the same
problem in every future period. The partially-sophisticated agent anticipates her future
behavior, however, she underestimates her present bias in period ¢ and believes she will face
a similar UMP as from period ¢ + 1 onwards, but with the present bias parameter equal
to /3 instead of 3, where 5 < 3 < 1:

{é(t—l-l) A(t+1)}N
1r Hb2r r=t+1

N

N N
arg  max {—c(eltﬂ, eari1) + B [— > clein.em) + R <Z €1n, Z €2n>‘| } (93)

{617'7627}.,1-\;,5_;'_1 n=t+2

-1 ,
st.: {em,em},_, are given

Thus, the partially-sophisticated agent forms the effort plan for future periods depending on
her sophistication level 7@ As a result, the sophisticated agent would not experience the
postponing effort to future periods when solving for her current period effort. Her behavior
and solution in every period coincide with what she planned in the first period or in any other
periods. As shown by Razumovskii| (2023)), the optimal timing for the interim deadline for the
sophisticated agent is later than the optimal timing for the naive agent, given that the present

bias is the same. The partially-sophisticated agent predicts her future behavior incorrectly,

41T define the sophistication level as in Razumovskii (2023):A sophistication level is the parameter
v which characterizes how incorrectly the agent estimates her present bias parameter 3 and is defined by:

_1-p
7= 13"
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thus still postponing some effort to future periods toward the deadline as the naive agent
does. The optimal timing for partially-sophisticated agents is thus between that of the naive
agent and that of the sophisticated agent, depending on the degree of sophistication. This
coincides with the optimal timing for the naive agent when v = 0 and for the sophisticated

agent when v = 1.

Given the description above, the best-response timings on Figures (2.3] [2.4] for partially-
sophisticated and sophisticated agents would be shifted to the later periods according to their
individual degree of sophistication. However, the results remain robust, because the agent’s
sophistication leads only to redistribution of the effort before the interim deadline and later
optimal timings for the same present bias (Razumovskii, [2023)), but it does not change the

nature of the effects.

2.6.3 Limitations and Possible Conjectures

Although I focus on the simplest deadline setup with only one interim deadline in each project
in this paper, there is an additional question: How does the timing of the interim deadline in
one project affect the optimal distribution of interim deadlines in the other project in case
of several interim deadlines in the other project? The timing of the interim deadline in one
project affects the optimal timing of the interim deadline in the other project when the second
is imposed shortly after or shortly before the first. Thus, there should be a cascade effect
on the other interim deadlines imposed on the same project. Also, the agent’s sensitivity to

these effects should depend on the agent’s present bias.

Additionally, I focus on two complementary projects; the results should be different for
substitutable projects. In my paper, the interim deadline in one project affects the optimal
timing for the interim deadline in the other project only through the reward function. Thus,

complementarity of the projects is one of the crucial assumptions in the model. Alternatively,
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one may think about the agent’s time endowment per period (day) as a resource that the
agent can use to invest in projects. Then the interim deadline in one project decreases the
time available to be spent on the parallel project, and consequently on the optimal timing for

the interim deadline.

The other limitation is the number of possible interim deadlines in the projects. Increasing
the number of interim deadlines to be imposed could change the result. This is a direction
for my subsequent research and extensions of this study. Firstly, I plan to consider a setup
in which the final deadlines (the deadlines in the Nth period) are fixed for both projects
according to the zero-period plan (what the agent believes she will do when the projects are
in the future) and to find an optimal design for interim deadlines in this case. This setup
can represent a situation in which a worker signs a contract with a manager before starting
projects according to the worker’s current preferences. The contract specifies the total effort
to be invested in the projects (final deadlines). However, the worker knows that she will
procrastinate and can impose interim deadlines to overcome procrastination. Secondly, I
intend to investigate the optimal design of deadlines, increasing the number of costly interim
deadlines in projects. On the one hand, an additional interim deadline helps to smooth the
effort between periods and reduce procrastination. However, it may be costly to impose an
additional deadline. Therefore, there is a trade-off between the positive effect of an additional

deadline and the costs of imposing it.

Finally, I plan to add uncertainty to the model. The deadlines themselves could be considered
a commitment to spend some effort on pursuing a goal, task, or project. Most people
are accustomed to having plans for their days from waking up to going to bed. However,
we commonly encounter unexpected events and sudden changes in our plans, which are
costly to ignore. Consequently, imposing a deadline can cause large losses of welfare by
lowering flexibility in the future. In this context, procrastination appears to be a force that

incentivizes one to impose relatively strict interim deadlines, while uncertainty is a force
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that incentivizes one to impose relatively flexible deadlines. Several recent studies consider
deadlines and uncertainty together. |El-Tannir| (2019) considers the mean-variance contract
design with stochastic project duration. The author calculated optimal deadlines, leaving
aside time-inconsistent preferences and considering only one project. Ballard et al.| (2018])
investigate the multiple-goal pursuit model (MGPM) (Vancouver, Weinhardt, & Schmidt,
2010) and study how agents allocate effort across two goals with different deadlines. The
authors conducted four experiments and aimed to explain how agents choose which goal to
pursue in the current time, depending on distances to deadlines and the probability of goal
completion. Their model explains the complex behavior of participants more precisely than
the previous version. However, the study does not raise the question of deadline optimality
or time-inconsistent preferences. Thus, my conjecture research is a logical addition to the

existing literature.

2.7 Conclusion

In this paper, I raise the question of optimal deadline design in a multiple-project environment.
I consider a naive agent with time-inconsistent preferences who pursues two parallel and
complementary projects. I investigate the spillover effects of deadlines on the effort spent on

projects, the agent’s welfare, and the optimal timings for interim deadlines.

The results suggest that the optimal timing for the interim deadline in one project significantly
depends on the timing for the interim deadline in the other project. Adding the interim
deadline in the first project may move the optimal timing for the interim deadline in the
second project to earlier or later from the previously optimal period (without an interim
deadline in the concurrent project), depending on the timing chosen for the interim deadline
in the first project. The optimal pair of timings for both interim deadlines is not necessarily
unique. For relatively more present-biased agents (low () and for almost time-consistent

agents, there is a unique pair of optimal timings, and it is optimal to impose interim deadlines
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in the same period. However, there are less present-biased (high ) agents, for whom it is
optimal to delay the interim deadline in one of the projects, and there are two symmetric pairs
of optimal timings. The distance between optimal timings for interim deadlines also depends
on the agent’s present bias in this case. If it is optimal to distinguish the interim deadlines for
parallel projects in time, the distance between them is increasing in the agent’s present bias
parameter $. The distance increases until the agent is close to being time-consistent and then

drops to zero, because it becomes optimal to impose both interim deadlines in the final period.

The results contribute to the existing economic literature on the topics of behavioral economics,
time-inconsistent preferences, and deadlines. To my knowledge, this is the first theoretical
paper that considers the spillover effects of an interim deadline in the context of two concurrent
projects. The paper’s findings are useful for understanding how deadlines affect our behavior

and welfare.
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3 Removing the Toll Barrier

Co-authored with Misha Gipsman[? and Artyom Jelnovy™|

Letter from merchant to the Tzar and the decree back (1708, Russia):

“Tzar, a merciful sovereign, 1'm a merchant in Voronezh...

And before I went to other cities to buy goods, and now, my lord, I wish to travel to other
cities for the trade ... but still, without your great sovereign’s decree, I dare not go. I beg
Your Majesty, have mercy, on your command let me go from Voronezh... Your lowest slave,
a Voronezh trading suburb man, Timofey Potapov”

The text of the decree: “In the cities stewards and captain and government officials and
atamans in the Cossack towns, and elders, and in towns, and villages, and bridges, and on
crossings who manage it, are ordered to allow him, Timofey and his workers to travel

everywhere without detention”

3.1 Introduction

Neither regulators nor rent-seekers possess absolute power. It is not uncommon for regulators
to struggle to eliminate predatory organizations or, at times, to abandon such efforts altogether.
An example is the collection of tolls and control of city entry during the medieval period.
Historically, the outcome of conflicts between the central authority (a King) and lords was
often uncertain, as even a King was not all-powerful. The central question we address is
whether a Lord would voluntarily remove trade barriers when faced with the threat of conflict

from the King, or instead, choose to restrict trade.

Merchants voyaging to a city’s market commonly faced ‘middle barriers’, e.g., some could

be natural monopolies because of geographical location, such as river crossings or narrow

42 Ariel University, Israel. E-mail address: mishag@ariel.ac.il
43 Ariel University, Israel. E-mail address: artyomj@ariel.ac.il
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mountain passes. At these strategic points, a 'Lord of the Crossing@ controlled access,
collecting taxes, and deciding who could pass. However, this Lord not only extracted
merchant incomes but also hindered trade with the destination city, thereby diminishing
the wealth of the central authority (the King). Consequently, the King was incentivized
to initiate conflict with the Lord to eliminate such trade barriers. However, success in this

endeavor was far from guaranteed.

The tension between rent-seeking gatekeepers and central authorities is ancient. The Book of
Nehemiah (5th century BCE): "may letters be given to me to the governors beyond the river,
that they escort me through." The pattern persists: the Grosse Ile Bridge to Detroit, the
Ambassador Bridge on the US-Canada border, and digital store platforms as tolls represent
the same structure. The "Tollbooth Problem" in essential facilities doctrine: regulatory

intervention is required to mitigate rent extraction at non-bypassable nodes.

Our model utilizes historical context to illustrate contemporary situations analogously.
Legitimate barriers are well-known in the industrial organization literature (see [Tirole,
2015). Today, 'Lords’ can represent licensing bodies, criminals, corrupt officials, or oligarchs
who extort cashflow, while the 'King’ symbolizes central law enforcement authorities like

government, police, prosecutors, etc.

We explore a model in which the Lord prefers to maintain a monopoly by allowing only
one merchant to access the market in the absence of the King’s involvement. However, the
Lord voluntarily relaxes the barrier under threat of conflict with the King, permitting a few
merchants to enter the market, though not entirely free of charge. As a result, the threat of
a conflict itself increases the Social Welfare generated on the market by at least 56% of what
is theoretically possible at the pre-conflict stage. However, the King’s probability of winning
the conflict and successfully removing the barriers is low. The probability is increasing with
the number of existing merchants. However, it reaches only 1/5 when this number tends to

infinity. Therefore, while the presence of the King and the conflict itself do not fully remove

44The term ‘Lord of the Crossing’ is borrowed from George R. R. Martin’s "A Song of Ice and Fire’,
metaphorically representing a monopoly over a critical route.

106



the trade barriers, the threat of a conflict significantly increases the generated welfare even

before the results of the conflict.

In addition, we study the case of multiple Lords on one road. Despite the previous case,
the monopoly occurs with the probability of 2/3. The first Lord allows only two merchants
to cross his land. The second Lord would charge an additional toll and reduce the market
to a monopoly. The King then prefers to involve himself in the conflict with the second
Lord. As a result, the King’s probability of winning a conflict is higher and is equal to 1/3.
However, in the case of winning, the King removes only the second Lord’s barrier, and only

two merchants can reach the market.

The situation changes rapidly when each Lord controls his own road, and merchants can
choose between different roads. The Lords compete in tolls to attract more merchants to use
their roads. As a result, the barriers are removed voluntarily, with all merchants reaching
the market, and the King does not involve any Lord in the conflict. Thus, a higher number
of merchants and a higher number of Lords located on the same road slightly increase the
probability of the King winning, while not leading to unrestricted trade or a high probability
of removing trade barriers. Only competition between several trade roads leads to removing
the barriers and free trade. In the historical context, only a significant improvement of the

infrastructure allowed free trade.

The rest of the paper is organized as follows. describes related literature and
contextualizes this paper in the existing research. lays out the model of the Lord’s
choice of the toll payment and the conflict between the King and the Lord. analyzes
the Lord’s optimal choice of toll payments in case of no conflict and in case of conflict with
the King. provides the results of the model extension on the case with several Lords
and roads. discusses generalizations, limitations, and possible extensions, while
concludes.
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3.2 Literature Review

Trade barriers imposed by rent-seekers, from medieval toll collectors to modern corrupt

officials, pose persistent economic challenges.

McAfee, Mialon, and Williams| (2004)) examine a variety of entry barriers. We focus on

rent collectors who establish “pass protection” for productive agents, a phenomenon dating

back to ancient times. Middleton (2005) documents how tolls have persisted at the same

trade locations since the Roman Empire, with only institutional legitimisation changing over

time. In the economic history literature, the Commercial Revolution is understood as an

institutional transformation: |Greifl (1993)); |Greif and Laitin| (2004) show how endogenously
merchant coalitions constrained ruler predation, while (2017)) emphasises the role of

competitive markets in sustaining economic growth.

Our study examines conflicts between central authorities and vassals (“Lords”).

and Skaperdas| (2005, 2012)) show that centralised protection minimises conflict costs, while

\Grechenig and Kolmar| (2011) demonstrate that state enforcement reduces reliance on private

protection. |Skaperdas and Vaidya| (2019)) note that effective governance mitigates trade

disruptions. Bjorvatn and Naghavi (2011 show that resource rents can promote regime

stability by raising conflict costs; this is partially reflected in our finding that Lords voluntarily

relax barriers under credible threats.

Analogous mechanisms appear in other settings. Patent licensing studies (Kamien & Tauman),

11986} Katz & Shapiro|, |1986) examine strategic interactions in which rights holders restrict

licenses while collecting fees. [Shleifer and Vishny| (1993) models officials granting market

access in exchange for bribes, explaining key corruption mechanisms. Hillman| (1982)); Hillman|

and Ursprung| (1988)) show that domestic pressures drive protectionist policies, while|Grossman)

and Helpman| (1994) model politicians aligning with interest groups.

We integrate a market-entry model with the Tullock contest framework (Tullock, 1984;
Tullock & Rowley, 2005). Nitzan (1994) surveys rent-seeking contest models.

(2013) provides a unified framework showing Tullock contests and first-price auctions as

108



special cases. For additional surveys, see |Congleton, Grofman, and Voigt| (2018)); Congleton
and Hillman| (2015)); Congleton, Hillman, and Konrad! (2008]); Hillman| (2019)). We adopt Nti
(1999)’s asymmetric prize valuation model, which is well-suited to our setting, where the
King and the Lord value winning differently. [Klunover| (2023)) shows that asymmetry in a

contest can intensify competition.

Building on the literature on rent-seeking and market access, we analyse how the threat
of conflict by authorities affects the trade barriers. We show that such threats induce only
partial toll reduction even when complete removal maximises social welfare. We further
quantify the welfare gains from credible threats. We show that competition among routes
dominates direct intervention by a central authority in eliminating barriers. The analysis

delineates the scope and limits of central authority in reducing rent-seeking.

3.3 Model

N identical merchants seek to arrive at a market located in the Destination city. To reach
the market, they need to pass the road, which is a unique way to the Destination city. The
merchants maximize their income and compete in quantities. The demand in the Destination
city is given by price per unit p(Q) = A — BQ, where @ is the quantity, and A and B are
positive constants. The cost of producing, deliveringE] and placing ¢; units on the market
for merchant i € {1,....N} is ¢(¢;) = Cq;, where C' is a common positive constant for all

merchants.

In the Middle of the trade road is a barrier: a gate under the control of the “Lord of the
Crossing” (hereafter L) that cannot be bypassed. L sets and collects a toll T' € Rx( from
each merchant. Thus, the merchants have to pay the toll T' to cross the gate and reach the
Destination city. L maximizes his income I, = T'm, where m € {1,...,N} is the number of

merchants who decided to pay the toll 7" and reach the market.

There is a “King” (hereafter K) in the Destination city who is interested in maximizing the

45Excluding the discussed later toll 7.
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social welfare, the surplus generated on the market. Social Welfare (SW) is defined as the
sum of Customers’ Surplus and the merchants’ revenue on the market (excluding the toll

payments T):

i=1
Given the set toll T, K can initiate a conflict with L to remove the trade barrier. We model
the conflict with the simple version of the Tullock contest: K and L simultaneously choose
efforts ex and ey, respectively, and their probabilities to win are Px = e;ff{q and P, = fz;TLeL
If K wins, L is not allowed to set any toll (obtains zero), and all N merchants reach the

market.@ In contrast, L collects toll T' from each of m merchants when winning the conflict.

Figure (3.1) represents the model.

CK K

€L ><
/

L

N 1
; Market

merchants

Figure 3.1: Basic Model

The timing is as follows. In the first stage, L announces the toll 7" and commits to it. The
merchants and K observe the toll. Given the toll 7" and the competition on the market,
m is derived from T[] Then K and L enter the Tullock contest. If K wins, the toll is
not implemented, and all N merchants cross the Middle. If L wins, the proposed T is

implemented.

The interaction among all sides is modeled in three stages by a backward analysis. First, we
consider the merchants’ competition and analyze how the number of merchants on the market

(m) and the social welfare depend on the given toll T. Second, we calculate the optimal

46Note that the conflict is about the right to collect tolls only. In this model, we do not consider any other
privileges of a feudal lord.

4TWe show how exactly in the section.

110



toll T for L and the corresponding m and Social Welfare when there is no conflict with K.
Last, we analyze how L adjusts the trade barrier (toll 7') under the threat of conflict with
K, which is the main goal of the paper. We recalculate the optimal proposed T for L, the
corresponding number of merchants on the market m, and the corresponding social welfare,
taking into account the future conflict with K. Additionally, we discuss the probabilities of

winning for K and L.

3.4 Analysis

3.5 Merchants’ Competition

The total quantity () can be found as ) = >_" ¢;. Therefore, given the toll 7', the merchant
1’s profit is defined by:
Wizpqz‘—cqz‘—TZ<A—BZ%—C>%‘—T (95)
i=1

Then, the merchant i’s participation constraint (PC) is:

7ri20<:><A—BZqi—C>inT (96)
i=1
And the merchant 4’s profit maximization problem (PMP) is:

I%?X{(A—Biqj-—C)qi—T} (97)

J=1

s.t., <A—BZqi —C’) g >T
i=1

By arriving at the market, merchants compete in quantities, and the symmetric equilibrium

for competition of merchants on the market is characterized by:
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_A—l—mC

m+1 (98)

4% =9 = 45w, —" 1 D
(

Consequently, the profit 7; of a merchant 7 on the market and the total merchants’ profit

T =y v, m in the symmetric equilibrium are:

_ (A-C)? B
R, (A—C)?
T =mm; = <(m 1y~ T> (100)

Given the profit 7; and the participation constraint , the number of merchants in the
market is defined by:

A-C
< -1 101
= VBT (101)
The merchants come to the market until they make a non-negative profit, then:
A-C
m'=|———1 102
] (102)

While m € N, it is decreasing in toll T. The C'S can be calculated as the gray area below
the demand line in Figure (3.2):

_ g (A—p(mig)) _ (m*q")*B _ (m")}(A—C)?
O5 = 2 B 2 ~ 2B(m* + 1)2 (103)

And the total Social Welfare is:

(A—C)2m*(m*+2)

SW=""5 (m*+ 1)

(104)

Note, the Social Welfare is decreasing in m* and, consequently, is decreasing in T". Thus, the
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Figure 3.2: Customers Surplus

King K would prefer the Lord L to set a lower toll T' to increase the Social Welfare.

3.6 Lord’s Optimal T

The Lord L maximizes his income I}, by choosing the toll 7"

max {Tm*(T) =T {AJ;_;’V - 1J } (105)

Given the number of merchants on the market, m, the Lord L would maximize his income by

setting the highest possible toll T" according to PC . From the merchant i’s profit :

(A-C)

T = B 12

(106)

The L’s PMP can be rewritten then in terms of the number of merchants in the market,

because, L chooses the number of merchants m indirectly through PC :

max {T'm*(T)} = max {mT"(m)} = max {m%} (107)

The objective function is decreasing in m. Thus, L sets the toll 7" such that only one merchant
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crosses his land:

. . A—CO)? . o A-C . A+C
me=1, Tty = Ao o gy = A C ) =

As a result, the Lord L uses the toll T' to extract all the generated profit on the market by
merchants. Therefore, he restricts the number of merchants to maximize the total generated
profit. The total profit is then maximized when there is a monopoly on the market. Thus, L

induces a monopoly on the market when there is no threat of conflict from the King.

The Social Welfare, then, is at its minimum, since it is increasing in m according to equation

(104):

_ 3(A—C)?

W 8B

Next, we analyze how the Lord L would adjust his toll 7" compared to the case above when

he is involved in a Tullock contest with King K.

3.7 King’s Intervention

The King K maximizes the social welfare (104) [f] Note that SW,,, is increasing in m. Thus,
the K’s objective function is at the maximum when m = N. Thus, the King’s value of
winning is the difference between social welfare when N merchants enter the market and

when m do so:

N(N +2)(A-C)* m(m+2)(A-C)?

Vie = SWy = 5Wn = 2B(N + 1) 2B(m + 1)

(108)

The Lord collects the toll T' = % in case of winning and collects 0 in case of losing the

48Even if the King is not benevolent, he may be interested in enhancing the tax collected from the trade.
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conflict. Therefore, the Lord’s value of winning the conflict is:

m(A—C)?

Vi =mT*(m) = m,

(109)

where T*(m) is a maximal toll such that m merchants pass the Lord’s land according to
equation (|106]).

Note, it is easy to verify that V, > V. In the Tullock contest, the players choose effort

according to their valuations:

€r €K
Vi, Vg

Therefore, the Lord always chooses a greater effort and has a higher probability of winning.

Further, by [Nti (1999), the effort choices and probabilities of winning are:

_ VEvk
€L o (VL%H/K)2 (110)
_ Vi
CK = (Vi +Vi)?
and
_ V]
Vi
PL - VLJrLVK

As a result, the expected income of the Lord L before entering the Tullock contest, if m

merchants cross the Middle, is:

VS
E =PV —ep = — L —— 112
L(m) LVL — €L (VK I VL)2 ( )
Thus, the L’s PMP can be rewritten as follows:
3
4A-0) t1)2
max {Er(m)} = max N(NE(Q)JF ) }m2 (113)
[(N+1)2 B (m+1)2}
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where L chooses m indirectly through the PC .

Proposition 1. Under the threat of the conflict with the King, the Lord relaxes the trade
barrier and sets the toll T such that three (m* = 3) merchants when N € {3,4} or two

(m* = 2) merchants when N > 4 cross his land.

We provide the proof of Proposition [I] at the Thus, L is willing to relax the trade
barrier to decrease the K’s incentive to invest in the conflict. As a result, the Social Welfare

increases regardless the results of the conflict. Assuming N > 4, the Lord L proposes the toll

T — (A-0)?

55— SO m* = 2 merchants can cross his land. The minimal SW then even if L wins

the conflict is:

SW(m* = 2) 3@4_30)2 (114)

U at

The SW equals to %(A;BC)Q at maximum when m = N — oo, and equals to

minimum when m = 1. Thus, the threat of the conflict increases the SW at least on

5/9 ~ 56% of what is possible even if m = N — oo.

While the King’s value of winning the conflict is increasing in N and the Lord sets the toll
such that only 2 merchants cross his land (assuming N > 4), the King’s probability of winning

is lower than the Lord’s even when N — oo:

m

2042 1
_ (m+1)? _
‘N%oo =1- N(N+2) m2 - o2m + 1 (115)

(N+1)2 (m+1)? | N 00

Thus, the King’s probability of winning the conflict at maximum is equal to 1/5 since m* = 2
when N — oo. Thus, a greater number of merchants presented on the market does not lead

to the removal of the trade barriers.

As a result, the threat of the conflict increases the Social Welfare at least by 56% (even if L
wins the conflict) of what is possible, while the probability of K winning and the barriers are

removed stays below 20%.
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3.8 Multiple Lords

Next, we consider the model extension with several Lords presented. There are [ Lords
presented on one road. Every merchant has to cross all the Lords and pay tolls to every Lord

to reach the Destination City. Figure [3.3] presents the described structure.

Ly Ly Ly Ls Ls Ly

N
% % % % % % Market

merchants

Figure 3.3: One road and [ Lords

The timing is the following. First, the Lords sequentially announce the tolls T}, T5,..., T; on
the merchants’ way to the market and thus define {m;,ms,...,m;} where m; is a number of
merchants who can cross the first ¢ Lords’ lands (we denote Lord ¢ by L;). Each Lord L;
observes all the previous tolls {77,..7T;_1 } before making a decision on his own toll T;. Second,
in case the King is present, the King decides on which Lord to involve in the conflict. First,
we assume that the King can fight with one Lord only. Later in this section, we consider the
case when the King can involve Lords in conflict sequentially if winning. Then the King and
the chosen Lord enter the Tullock contest, and only the chosen Lord cannot collect the toll

in case the King wins. Lastly, the merchants reach the market and pay tolls to the remaining

Lords.

Without conflict, the 1st Lord (L;) collects all the surplus by allowing only one merchant to
cross his land. Indeed, the merchants cross the lands sequentially, and the other Lords are
then indifferent between setting an additional toll or allowing merchants to cross their lands

for free. As a result, the case is reduced to the previous one with one Lord on the road.

When the King is present, the 1st Lord has incentives to behave differently from the one-Lord
case. If the first Lord allows more than one merchant to cross his land (m; > 1), other Lords

would prefer to collect the additional tolls while the total toll allows more than one merchant
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to cross their lands. As a result, the King prefers to involve the last Lord in the conflict, the
one who restricts the trade to a monopoly. Thus, the 1st Lord does not face the probability

of being involved in a conflict.

Proposition 2. If multiple Lords are present on the same road, the first Lord (L) sets the
toll so that only two merchants cross his land (my = 2), the second Lord reduces the trade to

monopoly (mqg = 1), and the King involves the second Lord in the conflict and wins with a

probability of 1/3.

We provide the proof of Proposition [2] in As a result, the presence of additional
Lords on the same road eliminates the probability of the total removal of trade barriers. The
King involves the second Lord in the conflict and removes his barrier with a probability of
1/3. Thus, two merchants reach the market only with a probability of 1/3, and the monopoly

case occurs with a probability of 2/3.

The assumption that the King can involve only one Lord in conflict is crucial. Next, we
consider the case where the King can sequentially involve the Lords in a conflict in reverse
order (starting from the closest Lord to the market). Moreover, we assume hereafter that
in each conflict a new King is born, and he is myopic (seeks to optimize his utility in the

current period only).

Specifically, we consider the following settings. There is an unlimited number of Lords on the
road. Starting from the first Lord on the merchant’s way to the market, the Lords decide
sequentially on their tolls. According to the discussion above, the Lords would reduce the
number of merchants until some Lord L; minimizes the number of merchants to 1. Without
loss of generality, we assume that the Lords after I; do not impose any tolls and that they
do not exist on the road. Next, the King attacks the Lords in reverse order, starting with
the Lord L;, by involving them in the Tullock contest, as in the basic model. The King can
attack the next Lord only in the event of winning the conflict against the previous one (by
the previous King). Every conflict is considered separately, where the King independently
decides on the effort in each conflict and does not take into account the potential value of

winning future conflicts.
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In this case, the first Lord prefers to set the toll such that only one merchant crosses his
land. Otherwise, the next Lord would impose an additional toll that restricts the trade to a

monopoly. The overall expected income for the first Lord then decreases.

Proposition 3. If multiple Lords are present on the same road and the King involve them in
conflicts sequentially, the first Lord (L) sets the toll so that only one merchant crosses his

land (my = 1).

We provide the proof of Proposition [3] in [Appendix III} The general intuition behind the

proof is as follows. If the first Lord does not restrict trade to a monopoly, there will always
exist a pre-last Lord. We then show that, for this pre-last Lord, it is always profitable to
become the last one (what he obviously can do, since he decides on his toll before the next

one) and impose a monopoly, rather than allowing the next Lord to do so.

Multiple Roads

The case when each Lord controls his own road to a destination point is almost trivial. There
are [ < N Lords between merchants and the Destination City. Each Lord controls his own
road to the market, so merchants can choose one of the Lords to reach the Destination City.
The Lords then compete in tolls 7T; between each other to attract merchants. Figure |3.4

presents the described structure.

As a result, the Lords set tolls equal to zero, and all the merchants reached the market.
Indeed, the merchants choose the road with the Lord who set the lowest toll T, : T, <
T;, Vje{l,..,l}. Assuming T; > 0, there is a profitable deviation for all other Lords to set
their toll equal to T, — €. Thus, all Lords would set toll equal to 0 in the equilibrium, and all

the merchants would reach the market.

The King then has no incentive to participate in conflict since all the merchants reach the
market and there are no trade barriers, which maximizes Social Welfare. Note that it is

enough to have at least [ = 2 Lords with roads, so this equilibrium exists.
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Figure 3.4: [ Lords and [ roads

3.9 Discussion

Our research focused on the political interests of authorities when no one has a monopoly
on power. This approach complements the historical explanation that guilds sought to
monopolize markets and actively lobbied for commercial reforms (see |Casson & Casson, [2013;
Ogilvie], 2011). Furthermore, it aligns with the historical spread of the Royal Charters and
landlords’ self-limitation. The demonstrated importance of infrastructure and market-trade
capacity constraints offers a nuanced political economy perspective for institutional views on

development.

Further investigations might focus on dynamic and repeated games with different market
conditions and products. An ongoing question is under what circumstances the Lord of

the Crossing transits into a local market founder and makes a rollback to predatory formation.

3.10 Conclusion

This paper examines the removal of trade barriers imposed by rent collectors (Lords) on
trade routes, under the threat of conflict with the central authority (King). With no threat

of a conflict, the rent collector seeks to maximize his income by setting tolls so that only one
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merchant can access the destination market, inducing a monopoly as a result. Opposite, the
King prefers to maximize Social Welfare by enabling as many merchants as possible to reach

the market.

We found that the Lord adjusts his behavior based on the King’s willingness to invest in
conflict. Without conflict, the Lord maintains a monopoly, but when faced with the threat of
conflict, the Lord lowers his toll, allowing a few merchants to pass. As a result, the Social
Welfare is increased by at least 56% of what is theoretically possible at the pre-conflict stage.
The King’s chances of winning the conflict and removing the barriers remain low and never
exceeds 1/5. While the probability of the full removal of the trade barrier is not high, the

threat of the conflict itself significantly increases the generated Social Welfare.

We then extend the model to multiple Lords and roads. When several Lords are on the same
route, and the King can involve only one Lord in a conflict, a monopoly emerges with a 2/3
probability. In this case, the first Lord allows only two merchants, and the second imposes an
additional toll, reducing trade to a monopoly. The King, seeing a higher chance of success,
engages the second Lord in the conflict. However, even if the King wins, only two merchants
reach the market. Under the relaxed assumption that the King can involve only one Lord in
a conflict, the first Lord prefers to induce a monopoly, and the case reduces to one with only

one Lord on the road.

The situation changes dramatically when each Lord controls an independent road, and
merchants can choose from multiple options. Here, the Lords compete by adjusting tolls to
attract merchants, leading to the voluntary removal of barriers and enabling all merchants
to access the market. No conflict is needed, and even the King’s involvement becomes
unnecessary. While an increased number of merchants and Lords slightly improves the King’s
chances of success, it does not result in unrestricted trade or the removal of all barriers. Only

when multiple roads compete does free trade emerge.

This indicates that encouraging competition among rent collectors on different routes is
more effective than engaging in direct confrontation with them. It highlights the increased

social welfare benefits resulting from the central authority’s or predators’ investment in
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infrastructure, particularly the construction of new routes.

3.11 Appendix I: Proof of Proposition

Proof. Directly by (112)), the expected profit for the Lord as a function of m is:

3
By AA=0r utpl  aa—op m? _
B m 1> B 2
Reesvre=d [t (m 4+ 1)° = m2(m + 1) (116)
_4A-C0)? m?
— e e
[2m? + 3m + 1 — ]
Thus,
. O0Ep(m
sign| 57; )] =
_ N(N +2) 3_ 9 N(N +2) 2 2
_Slgn[gl(N—{—l)? (m+1)° —=m*(m+1)| —2m 3(N+1)2 (m+1)° —3m* —2m||

By rearranging terms,

3 [T O+ 1P = ()] = 2m [3GF5E (m 4+ 1)% = 3m? — 2m] =

N(N+2
3 (]\(,+J1r)2) (m+1)%(1 —m) +3m3 +m? =
(117)
3[1—@] [m+1—m3 —m? +3m3 +m? =
m 2 m—
3(mt1)"(m=1) (i\}zrl()Q D _om?+3m+3
By direct substitution, and by 1 > ]Efzf,ﬁr)%), this expression is positive for m =1 and m = 2.

The Lord would adjust the number of merchants he allowed to cross the Middle to decrease

the probability of losing the conflict. Note, that the expression (117 for m = 3 can be
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rewritten as follows:

N(N +2)
(N +1)2

N(N +2)

’ Wi

(m+1*1—m)+3m*>+m?  =90—96

m=3

(118)

However, as N > m, the aEaLi(m)’
m m=3

< 0 for m = 3. Therefore, E(m) has to have a

maximum at m = 3 or m = 2 since m € {1,....N}:

4(A —¢)? 8
EL(’ITL = 2) = ( B ) 5 3
) [5 N (N+1)2}
4(A — c)? 27
Ev(m=3) = ( B ! 16 12
16|7 — o)
Comparing these two expressions:
8 S 27 ]
9{57 (Nin?} 16 {77<N1+61>2}
<

128(7(N + 1)* — 16)% > 243(5(N + 1)* — 9)?
—
197(N + 1)* — 6802(N + 1)? + 13085 > 0
—
N € (=00, — 6.70) U (—~2.43,0.43) U (4.70, + o0)
Therefore, Er(m) is maximized at m = 3 when N € {3,4} or m = 2 when N > 4, since

N eNand N > m@ Thus, even under the threat of conflict with the King, the Lord allows

a limited number of merchants to cross his land. O

4Note, that Er(m) ~ 1/m? for m > 3 and there is no other extremum for a greater total number of
merchants N.
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3.12 Appendix II: Proof of Proposition

Proof. Assuming L; sets the toll such that he allows m; > 1 merchants to cross his land:
T, = T(my > 1). Then, it is profitable to charge additional tolls for the subsequent Lords.
Thus, there is a ¢’th Lord (¢ > 1) who restricts trade from m;_; < my to m; = 1 and induces
monopoly. The King then prefers to involve the i'th Lord in the conflict. Indeed, the highest
incentive for the King to involve another Lord in the conflict would be when the first Lord
allows two merchants to cross his land (m; = 2) and the second Lord induces a monopoly.@
Note that the second Lord Ly collects a higher toll than the first Lord L in this case:

1(A-C)? E(A—C)Q_

him=2)=g—F " <3 5

Tim=1)—-T, =Ty(my =1) (119)
The King then chooses which Lord to involve in the conflict. The King’s value of winning
the conflict is positive when he involves Ly since two merchants will reach the market instead
of one in case the King wins. However, the King’s value of winning the conflict is zero when
he involves L;. Indeed, only one merchant then reaches the market in case the King wins
since T5 > T7, and the merchant’s participation constraint is not met for m = 2. As a result,
the King does not attack the 1st Lord. Similarly, if ¢+ > 2, the total tolls paid by a merchant
while passing L;_1 is T'(m;_1). Since T'(m;_1) < T(2), by(119), this total toll is lower than
required by L;. Thus, the King always involves the last Lord, who reduces the trade to one

merchant in the conflict.

The King’s value of winning the conflict against the i’th Lord is:

) C(A=C)P [mia(mia+2) 3
Vie = SW(miy) = SW(1) = —— 2(mi-y +1)2 8

_ (A=C) (mi—1 +3)(mi—1 — 1)

50The King then has the lowest value of winning against the last lord (L) and the highest possible value
of winning against another Lord (L;) since the first Lord decreases the number of merchants from N to 2.

124



The 7’th Lord’s value of winning the conflict against the King is:

Vi, = miTi(m;) = mi(T(m; = 1) — T(m;_1)) =

5 ;CV Lll N (m2'11+ 1)2] B

CA=CP(mia+1) =4 (A=C)?(mi +3)(miy — 1)
B B 4(mi_y +1)2 B A(mi_y + 1) (121)

Note, the King’s value of winning a conflict is twice less than the ¢'th Lord’s (Vy, = 2Vk).

Then, the King wins the conflict with a probability Py = VKZKVL. = 1/3. Thus, the first

Lord’s expected revenue is:

(A — C>2 2 1 1 mi—1
E - 2 1
i (1) B |30m 12 3(m+102

(122)

The first Lord’s expected revenue is decreasing in my, and he sets the toll such that only two
merchants cross his land (m; = Q)E since m;_1 < mq. As a result, the first Lord’s expected
revenue in case he does not induce a monopoly is:

41(A-0)?

Epy =0 = 3T1(my = 2) = 59 B (123)

Another option for the first Lord L, is to set T} = T(m; = 1) and induce a monopoly. The
expected income can be calculated then according to equation (116)):

4 (A—C)

" il P

Ep| (124)

Compare the L;’s expected revenues in these two cases, the 1st Lord always prefers to set

2
toll T} = T'(my = 2), since [6 - ﬁ] > 27 for any N > 3. The second Lord then reduces
the trade to a monopoly, and the King involves him in conflict with a probability of winning
equal to 1/3. O

5INow we consider the case when the first Lord does not induce a monopoly, m; > 1.
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3.13 Appendix III: Proof of Proposition

Proof. First, we assume that the first Lord L; does not restrict the trade to a monopoly.

Therefore, there are two closest to the market Lords such that:

e The pre-last Lord L;_; reduces the number of merchants to some number k: N > k > 1.

o The last lord L; reduces the number of merchants from &k to 1 (monopoly).
First, the King involves the closest Lord L; in the conflict. Then, the King’s and Lord L;’s

values are:

VK - SW|m:k - SW|m:1 =

(A—C)? [k;(k;+2) 31 _(a-oy [(k%—l)z—ﬂ

2B |(k+12 4 2B Ak +1)2
B B _A=-0P11 C(A-CP [(k+1) -4
Vi, = T‘m:l T’m:k - B 4 (k+1)2 o B 4(k +1)2
Thus,
P(L; wins K) =2/3 and P(K wins L;) =1/3 (125)

Next, in case of K won, the next King involves the Lord L; ; in the conflict. The Lord L;
reduces the number of merchants from some n (N > n > k) to k, the King’s and Lord’s

values of winning the conflict are:

Vi = K(T|,_—T|. )= (A - (3)2]\C l( 1 1 ] _(A- C)2k [n(n%—?) - k;(k;+2)]

B k+1)2  (n+1)? B (n+1)%(k +1)?

(n+1)2  (k+1)2

Ve = Wl _sw|_, = A=CP [n(n +2)  k(k+ 2)] (A—C)? [n(n +2) — k(k + 2)1

28 ~ 2B (n+1)2(k + 1)
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Thus,

(126)

. 2k ) 1
P(Li—y wins K) = T and P(K wins Li_y) = 1

Then, the expected income of L;_; can be found from:

B ]_g(A—C)Q 11 1 2k (A-0C)? 11
el =3B |(k+1)?2 (m+1)?] 32k+1 B (k+1)2  (n+1)?
_(A-CP [(n+1)P2—(k+1) 54k 2k _(A—C)Qg_(71—1—1)2—(/f—i-1)2
- 3B (k+1)2(n+1)2 2k+1) B 3| (n+1)22k+1)

|-
|

Since k < n, the expected income of the Lord L, ; is decreasing in k. Therefore, the pre-last

Lord always prefers to restrict the trade to a monopoly and allow only one merchant to cross

his land. Then the Lord L;_; becomes the last one, and the same logic is implemented for the

previous Lord L;_». As a result, the first Lord L; set the toll, such that only one merchant

crosses his land.
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