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Abstract

We derive sufficient statistics that describe how the financial sector transmits macroe-
conomic policies to aggregate demand. Our framework nests models of financial interme-
diation with various microfoundations and generates crucial aspects of aggregate demand
with household heterogeneity. The financial sector supplies liquidity by issuing liquid as-
sets to finance illiquid capital. The elasticities of liquidity supply with respect to returns
are sufficient statistics that describe how the financial sector affects aggregate responses
to policies. We measure the elasticities with data on price and quantity, sidestepping the
difficulty of measuring microfoundations of financial frictions. Quantitatively, these elastic-
ities are central to the debate over the effectiveness of policies targeting the financial sector
versus households. In common models analyzing these policies, output responses differ by
orders of magnitude due to implicit assumptions about these elasticities. Estimates of the
elasticities for the U.S. imply a stronger effect of targeting households than the financial

sector.
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1 Introduction

This paper derives sufficient statistics that describe how the financial sector transmits
macroeconomic policies to aggregate demand. The interaction between the financial
sector and the real sector is central to policies such as monetary and fiscal policies and
government asset purchase programs. Yet, existing models with aggregate demand
driven by realistic household consumption-saving behavior usually abstract away from
the financial sector, and models of financial intermediation lack the key features on
the household side. Neglecting either element can lead to incorrect conclusions about
the effectiveness of policies and errors in policy decisions. Moreover, merely com-
bining these models is not enough. To make quantitative statements about policies,
we need to identify and match features of the financial sector most relevant to the

interaction.

We provide a framework that nests a large class of financial intermediation models
with various microfoundations and allows for rich household heterogeneity that gen-
erates crucial aspects of aggregate demand. We show that features of the financial
sector relevant for aggregate responses are encapsulated by a set of sufficient statis-
tics. These statistics can be linked directly to data on prices and quantities of assets,
allowing us to sidestep the need to measure deep parameters of financial frictions
specific to particular microfoundations. We show that these sufficient statistics are
quantitatively important for macroeconomic policy choices. Workhorse models pre-
dict aggregate output responses that differ by orders of magnitude due to implicit
assumptions about the financial sector. These assumptions manifest in differences
in the sufficient statistics they imply. We measure these statistics empirically and
demonstrate how they alter policy conclusions in the debate over the effectiveness of

stimulating the financial sector versus households.

In our framework, households consume and save using different forms of assets, among
which some are liquid and, hence, preferable to others. Households are heterogeneous
due to idiosyncratic income risks and their preferences for liquidity, and they face
the standard incomplete markets. Production is subject to nominal rigidities, which
allows policies to affect aggregate demand. The financial sector supplies liquidity
by issuing liquid assets (deposits) and holds a portfolio of illiquid capital and liquid

assets (e.g., government debt). Through this process, the financial sector supplies



liquid assets (deposits net of liquid asset holdings) to the economy, subject to financial
frictions. We introduce a simple formulation of the financial sector that nests existing
financial intermediation models with frictions resulting from asset diversion, costly
state verification, costly leverage, or collateral constraints. The formulation allows us
to derive our results for the class of nested models with generality. The government
sets policies that take place in both the real sector, such as spending on goods,
taxes, and transfers, and the asset markets, including interest rate policies, issuance

of government debt, and asset purchases.

We show that all relevant details of the financial sector are summarized by a lig-
uidity supply function with expected returns as inputs. The elasticities of liquidity
supply with respect to returns are sufficient statistics that describe how the financial
sector transmits policies to aggregate responses up to first-order approximation. In
particular, the cross-price elasticities of liquidity supply with respect to returns on
capital are central to the interaction between the financial sector and aggregate de-
mand: Intuitively, these elasticities capture how much the financial sector is willing
to substitute between holding liquid assets and illiquid capital. If cross-price elas-
ticities are low, the two assets are not good substitutes. Excess liquidity (e.g., due
to government debt issuance) leads to a large increase in the relative price of capital
and liquid assets. Holding rates on liquid assets constant, the same excess liquidity
generates higher capital prices and raises aggregate demand through investment and
consumption. Through this mechanism, the financial sector influences how excess

liquidity affects aggregate demand.

We measure the liquidity supply elasticities for the U.S. economy. Estimating these
intertemporal elasticities non-parametrically is challenging because these are infinite-
dimensional objects. Yet, for the models nested in our framework, we show these
elasticities have a special structure controlled by a few parameters and observable
steady-state variables. We exploit this structure to calculate semi-structural estimates
of the elasticities, using data on bank balance sheets, market valuations of bank
equity, and yield curves. Our estimate of the liquidity supply semi-elasticity with
respect to return on capital one quarter ahead is around 8. The estimate is twice as
large as implied by standard models of financial intermediation and far from the two
polar cases of perfectly elastic and inelastic supply, which are commonly assumed in

workhorse heterogeneous-agent models.



Differences in the liquidity supply elasticities have quantitatively important policy
implications. These elasticities are central to the “Wall Street vs. Main Street”
debate: whether transferring resources to the financial sector is more effective in
stimulating the economy than transferring resources to households. Consider two
alternative policies: both involve issuing government debt of 1% steady-state annual
GDP, but one policy directs resources to buy illiquid assets while the other uses the
proceeds for tax cuts, holding other policy instruments fixed in both cases. Cumula-
tive first year output responses relative to steady-state annual GDP range from 1.3%
to 0.02% for asset purchases and from 0.7% to 0.3% for tax cuts among workhorse
models heterogeneous-agent models, featuring liquidity supply from perfectly inelas-
tic to perfectly elastic. These differences are quantitatively significant and lead to
qualitatively different predictions: The relative effectiveness of policies, as measured
by the gap between output response to asset purchases and tax cuts, ranges from
0.6% to —0.25%, with standard models of financial intermediation generating a gap
of 0.2% due to implicit assumptions about the liquidity supply elasticities. Our es-
timates for the U.S. economy imply a gap of —0.05%, indicating a stronger effect of

targeting the household sector than the financial sector.

Finally, to isolate how the financial sector affects the transmission of policies, we
decompose output responses into three channels: (1) A goods market channel that
captures the direct effect of policies on aggregate demand, such as consumption re-
sponding to tax cuts. (2) An asset market channel: as policies shift liquidity demand
and supply, the financial sector transmits excess liquidity into capital prices and ag-
gregate demand. (3) A Keynesian cross in which feedback between aggregate income
and aggregate demand is modified by the financial sector. The strength of these chan-
nels determines the relative effectiveness of policies as policy instruments affect the
goods and assets markets differently. We show that policy predictions diverge among

the range of models considered almost entirely due to the asset market channel.

Literature

Our work is related to an extensive literature that emphasizes the importance of
household heterogeneity in understanding the effects of macroeconomic policies (e.g.,
Gornemann et al. (2012), McKay et al. (2016), Kaplan et al. (2018)). Our approach

is closest to a strand of this literature that provides theoretical characterization of



aggregate responses to policies in the sequence space, e.g., Auclert et al. (2023),
Auclert et al. (2021) and Wolf (2021b), Davila and Schaab (2023), McKay and Wolf
(2023), Koby and Wolf (2020) and Wolf (2021a). These papers abstract from financial
intermediation. We provide a framework to study how aggregate responses in these
models depend on the financial sector, derive sufficient statistics to summarize its role
and demonstrate that the financial sector is crucial for policy analysis qualitatively

and quantitatively.

Models of financial intermediation nested in our framework include those with fric-
tions originating from asset diversion in Gertler and Karadi (2011), costly state verifi-
cation in Bernanke et al. (1999), reduced-form leverage cost in Cirdia and Woodford
(2016), and collateral constraints similar to Kiyotaki and Moore (1997), among other
numerous variations of these models. We summarize intermediation frictions in these
models with sufficient statistics and demonstrate that they are quantitatively impor-
tant for policy choices. Our emphasis on liquidity and the feedback between goods
and assets markets is similar in spirit to Kiyotaki and Moore (2019), and our esti-
mation of liquidity supply elasticity is related to the study of aggregate demand for
Treasury debt by Krishnamurthy and Vissing-Jorgensen (2012).

Our paper complements recent works that incorporate frictional financial intermedia-
tion into heterogeneous-agent models (e.g., Lee et al. (2020), Fernandez-Villaverde et
al. (2020), Lee (2021), Mendicino et al. (2021), Schroth (2021), Ferrante and Gorne-
mann (2022)). These papers are quantitative in nature. Our theoretical approach
identifies the liquidity supply elasticities as key objects that govern the interaction
between the financial sector and the real sectors. We provide empirical measures of
these elasticities, which are useful target moments for quantitative models focusing

on such interaction.

2 Model

2.1 Households

Time is discrete, t € {0,...,00}. Households are indexed by i € [0, 1]. Preferences
are time separable, and the future is discounted with factor 3; € (0,1). Household

¢ derives utility from final good consumption ¢;,, disutility from labor h;,;. House-



holds can save in liquid and illiquid assets, b;; and a;;, which pay real returns r? and
r{* respectively. Trading of illiquid asset a;; incurs portfolio adjustment costs, cap-
tured by a function ®; (a;¢, a;¢—1). Each household solves the following maximization

problem:

max EZﬁf [u; (Cix) — v (hig)],

Qi t,bi,t,Ci ¢
t>0

subject to budget constraints
air+biy+cip+ Pi(aig,a,1) = (1+ 7’24>ai,t71 +(1+ Tf)bz’,tq +yie — Te(Yisr),

where y;; = %Zi,thi,t denotes the real labor income. The real income of households
depends on idiosyncratic earnings shocks z;;, nominal wage per efficiency unit of
labor, W;, and the price of the final good, P,. Labor h;; is taken as exogenous by
each household and is determined by monopolistically competitive labor unions to be
described shortly. Income tax is given by tax function 7;(y;+). There is no aggregate

uncertainty, and households form expectations over idiosyncratic shocks z; ;.

2.2 Production

Final goods and Capital

A representative firm produces final good y; with capital k;_; and differentiated types
of labor hyy, ¢ € [0, 1]:

« -« EZY?I EWVKI
yt == t—lht ] ht - /h&tw dg s

where hy; is supplied by labor union ¢, and ey > 1 is the elasticity of substitution

between labor types. The firm maximizes profit, taking wages {W,,;} and rental rate
of capital R; as given:

wa Py~ Rikis— [ Woaheadr
ke1,{hes}

Capital is held by a mutual fund and a bank, k; = k" +kP. Over time, capital evolves

according to
k=1 =041 () kr, 1= k&
t—1



where x;,t; denote the investment level and investment rate, § is the depreciation
rate, and I'(-) captures capital adjustment cost. Let ¢; denote the price of capital.

Holding capital over periods earns a return on capital

R P, 1+1(2 —0)—1
1+rﬁ1:max i1/ Py + qepr (14T (Ggq1) — 9) b1

bt41 gt

(1)

Labor supply

There is a continuum of labor unions indexed by ¢ € [0, 1]. Every household i provides
hi ¢+ units of labor to the unions: h;; = f hie:dl. Each union aggregates labor from
households into union-specific labor services: hg; = f Zithi g edi.

Labor unions are monopolistically competitive and set nominal wages {W;;} with

growth rate my ;1= WVZZ -—1, subject to a quadratic adjustment cost to maximize

utilitarian welfare of the households:

f: {/Bf [Uz (Ciss hit) — I{TW']TIQ/V’&tdE} dz} ,
=0

The level of nominal rigidity is parameterized by sy > 0. Wage adjustment cost

is borne as disutility by the labor union and does not enter the resource constraint.
Given labor demand, income of household i is given by: W,;z; h;; = f Wiizihigdl,

where W, is the ideal wage index.

2.3 The Financial Sector

A representative bank issues deposits to finance liquid assets and illiquid capital
holdings. At the time ¢, given net worth n,, the bank issues deposits Jt, and chooses
capital and liquid asset holdings, k2 and b”. We assume deposits and other liquid
assets (government debt) are perfect substitutes and pay the same real rate of return
rB. The bank’s liquidity supply d; is defined as the difference between its liquid asset
issuance and holdings:

dy = dy, — bP.



The bank chooses capital holdings kZ and liquidity supply d; to maximize its flow

return 77, solving the following problem

N o K B B
Te My = i%ai 7“t+1¢1tk5t - Tt+1dt (P)
t s Gt

subject to its balance sheet and a financial constraint:

thf =d; + ny, thf <0 <{T§H’TSB+1}52'5> e

The bank allows households to finance capital without incurring portfolio adjustment
costs ®; when households need to liquidate assets quickly. This captures how banks
perform [liquidity transformation in the economy. Bank’s ability to fund capital by
issuing liquid assets is limited by the financial constraint. The degree of financial
friction potentially depends on the entire path of future returns 72 and 7%, which
reflects the future funding cost and investment opportunities in the economy. This
specification of the financial constraint allows us to nest a class of frictional financial
intermediation models as special cases. We discuss this nesting property in Section

3.1 and Appendix C.1.

We assume the bank follows an exogenous rule that pays out a fraction f of the
accumulated net worth as dividends and receives a constant equity injection m from

the fund. The net worth of the banking sector evolves according to
nier = (1 — Fing1+ ) +m. (2)

We generalize the net worth process in Appendix E.1 to allow for various forms of
state-dependent equity injection as in Gertler and Kiyotaki (2010) and Karadi and
Nakov (2021).

1lliquid assets holdings

The illiquid assets are held as a passive mutual fund, a;. The fund consists of the
net worth of the bank n; and capital of value ¢;kf". The balance sheet of the fund is
given by

a; = thf + ng,



and the rate of return on illiquid assets is

A
T =
t+1 a

—t(rﬁl%kf + 7). (3)

2.4 Government

Government policies are described by government purchases ¢;, tax rate 7;, liquid
government debt b, and illiquid assets holdings a¥, and liquid rate targets r® = r,
for all £ > 0. We assume that the government debt is real and that the government
sets the nominal interest rate i5 to keep the real rate r? at its target, following
Woodford (2011). The liquid rate in period 0 is predetermined and equals 72. The
tax revenue collected by the government is T; = [ T (y;;)di. The government faces

budget constraints:

b — (L4 =af — (L+r1al | + g, — T, (4)

2.5 Equilibrium definition

Given { i, Te, bY, rt}, an equilibrium consists of prices {qt, Py, Ry, Wy, ri rB rk } and
allocations {ys, ¢is, Tty he, hie, ke, kE kB ag, a¥, ai g, big,me, di} such that: (1) house-
holds maximize utility subject to budget constraints; (2) firms maximize profit and
investment rate maximizes the return on capital, (3) nominal wages maximize payoff
of the labor unions; (4) the bank maximizes return on net worth subject to its finan-
cial constraint and balance sheet, and net worth follows its law of motion; (5) the
illiquid return 74 is given by the balance sheet of the mutual fund; (6) the government

budget constraint holds, and (7) markets clear:

/Ci,t + @y (@it Gip—1) di + ¢ + gt = yi, /bi,tdi =d; + b?, /ai,tdi + GtG = qiky — dy,

where (i) in the goods market, output equals the total of consumption, investment,
and government purchases; (ii) in the liquid asset market, households’ liquid assets
holdings equal the liquid assets supplied by the bank and the government; and (iii)
in the illiquid asset market, the fund net worth is equal to the total of household

and government’s holdings of illiquid assets. The capital market clears when capital



holdings of the bank and the fund equal the aggregate stock of capital, kI" + kP = k;.
We focus on an equilibrium in which the financial constraint of the bank is always

binding. Figure 1 summarizes the balance sheets of agents in the economy.

Bank Households

capital deposits liquid assets
(g k%) (d) (f b di)

liquid assets bank equity house.huld
(v%) () equity
illiquid assets

Government

bank equity

(n)

illiquid assets

(a%)
capital illiquid assets

F gov debt
b Jil @

Figure 1: Balance sheets of agents in the economy. Banks supply net liquid assets d; = dy — bE.
Together with liquid government debt b, they add up to household liquid asset holdings [ biy di.

3 Liquidity Supply

3.1 Nesting models of financial intermediation

The financial sector in our framework issues liquid assets to finance illiquid capital,
subject to a financial constraint. We now show that the financial sector in Section 2.3
nests a large class of models that feature financial intermediaries with various objective
functions and face different constraints. These models share a special structure that
allows us to characterize the elasticities of the financial sector’s liquidity supply, which
are sufficient for understanding the first-order approximation of aggregate responses.
We provide an overview of the models nested in our framework below and layout

details of these models in Appendix C.1.

Model 1, asset diversion (Gertler and Kiyotaki (2010), Gertler and Karadi (2011)):
Bankers in these models can divert a fraction 1/6 of assets. If this happens, depositors
force a bank into bankruptcy. In order to ensure that a banker is better off continuing

instead of diverting assets, the funding a bank can receive from depositors depends

10



on its continuation value v(n;) = myny:

aky < Oy, o= Nea (f + (1= f)mesa) [(Tﬁl - TEH) O + (1 + TEH)} )

where A;;41 denotes a banker’s discount factor.!

Model 2, costly state verification (Bernanke et al. (1999)): Banks receive idiosyn-
cratic returns on their assets, which the lenders can only observe by incurring a

monitoring cost. The bank’s capital holdings are linked to its net worth and expected

returns: K
IL+r
k,B — .,BGG t+1 n
qiry w 1 I rgrl ty
where ¥?%C is an increasing function determined by the distribution of idiosyncratic

returns and the monitoring cost.

Model 3, costly leverage (Uribe and Yue (2006), Eggertsson et al. (2019), Chi et
al. (2021) and Curdia and Woodford (2011)): Banks need to incur a convex cost

T (qt::B> n; that depends on the level of financial intermediation. The optimal lever-

age is linked to the spread between returns on capital and deposits:

kB
P =i =1 (_Qt : ) :

Ty

Model 4, collateral constraint (similar to Kiyotaki and Moore (1997), Bianchi and
Mendoza (2018), Ottonello et al. (2022)): Liquidity supplied by the bank is limited
by the value of collateral backing it. For example, if the value of collateral includes

the market price of capital next period plus the rental rate net of user cost:?

(1+rfkl) dt S”ﬁ(l‘i‘fﬁl) qtktB, ¥ < 1.

The models described above are nested by the bank’s Problem P in Section 2.3, as

stated in the following lemma:

!We allow the discount rate to be (1 +rf;)~! or (14 ,)~". In fact, our analysis holds for any
function of the two returns.

2 Among models with collateral constraints, the exact form of constraints differs due to assumptions
about what can be pledged as collateral. For example, in the original version of Kiyotaki and
Moore (1997), the value of collateral contains only the market price of capital. We discuss different
variations in Appendix C.1.

11



Lemma 1 Suppose that {d},n]} solves the bank’s problem in Model j € {1,...,4}.
There exists a function O, := O({rk |, 75 Y.s1) such that {d],n]} is the solution to

Problem 'P. Moreover, when evaluated at the stationary equilibrium,

00,

_ 06 _
t t
8r£r1 © -

TB_H = —’)/s_t @7'37 Vs > t,

— A5
= rk,

where ©,x,0,5,7 > 0 are determined by parameters of Model j and steady-state

variables.
Proof. See Appendix C.1. [

The microfoundations of each model map into different ©,«,©,5,y. For models that
feature asset diversion, ©,x,©,5,v > 0 capture sensitivity of a banker’s continuation
value to the two returns at various horizon. The sensitivity depends on the assump-
tion about what a banker can do with the diverted asset. In this class of models,
©,x,0,5,v are determined by the steady-state levels of leverage and returns, and
there is no extra parameter in microfounded models to govern them. These models
impose a tight connection between the steady-state leverage and sensitivity: ©,x,

0,5, and « are strictly increasing in steady-state leverage.

In models that feature costly state verification and costly leverage, ©,x, 0,5 > 0 and
v = 0. In costly state verification models, ©,x,0,s are linked to the distribution
of idiosyncratic returns in the steady state and the monitoring cost; whereas, in
costly leverage models, ©,x, O, are determined by the curvature of the leverage cost
function at the steady state. In these models, there are extra parameters that govern
the sensitivities, ©,x and ©,5, separately from the steady-state leverage and returns.
However, financial constraints do not respond to expected rates more than one period

ahead: ©; does not respond to ¥, and rZ, for s > ¢.

Finally, for collateral constraints nested in our framework, v = 0 because changes in
the value of the collateral are captured by changes in 7/ ,. Depending on whether the
constraints involve only the current value of assets or also their next period returns,
we have ©,x,0,5 =0 or ©,x,0,5 > 0.

12



3.2 Liquidity Supply Elasticities

Frictions in the financial sector determine how liquidity supply responds to returns.

To summarize this mapping, we define the liquidity supply function, D,({rf;rB} ),
as the solution d; of the bank’s Problem P given {rX;r5}% .. The response of liquidity

supply to changes in returns is described by two sets of semi-elasticities: the own-price

and cross-price semi-elasticities of liquidity supply.

Lemma 2 The own- and cross-price semi-elasticities of liquidity supply at the sta-

tionary equilibrium are given by:

D,/ ork (1-£)O+6,x%(s))G*,  s<t,

Dy B st <gr__}(l + 'YC:)TKE(t>), 5>,
oD /orl —((1=f)©—=1)+06,85(s)) G, s <t,
D, sl (gT—Bl + ”Y(:)TBE(t)), s >1,

where G = (1 — f) [(F* =r®) O+ (1+7P)], (s)=(1— f)(FF - fB)—lwa)S.

1—vG

Proof. See Appendix A.1. ]

These intertemporal elasticities are infinite-dimensional objects where each (¢, s) pair
captures the response of liquidity in time ¢ to changes in returns at time s. Depending
on the relative timing of ¢ and s, the formulas for the cross-price semi-elasticities are
split into two cases: (1) For s < ¢, changes in returns have no direct effect on ©;.

Liquidity supply in period ¢ is affected only through net worth accumulation in the

K

. increases net worth in period s and relaxes the constraints

past. An increase in r
©(-) in all periods before period s, as captured by the function ¥(s). These effects
propagate forward from period s to period ¢ through net worth, which declines at
the rate G due to dividend payout f. (2) For s > ¢, an increase in rX directly
affects the constraint ©;. Moreover, it relaxes all financial constraints before period t,
which further increases liquidity supply in period ¢ through net worth accumulation,
as captured by the same function ¥(¢). The intuition is similar for the own-price

oD /OrE
D¢

elasticities, . In Appendix E.1, we show that the liquidity supply elasticities

take a similar form when the bank’s net worth process features state-dependent equity

13



injections.

The cross-price and own-price semi-elasticities of liquidity supply are, respectively,
positive and negative. Larger values of ©,x,0,s and 7 correspond to larger semi-
elasticities (in absolute values): the cross-price elasticities are increasing in ©,x and
7, whereas the own-price elasticities are decreasing in ©,5 and v. Within the class
of models we study, these three parameters control the infinite-dimensional intertem-
poral elasticities. This simple structure allows us to perform comparative statics
and systematically compare how different features of financial intermediation affect

aggregate responses to policies.

4 Aggregate Responses to Policies

4.1 A Demand-and-Supply Representation

We recast the aggregate behavior of agents as the equilibrium of a demand-and-supply
system.® Given prices and government policies, we solve the optimization problem
for each type of agent to obtain their aggregate behavior along the transition path.
Our result in Section 3.2 shows how the financial block of the economy implies a
liquidity supply function, D;. The same logic applies to the household block of the
model: Given a sequence of output, taxes, returns on assets, and the initial asset
distribution, we can solve the households’ consumption-saving problem to obtain an
aggregate consumption function, C;, and an aggregate liquid asset demand function
B,.* Similarly, we obtain an aggregate investment function, X, from the production
block. Lemma 3 represent the equilibrium as the solution to a demand-and-supply

system of these aggregate functions.

Lemma 3 Given government policies {gs, T,,rB v¢ o there exist functions Cy, By,

and X;, such that the equilibrium output and returns on capital {ys, Tf}io solve the

3Aguiar et al. (2021), Auclert et al. (2023), Auclert et al. (2021), and Wolf (2021a) use a similar
representation.

4We define the aggregate consumption function, C;, to include both final goods consumed by the
households, ¢; ;, and the portfolio adjustment cost, ®;(a; ¢, a;¢—1)-

14



following system:

Ct<{y87 Tss s’T} )+Xt({ysvrf ;x;(J)—i_gt:ytv

Bt({ysvr?;TsB:Ts}gi ) Dt({r§> sB SOO) + th7

and

Tt _RA({TS7 Ts = 07Dt 1({ Ts ,T’f 210))7

where returns on iliiquid assets, r{*, are given by the function R{* derived from the
accounting identity in Equation 3, and the government illiquid asset holdings {at }
satisfy the government budget constraint in Equation J. Moreover, functions Cy, By,
and X, do not depend on specifications of the financial sector, such as the financial

frictions represented by the function ©(-).
Proof. See Appendix A.2. ]

The two main equations in Lemma 3 correspond to the goods market and the lig-
uid asset market clearing conditions.” Given government policies, an equilibrium is
described by sequences {yt,TtK }::0 such that (1) aggregate demand for final goods
equals output produced, and (2) aggregate liquid asset demand that equals the supply

of liquid assets.

The demand-and-supply formulation allows us to separate different blocks of the
model: On one hand, functions C;, B;, and X; contain all relevant information about
household heterogeneity and the production sector; these functions do not depend
on the characteristics of the financial sector. On the other hand, the financial sec-
tor enters the system only through its liquidity supply, D;. All relevant properties
of the financial sector are summarized by the function D;: As far as aggregate dy-
namics are concerned, details of the microfoundations matter only insofar as they
imply different a liquidity supply function. Since all relevant information about the
financial sector is contained in Dy, the elasticities of liquidity supply are sufficient
statistics that summarize how the financial sector affects the transmission of policies

to aggregate outcomes, up to first-order approximation. In the class of models nested

5We can reduce the system to the market clearing conditions of the goods market and the liquid
asset market because the illiquid asset market clearing condition is redundant by Walras’ law. In
principle, one can reformulate Lemma 3 with any two of the three markets.

15



in our framework, these sufficient statistics take a simple structure controlled by pa-
rameters ©,x, 0,5, 7, which respectively govern the sizes and forward-lookingness of
the elasticities. This simple structure reduces the infinite-dimensional liquidity sup-
ply elasticities to several parameters, which allows us to systematically compare how

financial intermediation affects aggregate responses to policies.
Equilibrium Approximation

We consider perturbations of government policies around the steady state, such that
policy variables {dg;, dT;, drE, db", dal'} 22, satisfy government budget constraints and
converge to zero as t — co. We focus on the equilibrium for which first-order devi-
ations of all endogenous variables converge to zero. To simplify notation, we use a
column vector y to represent {y; }$°,, the sequence of output, and use dy for its first-
order deviation. Notation for T',b%, g is similar. We use 7/ to represent {rf,}%,,
the sequence of rates of return on capital, and use dr® for its first-order deviation;

notation for liquid rates r? follows the same convention.®
Useful Notation

We define excess liquidity for the liquid asset market as

gt(y7TK7TB7T7 bG) = Dt(T(If(ya ,,,K)’ ,,,K’ TB) + th - Bt(ya TA(?J, ,,,K’ TB)a TBa T)>

where 74 (y, rX, rP) expresses the sequence of illiquid returns as a function of output,
returns on capital, and liquid rates, using the accounting identity from Equation 3,
as detailed in Appendix B.1. We use €’s to denote the derivatives of excess liquidity
with respect to its arguments: €,x is a matrix with each row corresponding to a dif-
ferent period t: €,x(t,+) == arith(')- Derivatives €,x, €,5 describe how excess liquidity
responds to returns. They are directly linked to the cross- and own-price elasticities

of liquidity supply we characterized in Section 3.2.

Similarly, we use W; to represent the aggregate demand for the goods market

\Ijt(yervrB7Tag) = Ct(yarA(y> TK) TB)? 'rBaT) + Xt(ya TK) + Gt-

6The sequences for returns start from period 1 because the initial liquid rate, 7“63 , is predetermined,
and we can solve the initial period realized return on capital as a function of output and expected
returns, r& (y, ).

16



Derivatives such as W,k capture how aggregate demand responds to aggregate income
dy, returns on capital dr’, and government policies. For example, the row of ¥, x

corresponding to time ¢ is given by W x(t,-) = 6%(%(-).

4.2 Aggregate Responses

We characterize the equilibrium in two steps. First, we study how returns on capi-
tal dr® must adjust to clear the liquid asset market given government policies and
aggregate output dy. We then use the solution for dr® as a function of dy and gov-
ernment policies db’, dT', and dr?® to find the path of aggregate output that satisfies

the goods market clearing condition.
Ezxcess Liquidity and Asset Markets Responses

An equilibrium in the liquid asset market is reached when the liquid asset demand
from the households equals liquid assets supplied by the financial sector and the
government. Proposition 1 shows how returns on capital respond to shifts in excess

liquidity due to exogenous policies.

Proposition 1 In equilibrium, returns on capital satisfy

dr’™ = (—€,x) " [dbY + erdT + €,5dr” + €,dy. (5)
Moreover, for ©,x,0,5 — oo with ©,5/0,x — ¢, we have dr = ¢dr®.
Proof. See Appendix A.3. O

Intuitively, an increase in excess liquidity (e.g., due to an increase in db®) pushes up
the relative price between capital and liquid assets, reflected as a decrease in spread
between dr® and dr®. Given dr®P targeted by monetary policy, an increase in the
relative price between capital and liquid assets leads to an increase in the price of
capital, ¢;. The magnitude of the increase in the price of capital depends on the cross-
price elasticity of liquidity supply through €,x. Intuitively, if the financial sector’s
liquidity supply is inelastic in period ¢, the two assets are not good substitutes, and
a large decrease in expected returns on capital r{il is required for banks to increase

their liquid asset holdings and decrease their liquidity supply.
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In the limiting case with perfectly elastic liquidity supply (6,x, 0,5 — o0), assets are
perfect substitutes for the financial sector. As a result, the financial sector accommo-
dates shifts in excess liquidity without any changes in asset prices, and Tfil is fully
determined by 7"5’_1. Because assets are perfect substitutes, the asset markets are no
longer segmented. The perfect link between asset markets allows monetary policy to
directly control the returns on capital with liquid rates. As we discuss in Appendix

E.2, this limiting case corresponds closely to Auclert et al. (2023).
Aggregate Output Responses

Aggregate output responses to government policies depend on the financial sector
through the liquid asset market. We totally differentiate the demand and supply
functions in the goods market clearing condition and use the expression for returns
on capital, dr’, from Proposition 1 to characterize the equilibrium aggregate output

response, dy.

Theorem 1  Given {dr® dT,db" dg}, the aggregate output response is given by:

.

dy = (1- W, — Qe,) "' x(dg + CrdT + @ 0dr® + Q(db° + e7dT + e,0dr®) ),

(3) Keynesian cross (1) googg market (2) ass;trmarket
where Q .= W k(—€,x)7 L.
Proof. See Appendix A .4. ]

Aggregate output responds to government policies through three channels: (1) The
goods market channel shows how government purchase, tax, and liquid rate directly
affect aggregate demand in the goods market. (2) The asset market channel describes
how government debt, tax, and liquid rate affect aggregate demand through the
asset markets. (3) A modified Keynesian cross that captures the feedback between

aggregate income and aggregate demand through the goods and asset markets.

The asset market channel (channel 2) shows how the asset market logic described in
Proposition 1 translates into aggregate output responses, and it is captured by the
two components of matrix €. Consider an increase in liquid government debt db®.

1

Proposition 1 shows that if an entry in matrix (—€,x)~"' is negative, an increase in

excess liquidity leads to a decrease in expected returns on capital dr®. The lower
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cross-price elasticities (smaller ©,x), the stronger the response of rates of return on
capital. On the other hand, matrix ¥, x describes how changes in returns on capital
affects aggregate demand. For example, if a decrease in expected return on capital in
period s leads to higher capital prices and increases investment and consumption in
period ¢, then the corresponding entry of W, x is negative. In this case, an increase in
excess liquidity generates higher aggregate demand through lower expected returns

on capital and higher capital prices.

The same mechanism works in channel (3), although it serves as a force that modifies
the traditional Keynesian cross logic. When aggregate income increases, households
demand more liquid assets which decreases excess liquidity. The same logic as in
channel (2) implies that an increase in liquid asset demand leads to higher expected
returns on capital and lower capital price, which decreases aggregate demand through
investment and consumption. Therefore, a positive entry in €2 is associated with
a dampening force to the Keynesian cross logic, and the dampening force is more

substantial with lower cross-price elasticities.
Policy Comparison: Asset Purchases v.s. Tax Cuts

We apply Theorem 1 to study policies targeting different sectors of the economy.
Consider two alternative policies in which the government issues the same amount of
debt {b%}, monetary policy targets the same path of liquid rate {r?}, and government
purchase follows the same path {g;}. One policy targets the financial market, and
the government specifies a path {A;} of net illiquid asset purchases (or sales): A; =
al — (1+7rH)a¥ |, and collects tax revenue T; to balance the budget. The other policy
targets the household sector, and the government pays the same amount, {A;}, to

households as (gross) tax cuts instead of purchasing assets.

Let c/l:; = dy®s5°t —dy'®* 4 be differences in output responses between the two policies.

Theorem 1 immediately implies

Corollary 1 Given any {db’, drE, dg;}, the differences between aggregate output

responses to government asset purchases and tax cuts are given by

dy=(1-¥,-Qe) " x (VrdA +Q erdA).
Tax cuts affect aggregate demand directly through the goods market (channel 1),
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while asset purchases do not. This difference in the goods market is captured by
WrdA. Yet, asset purchases create more excess liquidity and lead to a stronger re-
sponse through the asset market channel. The difference in excess liquidity is given
by erdA. The relative strength between the two channels depends on the elastici-
ties of liquidity supply: the goods market channel is fully determined by household
consumption response to tax cuts and does not depend on the elasticities of liquidity
supply.” On the other hand, if liquidity supply is elastic, the asset market channel
is weakened, and excess liquidity has little effect on aggregate demand. As the two
policies operate through different channels, assumptions about the financial sector

lead to different conclusions about which one is more effective.

5 Taking the Model to the Data

In this section, we take the model to the data to prepare for a quantitative assess-
ment of how the financial sector affects aggregate responses to policies. We consolidate
household balance sheets into holdings of liquid and illiquid assets and develop a map-
ping between the liquid asset positions in our model and those of the U.S. economy.
Next, we estimate the three parameters that govern the financial sector’s liquidity
supply elasticities, using information about the banking sector balance sheet, the
market value of banks, and yield curves on Treasury and corporate bonds. Finally,

we discuss our calibration for the rest of the model.

5.1 Asset Classification and Balance Sheets

We categorize liquid assets to encompass deposits (such as checkable, time, savings
account, and money market fund shares) and government debt (including cash, re-
serve, and Treasury debt). Conceptually, our notion of liquid assets aims to include
assets whose values remain relatively unaffected by trade volume or the state of the
economy. Due to these attributes, these assets are useful for transactional purposes
and command a premium. All assets fall on a spectrum in terms of liquidity. When
mapping the model to the data, we must draw a line to classify some assets as liquid

and label all other assets as illiquid. We do not think trading of illiquid assets neces-

"More generally, the goods market channel in Theorem 1 will also be independent of assumptions
about the financial sector if dr® = 0.
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sarily involves a large transaction cost, but simply that they lack certain features we

described above.

We obtain the household sector’s balance sheet from the Flow of Funds data. House-
holds’ liquid asset holdings mostly consist of deposits (72%) and money market funds
shares (17%). To measure the balance sheets of the banking sector, we use the Call
Report data filed by depository institutions, which we link to the CRSP data to
obtain the market value of the net worth of the banking sector. We adjust banks’
balance sheets proportionally to equalize their liquid liabilities to the deposit holdings
of households. This adjustment accounts for the fact that around one-third of the
banks’ liquid liabilities are held by the corporate sector. We apply a similar adjust-
ment to the money market funds, of which half is held by households. In Appendix
D, we discuss the details of the mappings between the model and the data, including
how we can extend the model to account for the liquid assets held by the corporate

sector without affecting the equilibrium of the model.

Table 1: Consolidated Balance Sheets

assets liabilities
households liquid assets 0.58
net illiquid assets 3.35
equity 3.93
banks & mmf liquid assets 0.14
capital 0.52

liquid liabilities 0.53
equity 0.13

Note: Consolidated balance sheets of the U.S. economy through the lens of the
model. Values are presented as a fraction of the U.S. GDP, averaged over the
periods from 2000Q2 to 2020Q2.

Table 1 shows the consolidated balance sheets of the household sector and the cor-
responding balance sheets of banks and money market funds. Liquidity supplied
by the financial sector (liquid liabilities issued by the financial sector minus its
liquid assets holdings) amounts to around 39% of GDP and accounts for 67% of
liquid assets held by households. Table 3 paints a picture that is in contrast to
many workhorse heterogeneous-agent models that study monetary and fiscal policies.
Most heterogeneous-agent models emphasize the role of liquid assets in households’

consumption-saving behavior, yet many of them abstract away from the financial
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sector and assume all liquid assets are supplied by the government (e.g. Kaplan et
al. (2018)). Since the financial sector is an important supplier of liquid assets, it
is natural to suspect that its response will be a quantitatively important factor for

aggregate responses to excess liquidity created by government policies.

5.2 Elasticities of Liquidity Supply

The own- and cross-price elasticities of liquidity supply are sufficient statistics that
summarize all relevant features of the financial sector. In principle, these elasticities
can be estimated nonparametrically, but the implementation is challenging because
these elasticities are infinite-dimensional objects. We take a semi-structural approach
instead: We measure these elasticities using the special structure derived in Section 3
for the class of models nested in our framework. Our main estimation aims to recover
6,x,0,5, and 7 from the data. These three parameters determine the relationship
between returns and effective leverage (net supply of liquid assets divided over bank
net worth), and they are directly connected to various canonical theoretical micro-
foundations. These parameters are semi-structural in the sense that they allow us
to summarize relevant features of the financial sector without taking a stance on
the exact microfoundation. Yet, they are invariant to the set of macroeconomic
policies that we study, as these policies take effect through quantities and prices in
the intertemporal demand-supply system. Estimates of these parameters provide a
concise empirical summary of the relevant features of the financial sector, and they
are useful empirical moments for guiding modeling choices when building models of

financial intermediation with detailed microfoundations.

The empirical counterpart of the relationship between the effective leverage and re-

turns implied by Lemma 1 is
A6, = " (éTKEt [drE,] — 6,5, [drme + .
h=1

The assumption required for identification of ©,x, 0,5, is that v, satisfies
E[v] =E [y x E; [drfs,]] =E [vy x B, [dr,]] =0, Vi, h. (6)

These moment conditions form the basis of our estimation strategy. The identification
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assumption underlying our empirical strategy is that the effective leverage of the
financial sector ©; responds to aggregate shocks only through its response to changes
in returns. We assume that leverage is a purely endogenous choice, and there are no
exogenous shocks to leverage choices. We thus attribute the difference between the
effective leverage seen in the data and that implied by Lemma 1, vy, as measurement
errors. Note that assuming away leverage shocks does not preclude exogenous shocks
to liquidity supply: there can be shocks to the net worth of the financial sector either
directly through exogenous changes in equity injections m or through realizations
of returns.® Our underlying assumption is that shifts in liquidity supply must take
the form of shifting banks’ net worth.” In Appendix D.3 we discuss consequences of
violating the identifying assumption. Because a positive shock to effective leverage
increases bank lending and drives down future spreads, our estimator would be likely

biased downwards.

We measure the aggregate banking sector’s effective leverage d©; , and the two yield
curves E,[dr}5,] and E[drZ,] empirically, and estimate the three key parameters,
6,x,0,5 and 7 using the generalized method of moments. We briefly overview the

variables below and provide details of the estimation in Appendix D.2.

Leverage: We obtain the market value of equity and the liquid asset positions of banks
from the linked CRSP - Call Report data. We aggregate bank-holding companies’
market value and their net supply of liquid assets (liquid liabilities minus liquid assets

holdings). The effective leverage of the banking sector is calculated as

net supply of liquid assets

effective leverage .= 1 + )
ve feveras market value of bank equity

Real liquid rates: We take the nominal yield curves based on Treasury bonds from
the U.S. Treasury and adjust them with inflation expectations over different horizons

from the Cleveland Fed to construct the yield curve for real liquid rates.

8For example, a capital quality shock, as in Merton (1973), can be a source of exogenous variation
in the value of capital and thus net worth.

9In the words of the standard demand-supply estimation, we allow for both shifts in the demand and
supply curve to drive changes in prices (returns). But we assume that changes in the supply curve
are all parallel shifts due to changes in net worth, which we observe in the data. As a result, banks’
leverage represents an invariant part of the supply curve that we can identify through changes in
prices.
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Returns on capital: We use a corporate bond yield curve as a proxy for expected
returns on capital over different horizons. The corporate bond yield curve data are
derived from high-quality market corporate bonds (grade A and above), also pro-
vided by the U.S. Treasury. We adjust them proportionally so that the long-term
(204) yield corresponds to Moody’s BAA bond yields, which is close to the rate on
prime bank loans. We convert nominal yields into real yields using the same inflation

expectations data.

Table 2: Estimated parameters of the financial constraint

All data  Excluding recessions

size of cross-price elasticities, ©,x 24.15% 25.57***
(5.80) (5.06)
size of own-price elasticities, ©,5 26.58™** 18.33***
(6.41) (3.78)
the forward-looking component, 7 0.957* 0.970**
(0.01) (0.00)
Observations 243 212

Note: We use monthly data from 2001 January to 2020 April. Optimal weighting
matrix and standard errors use heteroskedastic and autocorrelation consistent (HAC)
estimators. Standard errors in parentheses. *p<0.1; **p<0.05; ***p<0.01.

The first column of Table 2 presents our baseline estimates of ©,x, ©,5, and 7.
Estimates of ©,x and ©,s are around 25. This means banks increase their effective
leverage by 25 percentage points when the quarterly spread between the two returns
in the following quarter increases by one percentage point for one quarter. Banks’
effective leverage responds to future changes in returns with a discount rate v around
0.96, which implies a “half-life” of four years: the response to a one-quarter spread
increase four years ahead is half as strong as the response to the same change in the
spread in the following quarter. To the extent that changes in returns are persistent,
banks choose their effective leverage in response to the discounted sum of all future
changes in spreads. To alleviate concerns that our results are driven mostly by large
movements of effective leverage and spreads in times of financial distress, we estimate
them on a restricted sample that excludes all NBER recession months. The estimates,

shown in column 2, remain largely unchanged.
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Within the class of models nested in our framework, our estimation does not impose
any additional restriction on the form of financial constraints. Our semi-structural
estimation is flexible in the sense that it is free from the specific micro-foundation and
functional forms imposed by fully specified models of financial frictions and therefore
avoids the difficulty of measuring deep parameters such as asset diversion rate or
monitoring cost. This general formulation allows us to compare the canonical models
systematically: Our estimation suggests an important role for a forward-looking com-
ponent: 7 being close to one, which suggests models of the Gertler-Kiyotaki-Karadi
type capture an empirically important feature of the financial constraints. Yet, as
we show below, standard models that feature a forward-looking constraint impose a
restriction on the other parameters, ©,x and ©,5, which are not necessarily the same
as those implied by the data. In Section 6, we show differences in these elasticities

have significant effects on aggregate responses.

Net worth and steady-state returns: Finally, to complete the calculation of the elas-
ticities of liquidity supply, we supplement our estimates with standard calibration of
the net worth process and steady-state returns. We set f = 0.05, which is roughly
the dividend rate of banks used in the range of values in the literature (Gertler and
Karadi (2011), Gertler and Kiyotaki (2010), Lee et al. (2020)).!° To calibrate the
steady-state returns of our model, we set r? equal to 1.0% (annually), consistent
with the average real yield on Treasury debt with maturity around 5-10 years in our
sample. The value for r is 3.3% per year, corresponding to the average real yield
on BAA corporate bonds. The average effective leverage © in our sample is 4. Given
f and the steady-state real returns and leverage, the parameter m is determined by
the steady-state bank net worth (net worth is equal to 13% of annual GDP).

D, Jork oD /orE
—5 = and 5

calculated using the formula in Lemma 2 together with the estimated parameters for

Implied elasticities: Figure 2 shows the implied semi-elasticities,

Y

©,x,0,5,v and the calibrated net worth process. Consider an increase in returns

&% rB in period s. The cross-price elasticities show that liquidity supply increases

s 'S
in all periods t prior to s, peaking one period before s. The increases reflect the
forward-looking part of the financial constraint. After the peak, liquidity supply

drops sharply. Yet, it remains elevated because of the propagation through the net

10Tn Appendix D.4, we show that our conclusion about the relative effectiveness of policies is insen-
sitive to different values of f.
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worth process. The own-price elasticities exhibit a similar pattern with the opposite
sign. The size of the initial cross-price semi-elasticity % is 8.05. This means
that a one-percentage unexpected increase in the return on capital one period ahead
leads to an increase in liquidity supply by 8.05%. The corresponding number for the

own-price semi-elasticity is —8.86.

Cross-price Own-price

101 01 7—
2
S
g 5
° 5
L —s=1
% —s =50
n s =100

o - -101 s =150
0 50 100 150 200 0 50 100 150 200
Quarter t Quarter t

Figure 2: Semi-elasticities of liquidity supply. Each line corresponds to a different period s and
shows semi-elasticity of liquidity supply in quarter ¢ with respect to 7% and r5.

Model Comparison: Alternative Specifications of Liquidity Supply

We compare our estimates of liquidity supply to three common specifications in the

literature, and we contrast their quantitative implications in Section 6.

First, we consider the financial sector in Gertler and Karadi (2011) and Gertler and
Kiyotaki (2010). The Gertler-Karadi-Kiyotaki model imposes a tight link between
steady-state bank balance sheets and the key elasticities of the financial sector. We
calculate the implied elasticities using the banking sector’s effective leverage.'! The
three parameters that govern the liquidity supply elasticities are given by the follow-
ing:

0©-1) 5 _6©-1 (1- ) +78 + (K —17) 6)?

6= 201 5,901
AT P (I + ) (1 + 1)

The values of these parameters implied by the long-run averages of bank balance
sheets and steady-state returns are 11.90, 11.97, and 0.987, respectively. The semi-

elasticities are only a half of those in our baseline: % is 3.96, % is —3.99.

" The implied elasticities depend on the discount factor used by banks. The formula below uses
{rﬁl} as discount rates. We provide the formula for other alternatives in Appendix C.1.
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Second, we consider a case in which the private liquidity supply is perfectly inelas-
tic: ©,x,0,5 — o0, and ©,x/0,5 — 1. In this case, the model converges to an
economy where the capital and liquid asset markets are linked by a financial sec-
tor that responds perfectly elastically to changes in capital returns and liquid rates.
Capital returns and liquid rates feature a constant spread. This feature is an impor-
tant assumption in Auclert et al. (2023). Our result shows that their assumption is

equivalent to modeling a financial sector with perfectly elastic supply.

Finally, we consider the case in which D,x, D,s, and D, are all identically zero.
In this case, both liquidity supply and the net worth of banks are constant. This
specification is a modified version of Kaplan et al. (2018). The level of bank liquid-
ity supply reflects its empirical counterpart, but the elasticities are kept zero, as in
most two-asset HANK models. In Appendix E.2, we provide a detailed discussion
of the relationship between our framework, Kaplan et al. (2018), and Auclert et al.
(2023).

Calibration for the rest of the model

Preferences: We assume there are two types of households, indexed by s. Their pop-

ulation shares are u;. They have a period utility function of the following form:

1
o —1 Rt

us(c)_ys(h): 1—o _§1+l7
5 ®

0,20, ¢ >0.

We set the intertemporal elasticity of substitution, 1/, to 1/2 for s = 1 and to 2
for s = 2.1 The Frisch labor supply elasticity, ¢, is set to 1. Parameter ¢ is set so
that steady-state average hours worked equal one-third. Finally, the share of agents

with high intertemporal elasticity of substitution is set to 20%.

Income process: We use a discrete-time version of the income process described in Ka-
plan et al. (2018), which targets eight moments of the male-earnings distribution from

Guvenen et al. (2015). Income process is the same for both household types.

Assets: Households cannot have a negative asset position, a = b = 0. Adjustment of

12This is consistent with Aguiar et al. (2020).
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illiquid assets holdings incurs a real cost similar to Auclert et al. (2021):

& ai,t — (1 + Tf)aiyt,l X2

X2 a; -1+ Xo

Uiy, aig—1) = [@; -1 + Xo] -

We set xo to 0.1, and x» to 2. We calibrate discount rates , of both types and y; to
match three targets: the steady-state ratios of liquid and illiquid assets to GDP, and
the share of hand-to-mouth households. In the calibrated model, liquid and illiquid
assets to annual GDP are 0.56 and 3.57 respectively. 30.2% of the households are
hand-to-mouth, with 16.7% being poor hand-to-mouth (without any illiquid assets)
in the steady-state.

Production: The elasticity of output with respect to capital « is set to 0.35. Depreci-
ation rate d is 5.58% yearly. Capital production function is I' (1) = Zy4; "' 472, where
r1, 9 are set to ensure that the steady-state investment to capital ratio equals 9, and
the price of capital is 1. We set x; = 0.5, which implies the elasticity of investment
to capital price is 2. The elasticity of substitution between varieties of labor, ey, is
set to 6. The degree of nominal wage rigidities, xy, is set to 200, so the slope of the

wage Phillips curve is 0.04.

Goverment: The income tax function is given by T (i) = iy — (1 — )y ;. We set
net tax revenue, T, to 15% of steady-state output. We set liquid assets provided by
the government to 15.6% of the annual output. We assume that the government does
not hold any illiquid assets in the steady state. Government purchases are determined
residually from the budget constraint and amount to 14.8% of GDP. We set A\, the

tax system’s progressivity parameter, to 0.18.

6 Model and Policy Comparison

Existing models for policy analysis feature implicit assumptions about the liquidity
supply elasticities, and these assumptions lead to quantitatively significant differences
in aggregate responses. We consider two policy alternatives: asset purchases versus
tax cuts. These two are central to the “Wall Street v.s. Main Street” debate. In
this debate, the argument for asset purchases usually builds on their effectiveness in
stimulating aggregate output. We study aggregate responses to these policies and the

relative effectiveness of the two in stimulating aggregate output. We compare policy
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responses across models that implicitly assume different liquidity supply elasticities

and contrast these assumptions with our estimates from Section 5.

6.1 Policy Alternatives: Asset Purchases and Tax Cuts

We consider two alternative policies financed through government debt issuance. The
paths of government debt, liquid rates, and government purchases under both policies
are identical:

dbS = p dbS , +n', drf =0, dg, =0.

We assume the monetary policy sets the real liquid rate constant at its steady-state
level (therefore, the nominal rate adjusts one-to-one with expected inflation) and that
government purchases are kept constant over time. As we show in Corollary 1, these
assumptions are without loss of generality for comparing the relative effectiveness
of policies, as long as the two policies feature the same paths for {db", dr?, dg;}.
With the same issuance of government debt, we consider two policy alternatives: one
directs resources to purchase illiquid assets while the other uses the proceeds for a

tax cut.

Asset purchases: We consider a transitory government asset purchase program in
which the government’s illiquid asset holdings are equal to the injection of liquid
government debt: da¥ = db¥. This is associated with net asset purchases dA; and

net taxes given by

dA; = daf — (1 +r*)dag,,  dT, = (r —r*)dby? ).

Tax cuts: Alternatively, we consider the government keeping its illiquid asset holdings
at the steady-state level, da¥ = 0. Instead of asset purchases, the government pays

out the proceeds from debt issuance as tax cuts:
dT, = (r% —rNdbe | — dA,.

We assume the following parameters for the path of government debt: n = 0.5 and
p = 0.95. For the government asset purchases program, the government increases
its holdings of illiquid assets for four quarters and then starts selling them back to

households. For the tax cuts, transfers are received by households mostly within four
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quarters, and then the government increases taxes to retire government debt. The

resulting paths of asset purchases and net tax revenue under the two policies are

compared in Figure 3.

Government debt Net asset purchases Tax
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Figure 3: Government debt, net asset purchases, and taxes; x-axis: quarters, y-axis: % of steady-
state GDP.

We study the effects of each policy separately under different model specifications
featuring different liquidity supply elasticities, including perfectly inelastic and elastic
liquidity supply, as well as that implied by the calibration of a Gertler-Karadi-Kiyotaki

model and our empirical estimates.

6.2 Targeting the Financial Market: Asset Purchases

Figure 4 shows that output, consumption, investment, and capital price respond
positively to the government asset purchase program. The red line represents the
response when elasticities of liquidity supply are given by our empirical estimates,
O,x = 24.2. Yellow shades from light to dark represent models with increasing values
for ©,x from the Gertler-Karadi-Kiyotaki specification (6,x = 11.9) to our empirical
estimates.'® The blue line indicates responses with perfectly inelastic liquidity supply,
and the black line indicates responses with perfectly elastic liquidity supply, ©,x —
0o. When the financial sector’s liquidity supply has low elasticities with respect
to dr, aggregate responses of output, consumption, investment, and asset prices
are amplified. Moreover, differences in the output response are mostly driven by

differences in investment. Increases in investment are due to firms’ responses to capital

13The value of «, the forward-looking component of the financial constraint, is kept at the level
corresponding to the empirical estimate of 0.957.
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price increases, associated with lower expected returns on capital dr, consistent with

the asset market channel described in Section 4.2.
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Figure 4: Tmpulse response functions to government illiquid asset purchases. The y-axis: % of
steady-state GDP. Red: empirical elasticities. Light to dark yellow: low to high elasticities starting
from GKK. Blue: perfectly inelastic. Black: perfectly elastic.

To understand how the financial sector affects aggregate responses, we decompose the

aggregate output response into the three channels in Theorem 1:

dy=(1-9,-Qe¢) " x(CrdT +Q(dbC + erdT) ),
@ A

The three panels in Figure 5 show the decomposition of total aggregate output re-
sponses into (1) the goods market channel, (2) the asset market channel, and (3) the
general equilibrium effect resulting from the modified Keynesian cross, which we plot

as the difference between dy and the sum of the first two effects.

The decomposition in Figure 5 shows how each channel is affected by liquidity supply
elasticities. First, the goods market channel depends only on the household sector,
and is not affected by the specification of the financial sector. This role of this channel

is negligible because the policy does not generate large movements in dI'. On the
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other hand, the issuance of government debt and households’ saving response shift
excess liquidity in the economy. The asset market channel depends crucially on the
features of the financial sector and drives the differences in output responses in Figure
4. Asset purchases initially lead to an increase in excess liquidity because there is a
significant increase in government debt. In response, the rate of return on capital rﬁl
goes down, and the capital price ¢; jumps up. It induces banks to reduce liquidity
transformation and supply less liquid assets. A substitution effect due to changes
in returns shifts household asset holdings from illiquid assets to liquid assets. Yet,
an increase in capital price increases consumption and investment hence increasing
aggregate demand, and therefore an income effect increases the households” holdings
of both assets. When liquidity supply is inelastic, the changes in returns on capital

are large, and output responses are strong.

Finally, the general equilibrium effect through the Keynesian cross is generally small.
The standard Keynesian cross logic that aggregate income leads to more consumption
and investment needs to be modified due to responses through the financial sector.
When there is an increase in output, households demand more liquid assets, which
leads to a fall in excess liquidity, counteracting the first two channels. The dampening
of the Keynesian cross logic is stronger when the financial sector responds inelastically
because the capital price and returns need to respond strongly to balance the liquid
asset market. This explains why the general equilibrium effect is larger when liquidity

supply elasticities are high, despite the asset market channel being weaker.'*

14The ranking of lines in the right panel of Figure 5 reflects both the partial equilibrium response
(goods market and asset market channels) and the Keynesian multiplier. For example, the black
line shows a smaller GE response than the red lines due to the absence of the asset market channel.
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Figure 5: Decomposition of output response to a government illiquid asset purchases, using the
formula from Theorem 1. The y-axis: % of steady-state GDP. Red: empirical elasticities. Light to
dark yellow: low to high elasticities starting from GKK. Blue: perfectly inelastic. Black: perfectly
elastic.

6.3 Targeting Households: Tax Cut

Figure 6 shows aggregate responses of output, consumption, investment, and capital
price to the tax cuts, where each line represents the same model specifications as in
Section 6.2. Similar to responses to the government asset purchases program, ag-
gregate responses of output, consumption, investment, and asset prices are amplified
when the financial sector’s liquidity supply features low elasticities in response to
dr®. However, the differences in responses are smaller in comparison to responses
to the asset purchase program. To understand why the responses to tax cuts are
less sensitive to different model specifications, we show the same decomposition of

aggregate output response in Theorem 1 in Figure 7.
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Figure 6: Impulse response functions to a tax cut. The y-axis: % of steady-state GDP. Red: em-
pirical elasticities. Light to dark yellow: low to high elasticities starting from GKK. Blue: perfectly
inelastic. Black: perfectly elastic.

The decomposition shows that the asset market channel once again explains most of
the differences across model specifications, but the differences are dampened. This
is because the tax cut induces households to save in liquid assets and absorbs the
excess liquidity created by the corresponding issuance of government debt. With less
excess liquidity created by the tax cuts, the asset market channel is not as strong
in comparison to the asset purchases program. As a result, the aggregate output
responses are less sensitive to the specification of the financial sector. In contrast to
responses to the asset purchase program where the goods market channel is negligible,
aggregate output response to the tax cut has a noticeable contribution from the goods
market channel. When the financial sector features a relatively elastic liquidity supply,
the goods market channel becomes the dominant channel that accounts for most of the
size of aggregate output responses. The goods market channel represents the direct
response of households’ consumption to the tax cuts, and its strength is determined
by their aggregate intertemporal marginal propensity to consume. Allowing for rich
household heterogeneity in our framework gives us the ability to calibrate households’

consumption responses to match evidence from the microdata, and thereby pin down
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the strength of the goods market channel.

Goods market channel Asset market channel GE effect
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Figure 7: Decomposition of output response to tax cuts, using the formula from Theorem 1.
The y-axis: % of steady-state GDP. Red: empirical elasticities. Light to dark yellow: low to high
elasticities starting from GKK. Blue: perfectly inelastic. Black: perfectly elastic.

6.4 Relative Effectiveness of Policies

Figure 8 compares the relative effectiveness between asset purchases and tax cuts
in stimulating aggregate output across models with different liquidity supply elas-
ticities. For each model, we plot the output differences between the two policies,

—

dy :=dy

asset _ dytax cut - as in Corollary 1. The prediction varies widely among the

models: At one extreme, models with perfectly inelastic liquidity supply (blue line)
predict the asset purchase program has a much stronger effect on aggregate output
than tax cuts: aggregate output response on impact is more than twice as large and
the difference amount to 1.8% of steady-state output. A model with liquidity supply
implied by financial intermediation of the Gertler-Karadi-Kiyotaki type (light yel-
low) gives a qualitatively similar prediction: asset purchases have a stronger effect on
output than tax cuts. At the other extreme, models with perfectly elastic liquidity
supply (black line), by assumption, rule out the possibility that asset purchases may
have an effect on aggregate output per se. As a result, a comparison between the two
policies features nearly no response from asset purchases and predicts a much stronger
effect in response to tax cuts. The model featuring liquidity supply elasticities from
our empirical estimates generates a non-negligible response to asset purchases but
predicts that tax cuts targeting the household sector have a relatively stronger effect

on output.
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The result is driven by two forces. On the one hand, the high elasticities from our
estimation imply modest aggregate output responses through the asset market chan-
nel in comparison to a model with perfectly inelastic liquidity supply or financial
intermediation of the Gertler-Karadi-Kiyotaki type. Yet, another equally important
force driving the result is that the household sector features a relatively strong con-
sumption response through the goods market channel in response to tax cuts. This
highlights the importance of accounting for key features of both the financial sector
(liquidity supply elasticities) and households (marginal propensity to consume and

save) in order to understand the aggregate responses to macroeconomic policies.

Output response differences: asset purchases vs. tax cut
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Figure 8: Difference between output response to asset purchases and tax cuts. The y-axis: % of
steady-state GDP. Red: empirical elasticities. Light to dark yellow: low to high elasticities starting
from GKK. Blue: perfectly inelastic. Black: perfectly elastic.

7 Conclusion

We study how the financial sector affects the effectiveness of macroeconomic policies
in a framework that nests models of financial intermediation with various micro-
foundations and allows for rich household heterogeneity. We characterize aggregate
responses with an intertemporal demand-and-supply system, which allows us to iso-
late how the financial sector affects aggregate responses to policies through different
channels in the goods and asset markets. We show that the financial sector’s liquid-
ity supply elasticities with respect to expected returns are sufficient statistics that

summarize its role in shaping aggregate responses. These elasticities determine the
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relative effectiveness of policies in stimulating aggregate output, and they are central
to the “Wall Street vs. Main Street” debate: whether transferring resources to the fi-
nancial sector is more effective in stimulating the economy than transferring resources
to households. In commonly used setups, aggregate output responses differ by order
of magnitudes due to implicit assumptions about these elasticities. Our estimates of
elasticities for the U.S. economy imply a modest effect through the asset markets and

a relatively strong effect of targeting households.

The importance of these elasticities implores comprehensive empirical measurement
beyond the scope of this paper, including the measurement of these elasticities at
the micro level as well as the aggregation from micro to macro elasticities. Detailed
microfoundations of the financial friction that generate elasticities consistent with
empirical measures will be useful to understand how these elasticities are affected
by various macroprudential regulations imposed on the financial sector. Liquidity
demand from the production sector and the international market are absent in our
analysis, but they are essential to understand how the financial sector affects the pro-

duction process in a global economy. We leave these topics for future research.
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A Proofs and Derivations

A.1 Proof of Lemma 2

Proof. To save on notation define ©, := ©({r5,,r7%,} To get the response of

s>t ) :
liquidity supply, recall that d; = (©; — 1) n, so

dD; = dOyi + (© — 1) dn.
Totally differentiating 2 and evaluating at the steady state results in
diy = (1= ) ([(7% = 7P) A0y + (drf = drf) 6 + drf ]t [(7 = 77) © + (14 7%)] dn, ),
where

00 00
d@t:Z(atK:dﬁu atB:dfm),

because

00, 00,
Ori, Ol

=0, Vs<t.

Define G := (1 — f) [(F* = 7%) © + (1 +7P)] > 0 to write

dne = (1— )3 G"[(7* = 77) dOy_1_uii + (drf, — drf) Of + drf 7] .

Now, consider a particular variation such that dr’ = 1 and drX = 0 for all u # s,
and dr? = 0 for all u. We have

n(l—f) (% L Gu O s>,
dnt: ( f)< )ZUO r!

'f’B) S G LA (1- f) GO, s <t

3
—
|
~
SN~—
—~
=3
=

|

The assumption about the structure of ©; implies

a@t_l_u 'Ys*t+u(:)7«K, s>t—1— u,
orf 0, s<t—1-—u.
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which allows us to write

@

3l

rK

(1= f) (P = 7B) =t 3 (VG) drK, s>t

dnt = ~
1= f) (% —rP) G (WG) drE +a (1 - f)Gs0drE,  s<t.

(©]]

3

rK

Finally, define ¥(s) := (1 — f)(7¥ — fB)IIE—'I{GG)S and divide by (© — 1) to get

oD jorE | (1= O +6,x%(s))G"5,  s<t,
D it (g’;—f{l - 7@«2(75)), 5>,

f OD;/orK
D

Derivation o follows the same steps. [

A.2 Proof of Lemma 3

Proof. We first show how we obtain the aggregate demand and supply functions and
then demonstrate that if the goods market and the liquid asset market clear, then by

Walras’ law the illiquid asset market clears as well. We begin by showing that

W, 1-A Zil,t_)\
(1-m7) (thi,thz‘,t) = m (1 - o)y — T3

Recall that we have %ht =(1— )y and h;y = h; so

(1—m7) (ﬁz@thi,t) T (1—7)[(1 — @) yezig) .

Py
Now, since
W, W 1-\ .
T, = Fttht - (1 - Tt)/ (Fttzzthzt) dl,
we have
zi{t_)‘

(L=m)[(1 = a@)yezsd] (1 =)y = Ti].

a fol zi i
Using this in the household budget constraint, we see that adjustment costs and
optimal policy rules for consumption and savings in each type of asset depend on
the aggregates only through the path of output {y}.-,, taxes {T3}.c, and returns

on both types of assets {T;“,TtB}zio. Therefore given the initial distribution of as-
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sets and productivity, we obtain A; ({ys, rirB TS}C:):O), B, ({ys, ridrB TS}C:):O) and
Co ({ys P T} )

To obtain the investment function use the law of motion for capital to get the invest-

S =71 Fi = (1= 0) ki =t 1(ky, ki)
1 ki

ment ratio

kft_ 1
and use this in the first order condition with respect to ¢;, we have

1

== = 7 k kf
qt F/ (L(kt,kt,1>> q( ty vt 1)

All the above result in

Oéyk, (kt+1, kt) (ktf) - L<kt+17 kt)
q (ke ki) 7

which, after rearranging, can be solved to obtain capital in each period as a function
of the path of output, * and k_;: K, ({ys, rf}:io). We then use the law of motion
for capital again to back out the investment function X; ({ys,rf }oo ) Moreover
@ = ({ys, f}oo ) Slmllarly7 given {rt }t>0 and {rtB}t>0 we obtain the liquidity

supply function D, ({rs , T szo)‘

We now derive the function R (-) using Equation 3 as follows:

1
1 —+ TiA =1 —+ E (TtKQt—lkfil + Tivnt_l)

B 1
Ge—1ki—1 — di—y

(L+7f) gk — (L +77) dia) -

Define L; := d;/ (q;k;). This variable can be interpreted as a liquidity transformation
ratio. As explained before, we have d; = D, ({7"3 , T s:O)’ qG = 9 ({ys,rf}io) ,
and k; = K ({ys, rf}io) So we can write

1 L (7)
L,=CL o 7B 4= (1) - 2 (1 41F) .
t t ({y }s 0) t 1— L, () ( t ) 1— L, () ( t )
r# depends on {rf ,rB1 oo We can write it in a more compact way as ri =
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s ' s s 1" s

Rf ({TK rB. Du}io) . Because f b;rdi = B, ({ys, Tf; rB, Ts}io) andd, = D, ({T‘K rB1>

B ({yssrird T} o) = D ({rsrl} o) + 07

E s's Jg=0

means that the liquid asset market clears. Since government debt satisfies Equation
4, the government budget constraint is satisfied. We can now obtain illiquid asset
demand in the same way [ a;,;di = A, ({ys,r;“, rB; TS}ZOZO) for all t. By the Walras
law, the illiquid asset market clears A; ({ys, r?, TSB : TS}) = qk; — d; — atG )

]

A.3 Proof of Proposition 1.

Proof. Recall the definition of excess liquidity supply

Liquid asset market clears if &(y, 7%, 75 T, b%) = 0. By totally differentiating this

condition in every period we have
€,xdr¥ + €,dy + epdT + db® + €,zdr? =0,

where €,x := D,x — B,x, €. :=D,s — B,as, €, =D, — By, er := —Br, and the
matrices are defined in Appendix B.2. Rearrange and left-multiply by the inverse of

—e€,x to obtain Equation 5.

For the second part of Proposition 1, note that as ©,x, 0,5 — oo with ©,5/0,x — ,

Lemma 2 implies

oD, 1 N Y(s)G' (O — 1)n, s <t
Orl ©,x sl (1 + (O — 1)72(15))71, s> t,

oD, 1, —¢X(s)G*(0 = 1)n, s <t,
OrF O " | = (14 (O - 150, s>t
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— Do s D=1 — —¢Dy », where

We can write it as D,.x 5

1
O K

r

Y(s)GH#(O —1)n, s<t

Doo,r = _
st (1 + (0 — 1)72(t))n, s > t.

Assume that first derivatives of B; are bounded. Divide the linearized liquid asset
market clearing condition by ©,x. As ©,x,0,s — co with ©,5/0,x — ¢ , for all
bounded sequences {dy, dr’ dr?, dbG}, the limit of the liquid asset market clearing

condition is

rK —yB [
I-Ba—= | D™ (dr® — cdr®) = 0.
( A (1 . L)2 d) r ( )
The condition is satisfied for dr¥ = ¢dr?. O

A.4 Proof of Theorem 1.

Proof. We define aggregate demand as
\Ijt(y7 TK, TB) Ta g) = Ct(yv TA(y7 TK7 TB)a er T) + Xt(yv TK) + Gt-

Goods market clears if U(y, ™, % T, g) = y;. By totally differentiating this condi-

tion in every period we have
U, cdr® + W, dy + UrdT + db® + ¥, sdr® + dg = dy

where ¥ x = C,x + X, x, ¥, 5 = C,s, v, = Cy—i—Xy, U, = Cyr, and the matrices
are defined in Appendix B.2.

Let Q := W x(—€,x)"!, and use Proposition 1 to write

Q (e,dy + erdT + db® + €,8dr?) + U, dy + CrdT + db€ + ¥,sdr® + dg = dy.
Finally, rearrange it as

dy =1-0, - Qe) " x ( dg + WrdT + W, 5dr? + Q(dbC + erdT + erBdrB)>,

which is the formula in Theorem 1. O]

45



B Additional Derivations

B.1 Time O returns.

We can eliminate rf by noting that

where only 3y and kg are not predetermined. We have ky = Kg ({ys, rﬁil}:io). This

. K . K o0
allows us to write r§ as a function of {y,, r’ }s:o‘

B.2 Linearized equilibrium conditions

We use the following notation: dr® represents {drZ,}2°,. The same convention
applies to other rates of return. We use dy to represent {dys}2,. Our notation is
the same for other variables that are not rates of return. These are column vectors.
We evaluate derivatives of aggregate functions X;(-), Bi(+),Ci(+), Di(+), RA(:) at the
steady state and represent them as matrices. We start by obtaining some auxilliary

results. Define

0 0 0 0 0
0 0 1 - 1 0 0
Syi:= , S =
“ 0O 0 0 -- ! 0 1 0

Production

Linearization of the formula for return on capital results in

« ay qg+q—7
(I—-S_4)dk = ESde — ﬁdk + —

(1L+r%)d

dK
ro + 2

(S41 — Ddk

N
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which allows us to express dk as

(l—i-TK)cj' J+qg—1

ak == [28,dy —ark], == 0T+ 1-s)-1191"" g, 1)

Tk2 k

We can write it as
dk = K, dy + K, xdr.

Linearizing ¢; = m =: G (k¢, k1), we have dq = % (I—S_,)dk, and combin-

ing the expression for dk, we can write

dq = Q,dy + Q,xdr¥.

Linearizing the expression for ¢(k, ki—1), we can write de = /(I — S_;)dk + idk, and

combining the expression for dk gives
dr = X, dy + X, xdr¥.

We also have .

dri = azdyo + (1 —9)dqgo.
Capital price at ¢ = 0 can change only if the investment rate ¢y changes. That depends
on function X;(+). In a matrix form we can write

dré( = %eldy +(1-9) (qydy + qTKdrK) , (7)

where gy, g,x are row vectors describing how the initial price of capital depends on
output and return on capital. e; is a row vector with 1 as its first entry, and zeros

elsewhere
Banks

We now turn to the financial sector of the economy and we characterize derivatives
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of Dy(rf (y, ™), %, rP). We represent them as matrices

D,x = (:)TKN<’)/) + Np + no(l — (S)qTK,
D,s = —0,:N(y) — %NO,

(07
Dy = Ny Eel + (1 — 5)%/

Let D,x be a matrix of total derivatives of D(rL (y,r"),rX rB) with respect to
rates of return on capital. Its (t+1, s) entry is a total derivative of liquidity supply at
time ¢ with respect to 7. D, 5 is defined similarly. Notice the difference in timing for
rows and columns. Entry (¢ +1,s + 1) of D, is a total derivative of liquidity supply
at time ¢ + 1 with respect to ys,1. To populate these matrices we use formulas from
Lemma 2 and the dependence of time-0 return on capital on future returns on capital

and output from Appendix B.1.

Recall the definition of G from Appendix A.1. Matrix Ny consists of terms G'* (1 — f) i,
present only for s < t. It captures the effect of net worth accumulation on liquidity
supply, holding the leverage ratio constant. Its (¢ + 1,s)-th entry is G*~* (1 — f)n >

0.

0 0 0 0
1 0 0 0
No=(1-f)(6=1)6en| G 1 0 0
G2 G 1 0

Matrix N(v) consists of all other terms. Its (¢ + 1,s)-th entry captures the effect
of & on liquidity supply in period t through changes in the leverage ratio (both in
period ¢ and in the past). Define P := (1 — f) (6 — 1) (7% — %) > 0.

1 Yy o0&

P 14+~P v+ 2P
N(y)=n| PG P+~PG 1+~P ++*PG
PG? PG +~PG® P+~PG + PG
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All entries of this matrix are non-negative. If v = 0, then N(v) is a lower-triangular

matrix with ones on the diagonal.

Let us turn to the effect of changes in 7. The sum ©,xN(v) 4+ Ny allows to capture
the effects of changes in return on capital in periods s = 1,2,..., but ignores the

effect of rf. Changes in liquidity supply due to drf can be summarized as

a vector such that its ¢-th element correponds to the (¢, 1)-th entry of Ny. The total
effect of dr® on liquidity supply is therefore

D,x = @,J(N(’y) + [No + (1 — (S)Iloqu] .

where the (1 — d)ngq,x term describes how returns on capital in the future move g

and therefore r{f.

a
Dy =1 [Zel + (1 — (S)qy
reflects the fact that gy (and thus r{) depends also on the path of output. Note that

dy matters for liquidity supply only because it affects rff.

Derivation of D, follows the same steps. The main difference is that dr? enters the

law of motion for net worth with a coefficient 1 — © instead of ©.
1lliquid asset return

Before discussing linearization of the household side of the economy, we provide formu-
las that allow us to express dr* as a function of other variables. We have dr{' = drl/
(1 — L) where L is the steady state ratio d/qk.

We now proceed to eliminate dr{!, drs', ... by using the condition that links returns
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on illiquid assets and on capital, Equation 3. We have

drf‘— td "’Zatdﬁl“'z tdfﬂ

+1 Tst1

They capture the effect of changes in rates of return and changes in output on the

liquidity transformation ratio. As shown in Appendix A.2, R# depends on the lig-

uidity transformation ratio L;. Since L; = dk we have dL; = —%dqt — %dkt + %ddt.
Define
ALy dLo . .. 0Ly 0Lg . ., 9Ly 0Lg
87’{( 87‘5( 87'{3 8T2B ayo 8y1
L oLy 9oL .. _ oL, 0L, ._ OL1  OLi
LTK — 87'{( aréq , LTB — 5 Ly — 8y0 ayl

67“{3 or

R

These matrices satisfy

L L L L L L

L, x QTK ——K,x + dDTK L,z = EDTB’ Ly = _EQy - EK‘U + EDy.
Therefore
1 rK — B 1 rK — B rK — B
R% = I L R4 = — I Lz:+I RA=_—
s Ty PR T SR P T Gy
Households
Define the following matrices
[ o8 i [ ac i
ﬁ o 0 --- fré‘;
9B, e 9L
BTA = 87"64 0 O 7B’FA = 87”(1)4
° o7 00 - ° o 0 0
Use Equation 7 to define
- 1 o ~ 1
BT(‘)“,y ZEB A [Eel + (1 - 6) qy:| ) BT‘(‘?,T‘K :ZEBT(? (1 - 5) q,x,
- a ~ 1
Coa, :TC A [Zel +(1-9) qy] . Cox =7==Cpp x (1= 6) g
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These matrices fully capture the effect of dy and dr¥ on consumption and asset

demand through drg'.

Now, let C,a be a matrix, whose (t + 1, s) element is a partial derivative of C; with
respect to 2. We use the same convention for C,.s Similarly, C, is a matrix of partial
derivatives of C; with respect to aggregate output. its (t+1, s+ 1) elements is a partial

derivative of C; with respect to y,. Cr is defined analogously.

Let

C,:=C, +C.R} +C,4,, Cox :=CraRfk + C,a i,

C,5 :=C,5 + C,aR%;, Cr :=Cr.
We define matrices that contain derivatives of B is the same way and we obtain:

B, =B, +B.R} + B, B,x :=B,aR% + B, x,
0> 0
B,s :=B,s + B4R, B, :=By.

C Nested Models and Extensions

C.1 Nested Models of Financial Frictions

We show how our framework nests some commonly used models of financial fric-
tions by appropriately choosing the financial constraint © <{7“SB+1, rfﬂ}p t). We also
demonstrate that in all these models financial frictions result in ©, (-) that has the

special structure we use in Lemma 2.
Gertler-Karadi-Kiyotaki'®

In Gertler and Kiyotaki (2010) and Gertler and Karadi (2011) there is a continuum
of banks indexed by j € [0,1]. Bank activity is subject to an agency problem. Every
period, after receiving returns on assets and paying depositors, bank j exits with
probability f and transfers its retained earnings as dividends to its owners. At the

same time, a new bank enters and receives some initial net worth to operate with.

5 These microfoundations of financial frictions have been used in the recent literature studying
interactions between the financial sector and household heterogeneity, for example in Lee et al.
(2020) and Lee (2021).
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Conditional on surviving, bank j chooses how much loans lft and deposits d;; to issue.
Banks cannot issue equity. Moreover, an agency problem constrains the amount of
deposits they can issue. After obtaining funding from depositors and investing in
assets (loans), bank j can divert fraction 1/6 of assets and run away. If this happens,
depositors force it into bankruptcy and bank j has to close. The largest amount of
funding a bank can receive from depositors depends on the franchise value v;, (n;,),
where n;, is net worth — bank j must be better off continuing instead of running

away. The optimization problem is:

o0
Ut (nj,t> = max oo Z At,t+s (1 - f)s_l fnj,t+s
s=1

{lftJrs st 5T b s 41 }

s=

subject to
lft S Qtvﬂ (nj,t) s UK + dj,t = lft? Njt+1 = (1 + rtI-(i-l) lft — (1 + 7"5_1) dj,t~

The first constraint is the incentive compatibility constraint resulting from the agency
problem. Ay, is the discount factor used by banks. The recursive formulation of

the problem is:

Ujt (nj,t) = max Ay (f Njt41 + (1—-1) Vjt4+1 (nj,t+1))
lft,dj,t,nj,t_;,_l

subject to

1
5lft S Uj,t (nj,t) 3 ’flj,t -+ dj,t = lft? nj,tﬂ = (1 + Ttlil) lft — (1 + TEH) djﬂg

Guess linearity: v;; (n;;) = n;mn;s. Define ¢;, := lft /n;+. Bellman equation is

NN = Max A1 (F + (1= P myasn) [(rfq = r8) i+ (L +7r00)] nje

J,t
1
+ A M = g¥ie| Myt
First order condition with respect to v, is

1
Apepr (f+ (1= f) 77j,t+1) (TtLJrl - 7"Sd) = §>‘j¢
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SO

1
1— N

Njt = Apor (f + (1= f)njee1) (1 + rtlzrl) .

The guess that v, (n;;) = njn;, is verified if \;; < 1.

By complementarity slackness \;; [nj,t — %1/1]-,4 = (0 and we can write

NN = prlax A (f+(1-f) 77j,t+1) [(TtIL - Tgﬂ) Y+ (1 + Til)} Tt

J,t
If the incentive compatibility constraint is binding, we have
e = Ner (F + (L= ) mjern) [(rdn = 7800) 1360 + (1 + 18]
which can be rearranged as

_ Apir (f + (1= ) mjasr) 1 +72)
L= Appsr (f + (X = ) nje41) (Tt[il — i

As all banks face the same rates of return, the marginal value of net worth 7;, is the
same for them, 7,. It follows that, if the incentive compatibility constraint is binding,
lft =0y, and soif Ay, =1/ (1 + rf) orNg_15=1/ (1 + rf) we can write

B _ B K
lj,t =0 ({Ts—i-la 7“5+1}52t> Nt

B

Aggregating individual banks fol [7dj = q:kP and fol n;dj = nP we obtain

qtkf =0 ({Tf—l-l’ rﬁ-l}szt> i

which coincides with the solution to the bank’s problem described in Section 2.3. In
this model, if A, =1/ (1 + rf),
06 —1) 5.5 — 06 -1) A= HA+rP+ (" =rP) o)

1+ 7K s rB = S (1+T’K)(1+T’B)

O,x =
* 1+7rB
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If As_1s =1/ (1+75), then

6.k — 13@2’ 6.5 1 1+rF (1—f)(1+rB+(rK—rB)(:))2.
1+7r

:1+7‘Bl—|—7‘B 7 (14 rB)?

Finally, if As_; s is a constant (for example equals a household discount factor /3, as
in Lee et al. (2020)), we have

1 82 0O —-1) (1= A +7r8+ (rK —rP) (:))2'

By = TGl R
* 14 7B

’ T T B 7= B=11 + rB)

Here © = 0n, the steady state leverage ratio. We obtain these expressions by differ-
entiating Equation 8 with respect to returns and evaluating the resulting expression

at the steady state.
Bernanke, Gertler, Gilchrist (1999)

In Bernanke et al. (1999) financial frictions arise because of “costly state verifica-
tion” (Townsend (1979)). In their model, there is a continuum of entrepreneurs that
need to finance capital purchases. Realized returns are idiosyncratic and cannot be
observed by the lenders unless they incur a monitoring cost. This creates a link be-
tween entrepreneurs’ capital expenditures, their net worth, and the spread between
the expected return on capital and the safe rate. Entrepreneurs face a constant prob-
ability of exit f and consume their retained earnings upon exiting. We can interpret
entrepreneurs as banks and map this model to our framework. The key condition in
Bernanke et al. (1999) is Equation 3.8 (p. 1353)

14+ rK
kP = (—“) n

L+rf,

. ; 1+rfy
with ¢’ (-) > 0 and ¢ (1) = 1.'° If we define © <{rﬁ1,7“f+1}52t> =) <1+r£1>, the
solution to the bank’s problem described in Section 2.3 and dynamics of bank net
worth will coincide with the one in Bernanke et al. (1999). Notice that here the

financial friction at time ¢ depends only on 7%, and rZ, and not on returns more

6There is no aggregate uncertainty in our framework and this explain why there is no expectation
operator in front of rf ;.
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than one period ahead. In this model

- 1+rx 1 - 1+rx 1+7rE
O,k = , O,8 =1 , = 0.
e ¢<1+7“B)1—|—7“B 7 77b(l%—m)(l—wﬁ)z !

Costly leverage

Uribe and Yue (2006), Eggertsson et al. (2019), Chi et al. (2021) and Curdia and
Woodford (2011) consider reduced form financial frictions. They assume that banks
need to incur a resource cost that depends on the level of financial intermediation.
Since the marginal cost of intermediation is increasing in the scale of intermediation,
there will be a link between the leverage ratio and the spread between returns on
assets held by banks and deposits. Our framework allows us to nest these models
without any modification to the framework if we assume that this cost is borne in
units of utility or that it is rebated back lump-sum to the bank. We need to make
this change to ensure that the law of motion for n;, Equation 2, remains the same.

More specifically, assume that the bank maximizes

B
N o K B B qiky 5
T = T?Bail( Tt-i—thkt - rt-}—ldt - T, ( ) ny + Ty

+ Hat /n/t

subject to balance sheet ¢;kP = d; + n;.

B _
Here T, (qtnk; ) n; captures costs related to financial intermediation. T, is the lump-

sum rebate, equal to intermediation costs in equilibrium (alternatively we can assume
that the cost is in disutility). Assume it is strictly increasing in the leverage ratio

Yy = q;kP /n;. First order condition is

B
K B _ vy tht
Tivg =T = Ly )

Ty

which can be rewritten as

B ~v—1 [ .K B
qk; =T, (Ttﬂ - Tt+1) ng.

If we define © <{r§i1, Tf‘f‘l}szt =Y " (rf, — rP,), then the solution to the bank’s
problem described in Section 2.3 will be the same as the one to the problem stated

above. Note that ©; does not depend on returns more than one period in the future.
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qkB
nt

/

Moreover, since T ) ng = Yy, rﬁrlnt is the same as in section. In this model

1

()

@T‘K = @TB =

“(%)

v =0.

Collateral constraints

Consider a collateral constraint in which banks can pledge a fraction # < 1 of the value
of their capital holdings along with returns on their capital. The highest possible level

of net liquid asset issuance d; satisfies
(1 -+ 7’3_1) dt S 9 (1 + Ttlj-l) qtk'tB

By using the balance sheet, we can rewrite it as

1+7r2,

B
qiky < . (9)
1+r8,—0(1+7rEK)
We can map it to our framework by defining
1415,

@( K 7 B ) = )
{rs-‘rl TS"r‘l}sZt 1 + 7"5-1 — 9 (1 + rtl—(f—l)

and we have

, ] ok ,
0/6 L 0/6 o

6,1 = -
S I ) CRPY S L L+7rB14+7r8—g(1+rK)

Comparsion to Kiyotaki and Moore (1997)

Kiyotaki and Moore (1997) assume only the value of capital next period can be

pledged as collateral. The constraint is

(1 + Tﬁrl) di < 0q11ky.
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Using the bank balance sheet, we have

1478

B t+1

aky < — ‘Zt+1n
1+, — 6%t

The constraint differs from the one in Equation 9 in that 1+ 7/, in the denominator

Qt+1

is replaced by . This form of collateral constraint is not nested in our framework

Qt+1

exactly because is generally a function both returns on capital {rX} and output

{ys}. Yet, we expect the two collateral constraints to generate similar dynamics when

most of the changes in 1+ [, are driven by capital gain ‘““

Current-value collateral constraints

An alternative form of collateral constraint assumes that liquidity supplied by the
bank needs to be below the current value of capital: d; < ¢;kP. Using d; = ¢:kZ —ny,

we have

1
1—-6

This type of constraint is similar to that in Bianchi and Mendoza (2018) and behaves

thB

.

exactly as a regulatory constraint in Van den Heuvel (2008). See Ottonello et al.
(2022) for a related discussion. In this case, ©,x = 0,0, = 0,7 = 0.

D Bringing Model to Data

D.1 Balance Sheets

We obtain balance sheet data from the Financial Accounts of the United States (FoF),
2000Q2-2020Q2. We refer to variables with their serial numbers. For bank balance
sheet, we use the Call Report data provided by Drechsler et al. (2017) on their website,
which allows us to link it to the CRSP data for the market valuation of bank equity.

We refer to variables from these two dataset with their variable names.

Banks: We use variables from the Call Report data, the CRSP data, and the FoF
data, linking the Call Report data to CRSP using a cross-walk between “bhcid” and

“permco.”

o liquid assets: We include the following variables from the Call Report data:

“cash,” “fedfundsrepoasset,” “securities”. Variable “securities” contains Trea-
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sury, Agency, and corporate debt. We use the aggregate FoF series for the

banking sector to construct the following adjustment factor

cash + reserves + fed fund repo asset + treasury

adj; =
It cash + reserves + fed fund repo asset + treasury + agency + muni’

where series ids are given by: cash - FL.703025005, reserves - FL713113003, fed
fund repo asset - FL702050005, treasury - LM703061105, agency -LM703061705,
muni - LM703062005. We construct banks’ liquid assets holdings as the sum of
‘cash,” “fedfundsrepoasset,” and “securities” from the Call Report multiplied

by the adjustment factor adj,.

o liquid liabilities: We include the following variables from the Call Report data:
“deposits,” “foreigndep,” “fedfundsrepoliab.”

o market value of bank net worth: For the market value of bank net worth, we
use the variable “TCAP” from CRSP. We aggregate the value of all stocks with

id “kypermno” under each "permco.”
o effective leverage: We construct the effective leverage of the banking sector as

0, =14 liquid liabilities - liquid assets

market value of bank equity

Money market funds (mmf):

o liquid assets: Liquid assets held by mmf include: checkable - FL633020000,
time and savings deposits - FL.633030000, foreign deposits - FL.633091003, repo
assets - FLL632051000, and treasury - FL633061105.

o imputed net worth: As the money market funds hold a small part of assets that
we categorize as illiquid, we split the total mmf shares (MMMFFAAQ027N) into
liquid liabilities and equity, and impute the net worth of mmf by assuming the

same effective leverage as the banking sector:

total mmf shares - mmf liquid assets

mmf net worth = -
effective leverage

This imputed split of the mmf balance sheet into liabilities-net worth is consis-

tent with the difference in liquidity among mmf shares implicitly imposed by
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withdrawal fees for large withdrawals. We categorize mmf net worth as illiquid
and compute the liquid component of the mmf shares as the difference between

total mmf shares and the imputed mmf net worth.
Households:

o liquid assets: We include deposits in checkable (BOGZ1FL193020005A), time
and saving accounts (BOGZ1FL193030205A), the liquid component of the money
market fund shares given by (1 — m—tf“ﬁi;gb

(BOGZ1FL193034005A), and households’ holdings of treasury debt, calculated

as the total government and municipal securities (BOGZ1FL193061005A) net

of municipal securities (HNOMSAAO027N).

)xhousehold’s mmf holdings

o net illiquid assets: We calculate households’ net illiquid asset holdings as their
total assets (BOGZ1FL192000005A) net of liquid asset holdings defined above
and their liabilities (BOGZ1FL194190005A). Moreover, because the illiquid ac-
count in our model does not contain holdings of government debt, we further
subtract from households’” net illiquid asset holdings following items: the un-
funded pension claims (F1.223073045,F1.343073045), the holdings of treasury

debt through pension funds, insurance companies, mutual funds, etc.!”
Accouting for corporate deposits:

o The size of deposits issued by banks and money market funds exceeds the
amount of deposits held by households in the data due to deposits holdings in
the corporate sector. When mapping our model to the data, we rescale all bal-
ance sheet items of the banking sector and money market funds proportionally
such that: (1) liquid liabilities of the money market funds are equal to those
held by the households, and (2) liquid liabilities of the banking sector are equal
deposits held by households and the money market funds.

o Although our model does not provide a theory of corporate deposit demand, we
can extend our model to allow firms to hold the rest of the deposits issued by
banks on their balance sheet inside households’ illiquid accounts, assuming that

firms do not use liquid assets in the production process. This assignment does

17Serial numbers of variables we subtract: LM103061103, LM113061003, LMS513061105,
LM543061105, LM573061105, LM343061105, LM223061143, LM653061105, LM553061103,
LM563061103, LM403061105, FL673061103, LM663061105, LM733061103, F1.503061303
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not affect the consolidated balance sheet of the fund. This is because holding a
combination of these deposits in the illiquid account with the corresponding net
worth of banks supplying these deposits is equivalent to directly holding capital
of the same value. Specifically, consider the following modification to the model:
(1) the banking sector has net worth (1 + x)n; instead of n, (2) the illiquid
account passively holds extra deposits yd; that correspond to the corporate
deposits in the data, and (3) capital in the illiquid account is g:kf" — x(n; + dy)

instead of k"

o Let 74, denote returns on illiquid assets associated with these modifications.

Direct calculation shows that it is identical to the illiquid returns 77, in Section
2:

. 1

Tﬁu = Cl_t( G gkt = x(n + dy)) + i (T x)ne + 12 xdr)

1
= a—t(rfil(qtkf —xrfak?) + rane + x(rf gk — rloxde) + rixdy)

_ K F N A
= a_(TtJrl%kt + Tt+1”t) =Tt
¢

Since both the goods market clearing and the liquid asset market clearing con-
ditions are not affected, Lemma 3 implies that aggregate responses with the

modifications above are identical to that from the model in Section 2.

Table 3 provides a breakdown of liquid asset positions of the household sector, the

banking sector, and money market funds.

D.2 Estimation of ©,x,0,5 and v
Variable construction
Leverage (d©y):

o« We use the linked Call-Report-CRSP-FoF data to construct the measure of

effective leverage as discussed in Section D.1.

o The Call Report and FoF data are available at the quarterly frequency. We
extend the measure of effective leverage, ©,, to the monthly frequency by inter-

polating quarterly observations of balance sheet items and time-aggregateing
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Table 3: Liquid asset positions

liquid assets liquid liabilities
households deposits 0.42
mmf shares 0.10
treasury 0.06
banks cash & reserves 0.04
fed funds and repo (net) 0.03
treasury 0.02
deposits 0.44
mmf deposits 0.02
net repo 0.02
treasury 0.01

mmf shares 0.09

Note: Liquid asset positions in the U.S. economy through the lens of the model.
Values are presented as a fraction of the U.S. GDP, averaged over the periods
from 2000Q2 to 2020Q2.

daily market value of bank equity.

» Deviation of effective leverage away from the steady state, d©,, is calculated as

the deviation of effective leverage from a quadratic time trend.
Euxpected returns (By[drf,], Edrp ,]):

« We obtain the yield curve data on Treasury debt and corporate bonds (HQM)
from the U.S. Treasury on this website (Treasury yields) and this website (HQM
yields).

o We adjust the HQM yields with a constant factor so that the 30-year yield
corresponds to Moody’s BAA bond yields (series BAA from FRED), which
better reflects the rate on prime bank loans. We obtain the adjustment factor

as the coefficient from regressing BAA yields on 30-year HQM yields.

o We use yields on securities with maturity of 6 months and 1, 2, 3, 5, 7, 10, 20,

and 30 years, aggregating observations to a monthly frequency.

o We construct real yields by subtracting expected inflation from nominal yields.

We use inflation expectations data from the Cleveland Fed on this website.

o We calculate deviations of real yields from a quadratic trend, and we add back
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the means.

e We calculate forward rates between the maturities we observe and extend the

forward rates to all horizons with a left-continuous step function.

« For each horizon h, we construct E,[drf,] and E,[dr{,] as the deviation of

h-quarters-ahead forward rate from the mean.

Table 4 shows summary statistics of selected variables we constructed and used in

our estimation:

Table 4: Standard Deviation of Detrended Effective Leverage and Forward Rates

d@t ]Et [d’l"{il y] ]Et [d’l“tI_(i_5 y] Et [drtfilo y] Et [drﬁ_l y} Et [d’f’g_5 y} ]Et [drfi—l() y}

0.997 0.106% 0.066% 0.057% 0.084% 0.040% 0.032%

Estimation

We estimate ©,x,0,5 and v with the Generalized Method of Moments with the

following moment condition:

E {(d@t = DA (O Bildrf,] - OsEildrf,]) ) x (1, Xt)T] —0
h=1

where X, = {Et[drﬁﬁ},Et[driﬁ]}ﬁew H = {6 months, 1,2,3,5,7,10,20,30 years}.
As explained in Section 5.2, the identification assumption we make is that the effective
leverage can move only in response to macroeconomic conditions only through its
response to returns. We do not allow for shocks to d©, that would be correlated
with returns. Any deviation of d©; from the formula implied by Lemma 1 must be
attributed to measurement error (uncorrelated with returns). Note that this does not
mean that we rule out all shocks to the financial sector — liquidity supply is allowed

to move also in response to shocks that directly affect net worth.
For the estimation result in Table 2:

o We use a two-step GMM with the optimal weighting matrix, and a quadratic
spectral kernel to compute the covariance matrix of the vector of sample moment

conditions.
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o We search for the minimum of the objective function by applying the following
procedure. (1) We create a coarse grid of 75 equidistant points between 5 and
100 for ©,x and ©,5, and between 0.0 and 0.999999 for ~. (2) We perform a grid
search to minimize the sum of squared moment conditions (this corresponds to
using an identity matrix as a weighting matrix). (3) We then create a denser
grid: 75 points between 10 and 30 for ©,x and ©,5 and between 0.92 and
0.99999 for . This new grid contains the minimum found in the previous step.
(4) We repeat the grid search. We then use the minimum found in the second
step as a starting point and use simulated annealing to estimate ©,x,0,s,y

with a two-step GMM with the optimal weighting matrix.

D.3 Leverage Shocks and Estimation Bias

We now discuss the estimation bias due to violation of Equation 6. We show the
direction of bias for estimates of ©,x and ©,5 in a simplified case with v = 0 as in
Bernanke et al. (1999).

Christiano et al. (2014) extend Bernanke et al. (1999) and introduce shocks to the
variance of idiosyncratic returns. These shocks shift the spread-leverage relationship
and, up to the first order approximation, are ismorphic to adding an exogeneous
shifter 6, in

1+rK
LB — BGG t+179 -
o (0 —1+7“£1 t t

Christiano et al. (2014) label these shocks “risk shocks” and argue, through the lens

of a medium-scale New Keynesian DSGE model, that these shocks are an important

driver of business cycle fluctuations.

For simplicity, assume that ©,x = O,z and define dsy 1 = E; [drf, — drf,,]. Let
0; be an exogenous shock that affects the leverage ratio. Assume it is uncorrelated
with all other shocks. The true relationship is d©; = ©,xds;, + 0, and its empirical
counterpart

d@t = @rKdStJrl + vy.
The OLS estimator for ©,x satisfies

éTK:| _ E [d@t : dSt] = E [Qt . dStJrl}

E[ds?,] ' E[ds},]
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Let z; be the vector of all state variables except ;. These might include the stock of
capital, distributions of assets, and various structural shocks. Assume E[0; | z;] = 0

Up to a first order approximation, in equilibrium
dsir1 = gl + Z Oz 2k
k

It immediately follows that

2] ¢ E[6})
| =6 +ang 2]

and the sign of ay determines the direction of the bias. The bias is positive if ay > 0
and negative if ay < 0. The first case corresponds to leverage shocks increasing
the expected spread, and the second case to leverage shocks decreasing the expected
spread. Holding net worth constant, higher leverage should lead to more capital
accumulation and reduce the expected spread. Moreover, a fall in the expected rate
of return on capital is consistent with an increase in the price of capital in the current
period, which increases net worth. This is indeed what Christiano et al. (2014) shows
in Figure 4 of their paper. We conclude that oy < 0 is more likely to be empirically
relevant and thus
E [éﬂ(] — 6,k <0

D.4 Robustness Check with respect to Parameter f

Figure 9 shows the relative effectiveness of asset purchases and tax cuts for different
values of f. The red line represents our baseline specification in Figure 8. The gray
shades from light to dark represent deviations from the baseline model for f € [0.01, 1].
For comparison, the blue and black lines are the perfectly inelastic and perfectly elastic
cases in Figure 8, which do not depend on f. The proximity of the gray shades and
the red line indicates that for the comparison of the two alternative policies, the
specification of parameter f is inconsequential. This is in sharp contrast to the

differences in output responses resulting from O, as shown in Figure 8.
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Output response differences: asset purchases vs. tax cut

1.75
51
125{ \
\
0.751 .
\
~
0.25 ‘s,
S —_—  ————— — — — ]
g
P e L R
0.251 /-
-
-
-0.75 |
0 5 10

Quarters

Figure 9: Difference between output response to asset purchases and tax cuts. The y-axis: % of
steady-state GDP. Red: empirical elasticities. Light to dark gray: f € [0.01,1]. Blue: perfectly
inelastic. Black: perfectly elastic.

E Generalization and Extension

E.1 Generalized net worth process

State-dependent exogenous equity injection

So far, we assumed that equity injections are constant, m. We now relax this as-
sumption and allow m; = & (1 +ry ) q:_1kP | with € > 0, as in Gertler and Kiyotaki
(2010). Totally differentiating Equation 2 and evaluating at the steady state results
in
dny = (1= f) [(7% = )d@t 1+ (drf —dr) O+ drf]n
+ (1= N[ =) O+ (1+77)] dny sy + dmy
where dm; = £ [(:)ﬁdrtK + (1 + 7K ) (ﬁd@t,l + (:)dnt,l)}. The linearized law of motion

for n; is
1+7K
dny = ZG“KT B—f1_rf)d®t_1_un+(<1+%)dr£u—dr£u

—f Z GudrP n,
u=0
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where G := (1 — f) [(FK -0+ (1+78) + 51” @} > 0. Observe that the form
of the above expression is the same as with m; = m. The only difference is in
coefficients. Consider a particular variation such that drX = 1 and drX = 0 for all
u # s, and drB = 0 for all u. We have

n=f) (7 - ) S e 4 (1455 ) 6108), s <t
ﬁ(l—f)(fK—fB 1+’">2210G“8@““ s>t

dnt =

Finally, define X(s) == (1 — f)(7* — 7% — flf“_ff ) 1(77GG and divide by (6 — 1) 7 to

get

opyor< | (=D (1+5)6+6:5(s))6,  s<t,
Dy st 1<@K _TKi(t) 7 s> 1

Endogenous equity injection

Karadi and Nakov (2021) solve a version of Gertler-Karadi-Kiyotaki model with opti-
mal equity injections. The optimization problem in their model gives m; = &_1n;_1,
where &1 = (Ai—14(1 — f)(m — 1), and n; denotes the marginal value of net worth
in a Gertler-Karadi-Kiyotaki model, as defined in Appendix C.1.

Linearization gives

dmy; = (A1 — fndn, + &dney +C (1 — f) (n — 1) ndAy—q .

From Appendix C.1, the marginal value of net worth in a Gertler-Karadi-Kiyotaki
model satisfies dO; = 0dn;, and therefore d&;_; = (A(1 — f)%d@t. Let ¢ == CA% and

w = ((n—1); we can write

dn, = (1= f) [("" = 7P) dOu_y + © (drf — dr) + dr} + ¢d©, + wdA,_1,] n
+ (1= N[ =rP)O+ 147+ & dnyy.

If the bank’s discount rate is Ay_1, = 1/ (1 + ), then dAy_1, = —1/(1 4 r)2drf,
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and

dny = (1 - f) [(TK - TB) dO;_1 + 0O (d?“tK — drf) + drtB + dO; + ofzdrﬂ n
+ (=N =rP)O+1+rP +&]dn, &= —w/(1+75)

Let G = (1 — f) [(TK — rB) O+141rB +§}, define o (s) == 11%1/) and use

a@t_u 07 S S t— u,

K _
ory AL © 7 s>t—u,

to write

o jors | (A=nE+
D, 75471(211; + 7O,k ( (1= f) (r —rB) + %)a(t)>7

E.2 Limiting Cases: Connection to KMV (2018), ARS (2023)

Kaplan, Moll, Violante (2018)

We describe how our framework nests Kaplan et al. (2018). We focus on the case with
no firms’ profits and a¥ = 0,'® In the two-asset HANK model of Kaplan et al. (2018)
government debt is the only liquid asset therefore the liquid asset market clearing
condition is [ b;.di = b¢¥. There is no liquidity supply of the financial sector d; = 0.
All capital is held through illiquid assets, f a;1di = q;k;. The rate of return on illiquid
assets equals the rate of return on capital. Because d; = 0, this is consistent with our

equation 3.

To ensure that d; = 0 in all periods, it is enough to have ©,x, 0,5 = 0 and the steady
state effective leverage © equal to 1. Intuitively, it does not matter whether capital
is held directly as k% or indirectly through banks as k?, because an extra unit of net

worth allows increasing bank capital holdings one-to-one.

18Tn Kaplan et al. (2018) there is monopolistic competition in the goods market and price rigidities.
We abstract from these because our baseline framework features neither of them. The argument
remains the same if we enrich our framework with these features.
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In our quantitative study in Section 6 we follow a different strategy. We want to
keep the steady state the same for all models to isolate the role of liquidity supply
elasticities. This would not be possible with d; = 0. We set the matrices D,.x, D, 5, D,
to be identically zero. This can be done by assuming f = 1 (which ensures that net
worth remains constant) and setting ©,«, 0,5 = 0. These assumptions imply that d,

is constant.
Auclert, Rognlie, Straub (2023)

We show how our work relates to Auclert et al. (2023). First, we demonstrate that
our framework with ©,x,0,5 — oo implies the same relationship between the rate
of return on capital, rX, and the real rate of return on assets as in the model with
capital in Section 7.3 of Auclert et al. (2023).

Denote the rate used in the firm’s problem in Auclert et al. (2023) (equation 37, on

page 35) by r{X¢. Assume perfect competition among firms and the law of motion for

capital is k; = (1 — 6 + T (14)) ki_1, where 1, .= x;/k;_1. Given these assumptions,'’

the firms’ problem is

W, 1 7
Jt (kt—l) = max (kt—17 ht)__tnt_xt+—[mjt+l ((1 — 5 + F <k_t>) kt—l) s

Ky, by P, 1+ Ty t—1

where J;(k¢—1) stands for the value of the firm and F'(k;_1, hy) = ki | hY.

The first order condition with respect to x; and the envelope condition are

1
1= WJtIJrl (k) T (1)
1
Ji (k1) = Fi (keo, he) + 1 IKC Loy (Be) (T () 6+ (1 =0 + T (1)) -
+ 7y

Define ¢; == WJL( +1 (k) and use the first-order condition 1 = ¢I" () to write

qit—1 (1 —|—7°tIKC) = Fk (ktfl,ht) — i + qt (1 —0 + F(Lt)) .

19We make these assumptions to simplify the exposition. The argument remains the same with
monopolistic competition and sticky prices (if we modify the firm’s problem in our framework)
and with alternative capital adjustment costs assumed in Auclert et al. (2023).
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After rearranging, we obtain

14 rIKC = Fy (ki—1, hy) — btq—ti—i]t (1-64+T (Lt))‘

The above formula is exactly the same expression as Equation 1 for X and shows

that r/%¢ corresponds to rf<.

In one-account models in Section 4.1 and Section 4.2 of Auclert et al. (2023), the rate
of return on assets is equal to r/%¢. In the two-account model in Section 4.3 the rate
of return associated with the illiquid account (denote it by 77, as in our framework)

is equal to 7/%¢ and the rate of return on the liquid account (denote it by rZ, as in

our framework) is given by (1 — ¢)(1 + r/X¢) — 1, where ¢ is a constant. Regardless
of whether monetary policy controls the rate of return on liquid or illiquid accounts,
there is a tight link between rZ, the real rate controlled by the central bank (denote

it by r;), and /€. More specifically, for all + > 0 we have

1
IKC _ B
driyy” = 1_ Cdrt+1‘
The relationship between returns is independent of any shifts in excess liquidity.

In Proposition 1, we show that relationship results from the limiting case where
(:),,,K,(:)TB — 00 and éTB/éTK — 1/(1 — C)

Next, we show additional conditions, under which aggregate responses to macroeco-
nomic policies are exactly the same in our work and a two-account model of Auclert
et al. (2023). For simplicity, we set a¥ = 0 in all periods. Auclert et al. (2023)
assume that households have access to two accounts: liquid and illiquid. Both ac-
counts consist of equity and bond holdings. Household i holds a share @y, of illiquid

assets and a share wfvt of liquid assets in equity. Our framework corresponds to
bG

Toiidi

corresponds to one minus the ratio of government debt sector to total liquidity sup-

@iy = 1 and w?ﬁt =1- so that the share of liquid assets invested in equity

ply. Households can change their illiquid account position with probability p every
period, otherwise a;; = (1 + r;“)ai7t_1. We can capture it by having ¥;, = 0 with
probability p and with probability 1 —p: W, ; = 0if a;y = (1+7{)a;;_1 and ¥;; = oo
if @y # (1+7rMai 1.

In Auclert et al. (2023):
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1. Rates of returns satisfy 1+ 7%, = l—ig(l +rl ) =1+ri, VE>0.

2. Servicing one unit of government debt (in time ¢ goods) issued at time ¢ costs
(1+7r£,)/(1 =) units of goods in period ¢ + 1.

3. The goods market clearing requires ¢; + x; + g; + ﬁ(l + TtB ) f bit—1di = y.

The first part of the first condition is satisfied for ©,x,0,5 — oo and ©,5/60,x — 1/
(1 = ¢). Equation 3 states that the second part of the condition cannot hold unless
d; = 0 in all periods. This is a key difference between our framework and Auclert et al.
(2023). In our framework assets (capital, deposits, government debt) are associated
with different returns. The returns received by households on their accounts depend
on the composition of assets in their liquid and illiquid accounts. In Auclert et
al. (2023) all assets pay the same return. The returns received by households on
their accounts differ only because of financial intermediation costs. The following
modification of our framework ensures r{}; = %, even with d;, > 0. Assume that

the passive mutual fund holding capital directly and bank equity has intermediation

cost ¢ d
= (1 By_5> 7
s = (1+774) 1—Ca

per unit of illiquid assets a;. This cost is paid in final goods. Zero profit condition of

. . A _ K
the fund implies r7, | = r;},.

The second condition is satisfied if we assume that the government needs to incur
extra cost equal to u& = ﬁ(l + rB) per unit of debt. The budget constraint of the

government becomes

th:gt—l—(l—i—rf)bﬁl—i—uthﬁl—ﬂ.

The sum of intermediation costs in period ¢ is

¢ ¢ .
M?b?—1 + pa—1 = ﬁ (dt—l + bf_1) = ﬁ bi,t—le

and this ensures that the goods market condition in our framework is as in Auclert et
al. (2023). Because the household and production sides of our economy are exactly
the same, and the rates of return satisfy the same restrictions as in Auclert et al.

(2023), output responses must be the same.
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