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Abstract

We study a Bayesian persuasion model with two-dimensional states of the world,
in which the sender (she) and receiver (he) have heterogeneous prior beliefs and
care about different dimensions. The receiver is a naive agent who has a simplistic
worldview: he ignores the dependency between the two dimensions of the state.
We provide a characterization for the sender’s gain from persuasion both when the
receiver is naive and when he is rational. We show that the receiver benefits from
having a simplistic worldview if and only if it makes him perceive the states in which

his interest is aligned with the sender as less likely.
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JEL Classification: D82, D83, D91

1 Introduction

Standard models of Bayesian persuasion assume that the sender (she) and receiver(s)
(he) care about the same dimension of the true state of the world. For example, in their
seminal paper Kamenica and Gentzkow (2011) consider a prosecutor (sender) and a judge
(receiver), both of whom are only interested in one dimension of the true state, that is
whether the defendant is guilty or innocent. What if the sender and receiver are concerned
about different dimensions of the true state?

Consider a company that wishes to build a new factory and only cares about the

project’s profitability. In order to be perceived as environmentally friendly, the company
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asks a sustainability consultant to evaluate the project and provide a recommendation on
whether to continue or terminate it. However, the consultant only cares about a different
aspect of the project: its sustainability. How should the consultant conduct her research
to convince the company to continue the project only when it is sustainable?

When considering multidimensional states of the world, however, a behavioral aspect
emerges: thinking about how multiple issues relate to each other is cognitively demanding.
Experimental evidence suggests that people find it challenging to work with joint distri-
butions of random variables and tend to underestimate or ignore the correlation between
state variables or observed signals (Kallir and Sonsino, 2009; Eyster and Weizséacker, 2011;
Enke and Zimmermann, 2019).

In this paper, we study how the receiver’s simplistic worldview (i.e. treating dependent
state variables as independent) affects the sender’s ability to influence his decision. We
extend Kamenica and Gentzkow (2011) by (i) allowing for two-dimensional states of the
world and (i7) considering a receiver who ignores the dependency of state variables (which
leads to heterogeneous priors). We model the receiver’s disregard of state dependency as
a misspecified prior belief; while the receiver knows the correct marginal distribution
for each dimension, he assumes that they are independent. We characterize optimal
disclosure both when the receiver is rational (i.e. does not ignore dependency) and naive
(i.e. assumes that dimensions are independent), and analyze the welfare effects of the

receiver’s simplistic worldview.

1.1 TIllustrative example

Let us return to our example of a company and sustainability consultant. Both the
company and the consultant are initially uncertain whether the project is profitable (P)
or loss-making (L) and sustainable (S) or unsustainable (U). The company chooses to
either continue or terminate the project and only cares about its profitability. Continuing
the project when it is profitable and terminating it when it is loss-making provide the
company a utility of 1, otherwise, the company’s utility is 0. On the other hand, the
consultant only cares about the sustainability of the project. Continuing the project
when it is sustainable and terminating it when it is unsustainable provide the consultant
a utility of 1, otherwise the consultant’s utility is 0.

Hence, the true state of the world has two dimensions, and the conflict of interest
depends on the joint distribution of the dimensions. First, suppose that the company
is rational. That is, it shares a common prior with the consultant, where the prior

distribution of the states is given as follows (with marginal distributions on the sides).
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Table 1: Prior belief distribution.

The company asks the consultant to investigate the profitability and sustainability of the
project and provide a recommendation to either continue (¢) or terminate (t) it. Suppose
that if the company is indifferent between continuing and terminating the project, it
continues. Since the project is initially more likely to be loss-making, the company would
(ex ante) prefer the project to be terminated (which yields expected payoff (0.65) - 0 +
(0.35) -1 = 0.35 to the consultant and (0.6) -1+ (0.4)-0 = 0.6 to the company). However,
the consultant can improve her expected payoff by strategically disclosing information
about the true state of the world. Mathematically, the information disclosure can be
represented by a signal m that sends recommendations contingent on the state of the

world. Consider an optimal signal given as follows.

7| (U.L) (UP) (S.L) (SP)
c 0 0.5 1 1
t 1 0.5 0 0

First, observe that m recommends continuing with probability 1 when the project is both
sustainable and profitable (i.e. in state (S, P)) and recommends terminating with prob-
ability 1 when the project is both unsustainable and loss-making (i.e. in state (U, L)).
This is intuitive since in these states the preferred actions of the sender and receiver
are aligned. However, observe that m recommends to continue the project with proba-

! The consultant chooses the prob-

bility 1 also when it is sustainable and loss-making.
ability of ¢ in state (U, P) such that the company’s posterior belief that the project is
profitable is exactly 1/2 and thus it chooses to continue. The consultant’s expected
payoff of employing 7 is (0.3) - 1 4+ (0.35) - 1 4+ 0.1 - (0.5) + (0.25) - 1 = 0.95, improv-
ing upon the case of no disclosure. Similarly, the company’s expected payoft from 7 is
(0.3)-14(0.35)-04(0.1)-(0.5)+(0.25) -1 = 0.6, which is equal to the case of no disclosure.

Now suppose that the company is naive and ignores the dependency between the
states of the world due to insufficient knowledge of sustainability. In other words, the
company assumes that the dimensions of the true state are independent, and thus has a
misspecified prior. While the company knows the marginal distributions Pr(S) = 0.65
and Pr(P) = 0.4, it assumes that Pr(S, P) = Pr(S) Pr(P) = (0.65) - (0.4) = 0.26.* The

company’s simplistic worldview regarding the prior distribution is given as follows.

INote that the optimal signal is not unique.
2That is, the company assumes that Pr(P) = Pr(P|9).



L P
0.21]0.14 | 0.35
S 10.39]0.26 | 0.65
0.6 04

S

Table 2: Misspecified prior belief distribution.

Notice that the company now perceives states (S, L) and (U, P) as relatively more likely
than before. Therefore, the sender has two options to keep the recommendation persua-
sive: (i) recommend to terminate more often than before when the project is loss-making
(i.e. decrease probability of ¢ in (S, L)) or (ii) recommend to continue more often than
before when the project is profitable (i.e. increase probability of ¢ in (U, P)). In other
words, the consultant needs to make the recommendation to continue more informative
regarding the project’s profitability. It turns out that given the misspecified prior of the

receiver, it is optimal for the sender to follow the second route.

#|(U,L) (UP) (S,L) (S.P)
c 0 0.93 1 1
t 1 0.07 0 0

Indeed, when the project is unsustainable and profitable, the recommendation to continue
is sent with probability 0.93, while it was sent with probability 0.5 in this state before.
The consultant’s expected payoff of employing 7 is (0.3) - 1 4 (0.35) - 1 + (0.1) - (0.07) +
(0.25) - 1 = 0.907, still improving upon the case of no disclosure, albeit less than when
the receiver is rational. On the other hand, the company’s expected payoff from 7 is
(0.3)-1+(0.35) -0+ (0.1) - (0.93) + (0.25) - 1 = 0.643, which is higher relative to the case
of having a correct prior belief (and also higher relative to the case of no disclosure).?
Hence, while the company’s simplistic worldview benefits the company, it is detrimental
to the consultant.

The example illustrates how the receiver benefits from ignoring dependency between
the state variables. However, both (i) the sender’s approach regarding disclosure in states
with misaligned preferences and (ii) whether the receiver benefits from ignoring depen-
dency crucially depend on the prior belief distribution. In fact, the receiver might also
be worse off due to ignoring the dependency of states. In our analysis, we consider all
possible prior belief distributions, provide a full characterization of the sender’s gain from
persuasion, and pin down the conditions under which the receiver benefits from having a

simplistic worldview.

3We use misspecified model framework, which implies existence of correct prior belief (corresponding
here to the sender’s belief). Thus, the naive receiver’s expected payoff is evaluated using the correct

(sender’s) prior belief.



1.2 Related literature

Our paper extends Kamenica and Gentzkow (2011) in two aspects and contributes to three
strands of literature. First, it relates to the literature on misspecified models. The receiver
in our model knows the correct marginal distribution of each dimension, yet, assumes that
the dimensions are independent. Hence, the receiver possesses a misspecified prior belief
about the states of the world. This naturally relates to studies that consider correlation
neglect, as they motivate the behavioral assumption we make about the receiver. One
main difference from such models (e.g. Levy, Barreda, and Razin (2022)) is that our
receiver ignores dependency between states, whereas most papers in the literature focus
on the receiver neglecting correlation between messages.*

Our findings share similarities with those from studies focusing on the political ap-
plications of correlation neglect. Ortoleva and Snowberg (2015) show that correlation
neglect might lead to overconfidence in voters and that overconfidence is an important
predictor for ideological extremeness. In our model, the misspecified prior belief of the
receiver leads to the receiver having over-optimistic or over-pessimistic beliefs about the
state of the world. Levy and Razin (2015) show that voters neglecting the correlation
between their information sources might contribute to higher political polarization in so-
ciety, howbeit, voters might benefit from it. Similarly, we illustrate that if the receiver
ignores dependency between states then the optimal signal might be more informative.’

Our behavioral assumption regarding the receiver alters his perception of the joint
belief distribution. Yet, the receiver has no ambiguity about the message he observes.
Eliaz, Spiegler, and Thysen (2021a) consider a sender who can redact his message once
it is chosen, but the receiver only knows the message strategy and not the redaction
strategy. In a related study, Eliaz, Spiegler, and Thysen (2021b) consider a sender who
can attach interpretations to messages. Unlike our model where the receiver’s perception
of the signal structure remains correct, both studies assume a distortion in the perception
of the signal structure.

Second, our paper contributes to the literature on Bayesian persuasion with hetero-
geneous priors. Alonso and CAmara (2016) assume that the sender and receiver have
subjective prior beliefs and analyze its effect on the set of inducible posterior beliefs.
Galperti (2019) focuses on a similar setup and considers receivers who might be reluctant
to change their worldviews. In a related paper, Kosterina (2022) considers a sender who
is ignorant about the receiver’s prior and characterizes optimal information structures.

In contrast to these studies, our model posits that the sender is aware of the accurate

4Eyster and Rabin (2005) introduce cursed equilibrium which assumes that players underestimate the

correlation between other players’ actions and information.
5This also relates to studies that investigate how a receiver can strategize to increase the informa-

tiveness of the signal (Austen-Smith and Banks, 2000; Kartik, 2007; Ambrus and Egorov, 2017; Tsakas,
Tsakas, and Xefteris, 2021) and how different kinds of biases might affect persuasion (Hagmann and
Loewenstein, 2017; Augias and Barreto, 2020; de Clippel and Zhang, 2022).



prior distribution while the receiver is not, and this discrepancy is common knowledge.
Moreover, we contrast the receiver’s payoff to the case in which he has the correct prior
belief and and study the implications of incorrect prior for welfare.

Third, our study relates to the literature on persuasion with multidimensional state
variables. Rayo and Segal (2010) consider a model of information disclosure and assume
that the agent is rational, in which the sender’s expected payoff is the product of pos-
terior mean of the sender’s and receiver’s dimension of state, and characterize optimal
disclosure. Tamura (2018) studies optimal disclosure in a more general setup similar to
the model in Rayo and Segal (2010). In a related study, Dworczak and Kolotilin (2019)
characterize the optimal persuasion mechanism when the state is two-dimensional and the
objective is quadratic. Malamud and Schrimpf (2021) study a model where the sender
observes the multidimensional state and show that it is optimal for the sender to “reduce”
the dimensions of the state. All studies above consider a rational sender and receiver. In
contrast, our paper considers implications of the receiver’s ignorance regarding the con-
nection between the dimensions of state for the optimal signal and welfare. Babichenko,
Talgam-Cohen, Xu, and Zabarnyi (2022) consider a sender who provides information to
a receiver about a product, where each dimension represents a different attribute of the
product. The authors extend the standard model also by assuming the sender does not
know the utility of the receiver and wishes to minimize regret and show that ignorance of
the utility of the receiver is extremely harmful to the sender. We, on the other hand, as-
sume that agents have complete information about the utility functions, yet, the receiver

incorrectly assumes independence of the dimensions.

2 Preliminaries

2.1 The model

A sender (she) wishes to persuade a receiver (he) to take an action depending on the
true state of the world. Let €2 = X x R be the set of states of the world, such that the
sender’s payoff depends only on ¥ = {0¢, 01} and the receiver’s payoff depends only on
R ={po,p1}. For each k, ¢ € {0,1}, let wie = (0%, pe) € Q.

A signal consists of a finite set of messages M and a family of distributions {7 (-|w) }weq
over M. That is, 7 : 2 — A(M) maps each state of the world to a probability distribution
over M. Denote the set of all signals by II.

We start by considering a rational receiver, hence, the sender and receiver share a
common prior belief © € A(Q2) about the true state of the world. For each k, ¢ € {0,1},
let pge = Pr(oy, pe) and let the marginal distributions be denoted as u(oy) = Pr(oy) and
p(og) = Pr(pe). The distribution p is presented in Table 3 with marginal distributions

given on the sides.
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Table 3: Common prior u.

Given p € A(Q) and m € II, a message m € MT™ generates the posterior belief
pm e A(R2). For each k, ¢ € {0,1}, the marginal posterior beliefs upon observing message
m are given by u"(oy) and "™ (py), where

1 (pg) = forem(m|wie) + preer(m|wer)
e (M Wre) 4 preem(mwee) + poem(mlwer) + prem(m]wr)

and u™(a},) is given analogously.® We denote the posterior belief for the joint distribution
upon observing message m by pu™ (o, pe).

The set of actions that are available to the receiver is given by A = {0,1}. The
receiver wishes his action to match the dimension of the state he cares about, i.e., the
receiver wants to choose 0 when the state is (o, po) and wants to choose 1 when the state
is (oy, p1), for any k € {0,1}. The receiver’s utility function u : A x R — {0, 1} is given
by

1 if (a,p) = (0,p0) or (a,p) =(1,p1),

u(a, p) =
0 otherwise.

Given the receiver’s preferences, it follows that the receiver is indifferent between 0

and 1if " (po) = ™ (p1) = 1/2.
The sender wishes the chosen action to match the dimension of the state she cares
about. The sender’s utility function v : A x ¥ — {0, 1} is given by

1 if (a,0) =(0,00) or (a,0)=(1,01),
v(a,0) =
0 otherwise.

We assume that the the default action of the receiver is 0, i.e. p(p1) < u(po). Given
7 € 11, the choice rule o™ : M — A of the receiver is given by

Lif u™(p) > 3,

0 otherwise.

(1)

a™ (m) =

That is, the receiver switches his action when he is indifferent upon observing a message.

SWe drop m when denoting ™ (o) and pu™(p) to ease notation.



2.2 Benchmark

We start by characterizing optimal disclosure when the receiver does not ignore the de-
pendency of states, i.e., when he is rational. This will serve as a benchmark for the next
sections.

First, note that since both the receiver’s action set and the payoff-relevant state are
binary, we can restrict attention to direct signals without loss of generality.” Therefore,
we hereon assume that M = {0,1} and that II is the set of all direct signals. We denote
a signal by m = (oo, To1, 710, T11) Where mpy = m(1|wye), for k, ¢ € {0,1}.

Depending on the prior, the sender may choose m € II to induce a switch of the
receiver’s default action 0 to 1. For this to be successful, message 1 should induce a
posterior belief p'(p;) > 1/2. We formalize the obedience constraint in the following

lemma.

Lemma 1. Given 7 € II, the receiver chooses action 1 if and only if

Ho0Too + M10T10 < Mo1To1 + H11711-

Note that Lemma 1 implies that the obedience constraint for action 0 given by g (1 —
mo1) + p11(1 — m11) < poo(l — mo) + p10(1 — o) is also satisfied. See Lemma Al in the
appendix for the formal statement and proof.

We can now state the sender’s optimization problem, which is to maximize the ex-ante

expected utility by choosing a signal:

mg«ﬁ( H11711 + H10710 — H01T01 — H00T00
v

s.t. floooo + f10m10 < Ho1To1 + H117T11- (2)
Let 7 denote an optimal signal when the receiver is rational.

Proposition 1. An optimal signal when the receiver is rational is given by

<07 07 17 1) Zf Hi11 Z H10,

(00> To1> T10s T11) =
(0,8,7,1) otherwise,

where pioy — po1 S = pa1-

There are a few aspects to note about Proposition 1. First, it is intuitive that 75, = 0
and 7f; = 1, since in states (0g, po) and (o1, p1) the sender’s and receiver’s preferences
are aligned. In other words, it is optimal for the sender to disclose the truth in these
states, i.e., she sends message 1 with probability 0 in state (og, pp) and with probability 1
in state (o1, p1). More precisely, when the state is (o1, p1) the sender has an incentive to

increase the frequency of message 1, which switches the receiver’s action. Similarly, when

TA signal is direct if it holds that (i) M C A and (ii) for all a € M, o™ (a) = a.



the state is (0g, po) the sender has an incentive to decrease the frequency of message 1.
Note that both increasing my; and decreasing moo relazes the obedience constraint in (2).

Second, observe that while the sender has an incentive to decrease m, in state (og, p1)
and increase Ty in state (o1, po), this tightens the obedience constraint since the sender’s
and receiver’s preferences are misaligned. Therefore, the sender chooses my; and ¢ such
that the obedience constraint binds. However, if the prior for (o1, p1) is (weakly) higher
than the prior for (oy,pg) (i.e. p11 > pao), then the effect of relaxing the constraint
is stronger than the effect of tightening the constraint. In this case, since 75, = 0 and

Tjo = 1, the sender can implement her desired outcome with certainty and obtain a payoff
of 1.

3 Optimal signal when the receiver is naive

From hereon we assume that the receiver is naive. More precisely, while the receiver knows
(u(oo), (o)) and (u(po), p(p1)), he perceives o and p as independent random variables.
This gives rise to the misspecified prior ji about €2, where the receiver assumes that each
element of the support of i is the product of corresponding marginals, i.e. fixe = pgu,. We
present the misspecified prior in the following table with marginal distributions written
on the sides.

(X,P) | po P1
oo | uguo | mps | ploo)
o1 | pIpb | BIEY

1(po)

Table 4: Misspecified prior fi.

We call such a misspecified prior ji a simplistic worldview. Lemma 2 below demonstrates

that the simplistic worldview relates to the correct prior in a systematic way.

Lemma 2. Let p € A(Q) and k, ¢ € {0,1}. Let

Pk — Pk = C.

In this case,

fie — pee = —c, for k # L.

Lemma 2 shows that the amount of change in the priors about the states (due to the
simplistic worldview) in which preferences are aligned and misaligned is the same but in
opposite directions. That is, if the naive receiver perceives the states in which preferences
are aligned as more likely than the rational receiver (i.e. if ¢ > 0), then he perceives the

states in which preferences are misaligned as less likely than the rational receiver, by the



same amount (and vice versa). Table 5 demonstrates the misspecified prior i in terms of

the correct prior u.

(3,P) Po P1
o foo + ¢ | o1 — ¢ | p(oo)
o1 Mo —C | p11 +¢

1(po)

Table 5: i expressed in terms of p.

The naive receiver observes the signal chosen by the sender, who knows that the
receiver is naive. Moreover, he updates his belief according to the signal chosen by the
sender and the misspecified prior fi. Let ™ (p,) denote the posterior belief about state p,
when the receiver updates according to fi. Thus, the receiver’s posterior that the state is

p1 upon observing message 1 is

1 flo1Tor + fl1711
f(p1) = = ~ - . . (3)
HooToo + H10710 + Ho1To1 + H11711

While the sender calculates her expected utility according to pu, she knows that the naive

receiver updates according to fi. Therefore, the sender’s optimization problem in (2)

becomes
mé%ﬁ( M11711 + H10T10 — Ho1T01 — H00T00
T
S.t. flooToo + 10710 < fo1To1 + f11711- (4)

Let #* denote the optimal signal when the receiver is naive. Note that in (4), similar
to (2), the sender’s optimal choice in states (o, pp) and (o1, p1) relaxes the obedience

constraint and thus 75, = 0 and 7], = 1, which allows us to simplify (4).
Lemma 3. The sender’s simplified problem is given by

max (410710 — Ho1701
mell (5)

st 10T — Ho1To1 < fl11-

We now provide the full characterization of the optimal signal for a naive receiver.

Proposition 2. An optimal signal when the receiver is naive is given by

(07 07 ]-7 ]-) Zf [’\Lll Z ﬂ107
(0,8,7,1) otherwise,

Ak Ak )

Ak Ak
(7r00, To1> T105 711

where
(0.) i <
(B,7) = { (1, Bt} g fon s so1 g fortin <,
110 10 K10 ft10
(moA—,un’l) Zf foi ~ oL gnd ,u01:|—/n1 Z 17
Ho1 K10 H10 H10

and fiioy — fior S = fur iof (fuo1/fi0) = (fo1/ t10)-

10



The optimal signal in Proposition 2 has several features similar to the one in Proposi-
tion 1. First, the sender always recommends switching the default action in state (o1, p)
(i.e. 77, = 1) and never recommends switching in state (oo, po) (i.e. 7j, = 0). Second,
when i1 > [i109, the sender can ensure that the receiver takes her desired action with
probability 1 (i.e. 75, = 0 and 7f, = 1). On the other hand, if fi;; < fi19 then 7, and 77,
are pinned down by the relation between the slope of the obedience constraint (fig1/fi10)
and the slope of the objective function (f1/p10)-

One very important difference from Proposition 1, however, is that when 9 # o1
(which implies (fip1/ft10) 7# (1201/1410)) the optimal signal in Proposition 2 is unique. This is
a direct consequence of the receiver’s naivete, as it leads to the sender and receiver having
different priors. More precisely, if they have the same prior then the sender is indifferent
between marginally increasing 7o or marginally decreasing m;. On the other hand, if
they have different priors then this indifference no longer holds as the two options tighten
the obedience constraint to a different extent. Hence, the sender chooses the option that

tightens the obedience constraint less as to optimally persuade the receiver.

4 Welfare implications of a simplistic worldview

In this section, we proceed beyond characterizing the optimal signal and study a number
of general properties of the sender’s problem (4) in comparison to the benchmark (2). This
allows us to characterize the welfare implications of the receiver’s naivete and explain the
economic intuition behind them. Lemma 4 demonstrates how the receiver’s naivete affects

the sender’s ability to manipulate the receiver’s actions.
Lemma 4. Assume that ¢ > 0.

(i) For any © € 11 with mo9 = 0 and m; = 1 it holds that ji*(p1) > p'(p1). That
is, recommendation 1 induces a higher belief about state py for a receiver with a

simplistic worldview than for a rational receiver.

(i) For any m € L it holds that (fin1/fno) + (for/fao)Tor > (pa1/p0) + (po1/p10)or-
That is, the obedience constraint in (5) is more relaxed relative to the benchmark

(2).

If ¢ <0, the converse of the inequalities in (i) and (ii) hold.

The intuition of Lemma 4 is as follows. First, if ¢ > 0 then by Lemma 2 the naive
receiver perceives the aligned states (oo, pg) and (o1, p1) as more likely (and the two
misaligned states as less likely) than the rational receiver. Hence, the naive receiver
associates recommendation 1 with p; more than the rational receiver and thus has a
higher posterior belief.

Part (i7) of the lemma follows easily from (¢). Since the sender can induce a posterior

belief of at least 1/2 that the state is p; when the receiver is naive by recommending 1

11



more frequently than before, the obedience constraint in (5) is more relaxed relative to
the benchmark (2). It is easy to see that the converse of the above arguments hold if
c <0.

Importantly, Lemma 4 has direct implications on the sender’s and receiver’s welfare as
it pins down the conditions under which it is “easier” for the sender to persuade a naive
receiver. In particular, if ¢ > 0 then by (i7) the obedience constraint is more slack than in
the benchmark. Hence, the sender can decrease 7y, and increase my so that the receiver
chooses the sender-preferred actions in the misaligned states (og, p1) and (o1, po) with a
higher probability. Clearly, this benefits the sender. Moreover, since total welfare is the
same at the optimum in both cases, it follows that naivete harms the receiver. Intuitively,
converse arguments hold if ¢ < 0.

The welfare implications of the receiver’s simplistic worldview are summarized in

Proposition 3.
Proposition 3. Let ¢ > 0. A comparison of expected utilities yields the following:

(i) The receiver’s simplistic worldview harms him and benefits the sender.

(ii) The differences in their expected utilities are strict if and only if p1 < pio-

If ¢ < 0, then the converse of (i) holds and the differences in their expected utilities are

strict if and only if fi11 < fi10-

Part (i7) of Proposition 3 follows from the structure of the optimal signals. If the
sender is facing a rational receiver then she can get her preferred outcome with certainty
whenever (17 > p10. Hence, in this case if ¢ > 0 the sender can only weakly benefit from
the receiver being naive. Otherwise, the sender can always guarantee a strict improvement.
On the other hand, if ¢ < 0 and the sender is facing a naive receiver then she can get her
preferred outcome with certainty whenever fi1; > fi19. But since the receiver’s naivete
is detrimental for the sender if ¢ < 0, it follows that the sender obtains her preferred
outcome with certainty also when the receiver is rational. In this case, the sender is only
(weakly) harmed by the receiver’s naivete.

Proposition 3 can also be interpreted in terms of the receiver’s misperception of ex ante
preference alignment. Recall that by Lemma 2 if ¢ > 0 then the naive receiver perceives
the aligned states as more likely than the rational receiver. Therefore, Lemma 4 implies
that it is easier for the sender to persuade the receiver. Hence, naivete makes the receiver
more manipulable and is detrimental. Intuitively, if ¢ < 0 the naivete of the receiver
constrains the sender more and thus the “correct” recommendation is sent with a higher

probability. In this case, naivete makes the receiver less manipulable and is beneficial.

5 Conclusion

Real-world examples of Bayesian persuasion problems, such as corporate consulting, often

involve the sender and receiver caring about different, but connected issues of a problem.
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This paper studies the impact of the receiver’s naivete regarding the interconnected nature
of the two dimensions of the state of the world on the optimal outcomes for both parties.
First, as a benchmark, we study the case of a rational receiver, i.e., the sender and receiver
both know the correct prior distribution of the states. We show that regardless of the
receiver being rational or naive, it is optimal for the sender to truthfully disclose the
states whenever her preference is aligned with the receiver. On the other hand, optimal
disclosure in states where preferences are misaligned crucially depends on the receiver’s
perception of the prior.

Our findings reveal that the receiver’s naivete can disadvantage him while favoring
the sender, particularly when it leads the receiver to overestimate the likelihood of states
where both parties prefer the same action and underestimate states where they have
conflicting preferences. Intuitively, this makes the receiver “easier” to persuade; the sender
can commit to sending the “wrong” message with a higher probability. Conversely, if the
naivete leads the receiver to perceive aligned states as less likely and misaligned states as

more probable, the receiver benefits at the expense of the sender.

Appendix A Proofs

Proof of Lemma 1. For the obedience constraint to be satisfied, it must hold that

pt(p1) > 1/2, which is equivalent to

Lo1To1 + H11711 S 1
fo1To1 + 11711 + 10710 + HooToo 2

Rearranging the inequality yields the obedience constraint. O

Lemma A1l. Let m € II. If p100T00 + p10T10 < fo1mo1 + pa1mi1, then pior (1 —mor) 4+ p1a1 (1 —
1) < poo(1 — 7o) + pr1o(1 — m10).

Proof. Let poomoo + p10m10 < o1 o1 + 11711, which implies —po1mor — pa1m11 < —proomoo —

p10m10- Recall that p(pr) < p(po), i-e. por + p11 < poo + p10- Hence, it follows that

o1 + 11 — Ho1To1 — 11711 < oo + H10 — HooToo — H10710-

Rewriting the above inequality provides the desired result. Hence, the obedience con-
straint for 0 is satisfied. That is,

pio(1 — m10) + proo(1 — moo)
pao0(1 — m10) + poo(1 — 7o) + o1 (1 — mo1) + pa1 (1 — m11)

1
1 (po) > > 5

]

Proof of Proposition 1. First suppose that p19 < p1. It is clear that setting n* =
(T80 To1s Ti0s T11) = (0,0, 1, 1) satisfies the obedience constraint in (2) and maximizes the
sender’s expected utility since it provides the upper bound of 1. Hence, 7* is the unique

solution to the sender’s optimization problem.
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Now suppose that p19 > pq1. First observe that it is optimal in this case to set
w1, = 1 and 75, = 0 as well, since it increases the sender’s expected utility and relaxes
the obedience constraint. Hence, substituting 7j; = 1 and 73, = 0 into the sender’s

optimization problem and simplifying we obtain

ma — 6
7@2[( H10T10 — H017T01 ( )
s.t. p10m0 < Ho17To1 + f11-

It is easy to see from (6) that the objective function is increasing in my and decreasing in
mo1- Hence, if (6) is not binding then the sender can marginally increase m or decrease
mo1 to achieve a higher expected payoff. Thus, the constraint is binding at the optimum.

Therefore, since both the objective function and the constraint are linear (in m9 and

To1), there exists a continuum of solutions to (6). O

Proof of Lemma 2. Let figr — pgr = ¢ and assume that k # ¢. Then,

fike — pwe = p(ow) (1 — ppr)) — fiee = piee + per — p(ow) (pr) — fire
= plow)ulpr) — ¢ — plow)ulpr) = —c.

O
Proof of Lemma 3. As one can observe from (4), the sender’s payoff is increasing in
711, which relaxes the obedience constraint. Thus, #7; = 1. Similar reasoning leads to
7o = 0. Substituting 75, = 0,77, = 1 into (4) yields the result. O

Proof of Proposition 2. The sender’s problem is given by

max (10710 — Ho17o1
mell
s.t. H10710 — fo1To1 < a1

As the problem is a linear program, the solution lies either on the obedience constraint or
on one of the boundaries of the set II. First, suppose that fi;; > fi;g. Then the solution
lies on the boundary and the obedience constraint is inactive for fi;; > fi19. It follows
easily that ;5 = 0, 7], = 1.

Next, suppose that fi1; < fi1g. All three possible types of solutions for this case are
presented in Figure 1. We proceed with characterizing each of the three cases.

Case (a) The active constraints are my; > 0 and fi;0m10 — flo1To1 < fl11. Hence, 75, =0
and 77, solves fijom9 — flo1To1 = fi11, i.e. 7y = f11/li0- The solution to (5) has this
particular form if and only if the slope of the objective function is steeper than the slope
of the obedience constraint, i.e. (fip1/f110) < (f401/10)-

Case (b) The active constraints are mo; < 1 and fi19m10— flo17o1 < fi11. Hence, 75, =1
and 7, solves fiiomo — floimor = fl11, i-e. &5y = (fio1 + f11)/fl10- The solution to (5) has

this form if and only if (i) (fo1/(ft10) > (t01/p10) (i-e. the slope of the objective function
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- o1 - — T - — 101
0 1 0 1 0 1

Figure 1: Three possible forms of solutions to the problem (5). Indifference curves are in

blue and dashed. Active constraints are in orange.

is flatter than the slope of the obedience constraint) and (ii) (figy + fi11)/fi10 < 1 (which
implies that the constraint 7wy < 1 is inactive).

Case (c) The active constraints are mo < 1 and 110710 — flo17mo1 < fl11. Hence, @}, = 1
and 75, solves fiiomo — flormor = fl11, i-e. &5, = (fi10 — f11)/fto1- The solution to (5) has
this form if and only if (i) fo1/fii0 > po1/H10, and (ii) (for + fu1)/fao > 1 (which implies
that the constraint my < 1 is active).

Finally, if (fi01/ft10) = (po1/pt10), then any 719 and mo; such that fi;0m0 — floamo1 = fl11
solves (5). O

Proof of Lemma 4. We begin by proving part (7). Since it is optimal to set 75, = 0
and 77, = 1, (3) can be rewritten as

_ Ho1To1 + fl11
fo1mo1 + fli1 + f1oT10

it (p1)

By Lemma 2, it follows that

(#o1 — ©) o1 + (p11 + ©)
(to1 — ¢) mor + (p1 + ¢) + (10 — €) ™10
B po1Tor + pa1 + ¢ (1 — mo1)
" pio1mor 4 pan + paomio + ¢ (1 — mor — o)

ﬂl (Pl) =

Suppose that ¢ > 0. Then it holds that ¢ (1 — mp1) > ¢ (1 — o1 — m19), and thus

- Po1mo1 + fa1 < po1mor + pa1 + ¢ (1 — mo1)
po1To1 + fa1 + faomTio MorTor + par + om0 + ¢ (1 — w1 — o

' (pr) ;= it (py) .

Next suppose that ¢ < 0. Then it holds that ¢ (1 — 7)) < ¢ (1 — w1 — m10), and thus

_ Ho17o1 + M1t - po1mo1 + a1 + ¢ (1 — mo1)
po1To1 + fa1 + faomio porTor + par + paomio + ¢ (1 — w1 — o

1) 7 = it (1) .

Now we prove part (i7). Recall the sender’s simplified problems (2) for the rational re-

ceiver and (5) for the naive receiver. Rewriting the constraints in (2) and (5), respectively,
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yields

Ho1 H11 flo1 fl11
T < — o1 +——, Mo < ——To1 + —.
H10 H10 H1o0 H10

Define g1 (m01) = (pto1/pt10)m01 + (pa1/pe10) and ga (mo1) = (fo1/fi10) o1 + (f1/ft10)- By
Lemma 2 it follows that

—cC +c
Ho1 oy + H11

g2 (mo1) = .
Hio — C Hio — C

Consider g; (+) and g5 () at the boundaries of the set of feasible signals: g; (0) = (p11/1410),

92 (0) = (p11 +¢)/ (o — ¢) and g1 (1) = (po1 + pa1)/ 0, g2 (1) = (por + p11)/(pa0 — ).
First suppose that ¢ > 0. It follows that ¢; (0) < g2 (0) and g; (1) < g2 (1). Moreover,

by linearity of g; (-) and g5 (+), for all mg; € [0, 1] it holds that

g1 (mo1) < g2 (mo1) -

Thus, the constraint in (2) is relatively more slack than in (5).
Next suppose that ¢ < 0. It follows that g, (0) > ¢2 (0) and g1 (1) > g2 (1). Again, by
linearity of g1 (+) and g5 (+), for all mg; € [0, 1] it holds that

91 (mo1) > g2 (o1) -

Thus, the constraint in (2) is relatively more tight than in (5). O

Proof of Proposition 3. Let V* and V* denote the sender’s optimal (ex-ante) expected

payoff when the receiver is rational and when he is naive, respectively. Then,

V* = pnamhy 4 paomo + por (1 — m5) + poo(1 — mg0),
V* = untfy + oty + por (1 — #81) + froo(1 — #5o)-

As the form of optimal signal in Propositions 1 and 2 depends on sign(p; — fi10), we

consider four cases based on sign(p11—p10) and sign(c). First, assume pq1 > pp. If ¢ > 0,
then from Proposition 1 and 2 and Lemma 2, (74, 75, Tio, 751) = (To0, Fors Tios 1) =
(0,0,1,1). Thus, V* = V* =1. If ¢ < 0, then either fli1 > fiip and, as above, V* = V=
1, or fi1; < fi1p and (as, according to Proposition 2, the sender does not get her first best

payoff) V* < V* = 1. Thus, it follows that
V* > V* if and only if ¢ > 0. (7)

Second, assume 17 < p19. By Proposition 1, the difference in the sender’s optimal

expected payoffs between the benchmark and the naive receiver case is given by
v=V" = V"= o (f1y — o) + Ho1 (o1 — Tg1)
~ H10 H11 A~
= pio (719 —7) + Hor (7 - = 7T01> (8)
Ho1 Ho1
= p10f1y — Ho1ftoy — par-
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Plugging the optimal signal for case (a) from Proposition 2 in (8) yields

~

11 M1+ ¢
V=Uo<~— — MH11 = H10——% — H11
H1o H10 (9)
_ Mot + p11€¢ — pioft11 + H1oC _¢ (111 + p10)
fi10 fl1o

Similarly, plugging the optimal signal for case (b) from Proposition 2 in (8) yields

Ho1 + 11
V=W10o—=— — Mor — M1l
H10 (10)
Mot —CcH it C _c(pa1 + por)
= H10 ~ —Ho1r — M1 = —————-
H10 K10

Finally, plugging the optimal signal for case (c) from Proposition 2 in (8) yields

flio — fi11
V=lo— Horl— = — M11
o1
_ 2cio1 + (Mlo - Mll) (ﬂm) — Ho1 (,Mlo - Mn) _ & (2,M01 + f11 — Mlo) (11)
fio1 flo1
_ c(plpr) — o + por)
flo1

From the parametric condition for the case (¢), (fio1 + fi11)/fl10 > 1 and thus it follows
that pu(p1) > fizp. By Lemma 2, this can be rewritten as p(p1) — p19 > —c. Since we also
have 191 > ¢ by Lemma 2, it holds that

p(p1) — pao + pior = 0. (12)
By (9), (10), (11), and (12) it follows that,
V* > V*if and only if ¢ > 0. (13)

Note that the sum of optimal expected payoffs of the sender and the receiver in the

benchmark and the case of naive receiver is given by the same constant:

pimyy + poo(1 — 7TEJko) + p107 + po1(1 — 7T(>)k1)

the sender’s expected payoff

+ paamy + poo(1 — mg0) + o (1 — i) + pormmey
the receiver’s expected payoff
(Hmyy + poo(1 — mgg)) + 10 + fior
(11 + poo) + f10 + for, (14)

=2
=2

where both use the correct (sophisticated) prior belief for evaluating the receiver’s ex-
pected utility when he is naive.
Denote the receiver’s sender-optimal expected payoff in the benchmark and the case of

naive receiver by U* and U, respectively. Since by (14) the sum of sender’s and receiver’s
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expected payoffs does not change between the benchmark and the case of naive receiver

and the sender’s expected payoff changes according to (7) and (13), it follows that
U* < U* if and only if ¢ > 0, (15)

i.e. when the receiver’s naivete yields a higher expected payoff to the sender, it yields a
lower expected payoff to the receiver.

Finally, given ¢ > 0, from Lemma 4, the receiver’s naivete relaxes the obedience con-
straint. Thus, the difference between the expected payoffs in (7), (13), and (15) is strict
if and only if in the benchmark case the sender does not obtain her first best payoff of
1, which is the case if and only if 37 < p19. Similarly, given ¢ < 0, by Lemma 4, the
receiver’s naivete tightens the obedience constraint. Thus, the difference between the
expected payoffs in (7), (13), and (15) is strict if and only if the sender does not obtain
her first best payoff of 1 in the naive receiver case, which is true if and only if fi;; < fi1g. O
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Abstrakt

Studujeme bayesovsky model pfesvédCovani s dvourozmérnymi stavy svéta, v némz maji odesilatel
(ona) a piijemce (on) ruzna piedchozi piesvédéeni a zajimaji se o rizné dimenze. Pfijemce je naivni
agent, ktery ma zjednoduSeny pohled na svét: ignoruje zavislost mezi dvéma dimenzemi stavu.
Poskytujeme charakteristiku zisku odesilatele z prfesvéd¢ovani jak v piipadé, Ze je prijemce naivni, tak
v ptipadé, Ze je racionalni. Ukazujeme, ze piijemce ma prospéch ze zjednoduseného pohledu na svét
tehdy a jen tehdy, kdyz diky nému vnima stavy, v nichz je jeho zdjem v souladu s odesilatelem, jako

mén¢ pravdépodobné.
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